1

Data Structures, Feodor F. Dragan, Kent State University 1

Data S truc tures

Fall, 2000

(Fe odor F. Dra gan)

Department of Mathematics and Computer Science

Ke nt State Universit y

Data Structures, Feodor F. Dragan, Kent State University 2

Contents

¯ Introduction

¯ Insertion Sort and Shell Sort

¯ Merge Sort

¯ Quick Sort

¯ Quick Select

¯ Lower bound for sorting

¯ Indirect Sorting

CHAPTER 9

Sorting Algorithms

Data Structures, Feodor F. Dragan, Kent State University 3

Sort Methods

¯ Insertion Sort

¯ Bubble Sort

¯ Selection Sort

¯ Count Sort

¯ Shaker Sort

¯ Shell Sort

¯ Heap Sort

¯ Merge Sort

¯ Quick Sort

Data Structures, Feodor F. Dragan, Kent State University 4

Introduction

¯ The most intensive operation studied in computer science

¯ Why is Sorting important?

¯ If the sort cannot be performed in memory

Î external sorting

¯ Comparison - based sorting al gorithms are based on operator<

return !(b<a || a<b) operator == (a,b) return b<a || a<b operator != (a,b) return !(b<a) operator <= (a,b) return !(a<b) operator >= (a,b) return b<a operator > (a,b) operators definit io n

Der iving the relat ional and equalit y operators fro m operator<

Data Structures, Feodor F. Dragan, Kent State University 5

Simple Insertion Sort

¯ Sort a set of ke ys by inserting each into an existing sorted li st of ke ys

) ( 2 N O

) ( ) 1 ( 1

1

2 å

-

= = + N

p N O p

// insert ionSort : sort it ems in array a

templat e <class Comparable>

void ins ertionSort ( vector <Comparable> & a )

{

for( int p = 1; p < a.size( ); p++ )

{

Comparable tmp = a[ p ];

int j;

Î for( j = p; j > 0 && tmp < a[ j - 1 ]; j -- )

a[ j ] = a[ j - 1 ];

a[ j ] = tmp ;

}

}

¯ Ifthe init ialfile is sorted, only one co mpar ison is made on ea ch pass and it

takes O(N) ( best case )

¯ The line marked by

Æ 25 92

subfile 2 57 86 Æ 57 86

subfile 3 48 33 Æ 33 48

subfile 4 37 Æ 37

subfile 5 12 Æ 12

partial s ort : 25 57 33 37 12 92 86 48

k=3 subfile 1 25 37 86 Æ 25 37 86

subfile 2 57 12 48 Æ 12 48 57

subfile 3 33 92 Æ 33 92

partial s ort : 25 12 33 37 48 92 86 57

k=1

sorted file : 12 25 33 37 48 57 86 92

¯ Each step makes the file partially sorted

¯ Running time depends on the cho ice ofincrement sequence

¯ ^ divide gap by2 ~ (shell ´ s) Î in worst , in average

¯ odd gaps only Î in worst , in average ??

¯ divide by 2.2 Î ver ygood in pract ice, in average ??

(time complexity computation of shell s ort is ma thematica lly inv olved)

) ( 2 N O ) ( 2/3 N O

) ( 2/3 N O )( 4/5NO

) ( 6/7 N O

Data Structures, Feodor F. Dragan, Kent State University 9

// Shells ort , using good increments.

templat e <class Comparable>

void shellsort ( vect or <Comparab le> & a )

{

int j;

for( int gap = a.size( ) / 2; gap > 0;

gap = gap == 2 ? 1 : static_ cast< int > ( gap / 2.2 ) )

for( int i = gap; i < a.size( ); i++ )

{

Comparable tmp = a[ i ];

for( j = i; j >= gap && t mp < a[ j - gap ]; j - = gap )

a[ j ] = a[ j - gap ];

a[ j ] = tmp ;

}

}

1, 249

1, 705

2, 091

520, 000

64, 000

269 322 358 32, 560

16, 000

54 59 61 1,936

4, 000

9 11 11 122 1, 000

N Insertion

Sort

Shell Sort

Shell ´ s Odd gaps only Dividing by 2.2 in millis econds

Data Structures, Feodor F. Dragan, Kent State University 10

Merge Sort

¯ Merge Sort uses di vide - and - conquer to obtain an O(N logN )

running time.

¯ The Merge Sort algorithm invol ves three steps.

1. If the number of items to sort is 0 or 1, return.

2. Recursivel y sort the first and second hal ves separatel y.

3. Merge the two sorted halves into a sorted group.

¯ Merging of sorted arra ys can be done in linear time (step 3).

¯ He nce Merge Sort is O(N logN ) time algorithm. Why?

¯ It is rarel y used because it uses extra memory ( O(N) additional

space).

¯ The Merge routine is the cornerstone of most external sorting

algorithms.

Data Structures, Feodor F. Dragan, Kent State University 11

Linear - time merging of sort ed arrays. An example.

1 13 26 24

Aptr

1 13 26 24

Aptr

2 15 38 27

Bptr Cptr

1

Cptr

2 15 38 27

Bptr

1 13 26 24

Aptr

1 2

Cptr

2 15 38 27

Bptr

1 13 26 24

Aptr

1 2 13

Cptr

2 15 38 27

Bptr

1 13 26 24

Aptr

1 2 13

Cptr

2 15 38 27

Bptr

15

1 13 26 24

Aptr

1 2 13

Cptr

2 15 38 27

Bptr

15 24

1 13 26 24

Aptr

1 2 13

Cptr

2 15 38 27

Bptr

15 24 26

1 13 26 24

Aptr

1 2 13

Cptr

2 15 38 27

Bptr

15 24 26 27 38

Data Structures, Feodor F. Dragan, Kent State University 12

// Internal method that merges two s orted halves of a subarra y .

// a is an arra y of C ompara ble items. tmpArray is an arra y to place the merged result.

// leftPos is the left - mos t index of the suba rra y . rightPos is the index ofthe start of the second half.

// rightEnd is the right - most index ofthe subarra y .

template <class Comparable>

void merge( vector<Comparable> & a, vector<Comparable> & tmpArray , int leftPos , int rightPos ,

int rightEnd )

{

int leftEnd = rightPos - 1;

int tmpPos = leftPos ;

int numElements = rightEnd - leftPos + 1;

// Main loop

while( leftPos <= leftEnd && rightPos <= rightEnd )

if( a[ leftPos ] <= a[ rightPos ] )

tmpArray [ tmpPos ++ ] = a[ leftPos ++ ];

else

tmpArray [ tmpPos ++ ] = a[ rightPos ++ ];

while( leftPos <= leftEnd ) // Cop y rest of first ha lf

tmpArray [ tmpPos ++ ] = a[ leftPos ++ ] ;

while( rightPos <= rightEnd ) // C opy rest of right half

tmpArray [ tmpPos ++ ] = a[ rightPos ++ ];

// C opy tmpArray back

for( int i = 0; i < numElements ; i++, rightEnd -- )

a[ rightEnd ] = tmpArray [ rightEnd ];

}

The merge routine

Data Structures, Feodor F. Dragan, Kent State University 13

// Internal method that makes recursive calls.

// a is an arra y of C ompara ble items. tmpArray is an arra y to place the merged result.

// left is the left - most index of the subarra y . right is the right - most index ofthe subarra y .

template <class Comparable>

void mergeSort ( vector<Comparable> & a, vector<Comparable> & tmpArray , int left, int right )

{

if( left < right )

{

int center = ( left + right ) / 2;

mergeSort ( a, tmpArray , left, center );

mergeSort ( a, tmpArray , center + 1, right );

merge( a, tmpArray , left, center + 1, right );

}

}

// Merges ort algorithm (driver).

template <class Comparable>

void mergeSort ( vector<Comparable> & a )

{

vector<Comparable> tmpArray ( a.size( ) );

mergeSort ( a, tmpArray , 0, a.size( ) - 1 );

}

Ba sic mergeSort routines

Data Structures, Feodor F. Dragan, Kent State University 14

Quick Sort

¯ Quick Sort is a fa st divide - and - conquer al gorithm for sorting.

It is a recursi ve algorithm.

¯ In practice it is the fastest comparison - based sorting algorithm.

¯ The algorithm Quick_Sort (S) consists of the following four steps:

1. If the number of items to sort is 0 or 1, return.

2. Pick any element v in S . This is called the pivot.

3. Partition S - {v} (the remaining elements in S ) into two

disjoint groups: a nd

4. Return the result of Quick_Sort (L) followed by v followed

by Quick_Sort (R).

¯ Questions: How to pick a pivot, how to partition quickly, what t o

do with duplicates of v ?? ( wrong decisions may give quadratic running time ) v} x | {v} - S {x L £ Î =

v}. x | {v} - S {x R ³ Î =

Data Structures, Feodor F. Dragan, Kent State University 15

The steps of Quick_Sort

Select pivot

Partition

Quick Sort small items Quick Sort large items

81

13 31

0

75

92

43 57 26 65

81

13 31

0

75

92

43 57 26 65

81 13 31 0 75

92 43

57 26 65

13 31

0 43 57

26 81

75 92 65

13 31 43 57

26 81 75 65 92 0

Data Structures, Feodor F. Dragan, Kent State University 16

Correctness

The correctness of the algorithm is guaranteed as follows.

1. The group of small elements is sorted, by virtue of

recursion.

2. The largest element in the group of small elements is not

larger than the pivot, by virtue of partition.

3. The pivot is not larger than the smallest element in group

of large elements, byvirtue of partition.

4. The group of large elements is sorted, by virtue of the

recursion.

Quick_Sort is fast because the partit ioning step can be per for me d ver yquickly

and in place.

Data Structures, Feodor F. Dragan, Kent State University 17

Anal ysis of Quick_Sort

¯ Best Case . It occurs when the partition alwa ys splits into equal

subsets. The running time is O(N logN ).

¯ Worst Case . It occurs when the partition repeatedlygenerates

an empty subset. The running time is . Why? )( 2NO

T(N)=T(N - 1)+N

T(0)=T(1)=1

}

) ( ) ( 2N O N T = Þ

¯ Average Case . The running time is O(N l ogN ) (can be proved ˘

see next slides).

Data Structures, Feodor F. Dragan, Kent State University 18

Average Case Anal ysi s of Quick_Sort

¯ T(N)=T(L)+T(R)+N ( linear cost N needed to perform t he partition )

¯

( the average of all possible partitions )

¯ Then,

N

N T T T T

R T L T

) 1 ( ) 2 ( ) 1 ( ) 0 (

) ( ) (

- + × × × + + +

= =

( )

( ) )2()1()2( ) 2 ( ) 1 ( ) 0 ( 2 ) 1 ( ) 1 (

) 1 ( ) 1 ( ) 2 ( ) 1 ( ) 0 ( 2 ) (

) 1 ( ) 2 ( ) 1 ( ) 0 ( 2 ) (

2

2

- + - + × × × + + + = - -

+ - + × × × + + + =

+ ÷

ø ö ç

è æ - + × × × + + + =

N N T T T T N T N

N N T T T T N T N

N

N

N T T T T N T

for N - 1:

(1) - (2) gives :

) 5 (

1

2 ) 1 (

1

) (

) 4 ( 2 ) 1 ( ) 1 ( ) (

) 3 ( 1 2 ) 1 ( 2 ) 1 ( ) 1 ( ) (

+

+ - =

+

+ - + =

- + - = - - -

N N

N T

N

N T

N N T N N NT

N N T N T N N T N

drop

Data Structures, Feodor F. Dragan, Kent State University 19

3

2

2

) 1 (

3

) 2 (

1

2

2

) 3 (

1

) 2 (

2

1

) 2 ( ) 1 (

) 5 ( 1

2 ) 1 (

1

) (

+ =

× × ×

-

+ -

- = -

-

+ -

- = -

+

+ - = +

T T

N N

N T

N

N T

N N

N T

N

N T

N N

N T

N

N T for N

for N - 1

for N - 2

for 2

(telescoping sum)

( ) N O

N N

N N

T

N

N T

log

2

5

1

1 1

5

1

4

1

3

1

2

1 1 2

1

1 1

5

1

4

1

3

1 2 2

) 1 (

1

) (

=

= - ÷ ø ö ç è æ

+

+ + × × × + + + + =

÷ ø ö ç è æ

+

+ + × × × + + + + = +

( b yTheorem 6.5 )

He nce, ) log ( ) ( N N O N T =

Data Structures, Feodor F. Dragan, Kent State University 20

Pivot, Partition, and Duplicates

¯ Se veral choices for the pivot ha ve been found to improve the

efficiency.

¯ v= median of first, last, and middle element ( vs. first; last; middle;

median of all; random element )

¯ Ageneral partition strategy:

1. Swap the p ivot with the element at the end.

2. Run i from left to right and j from right to left.

¯ When i encount ers a large element, i stops.

¯ When j encount ers a s mall element, j stops.

¯ If i and j have not crossed, s wap their it ems and continue.

¯ Otherwis e, stop this loop.

3. Swap the element in position i with p ivot.

¯ Counters i and j must stop when the y enc ounter an item

equal to the pivot to guarantee good performance.

Data Structures, Feodor F. Dragan, Kent State University 21

Efficient implementation

¯ Median - of - three partitioning optimization

¯ We should not s wap the pivot with t he element in the last positi on.

Instead, we s hould s wap it wit h the element in the next to last position.

¯ We can start i at low+1 and j at high - 2.

¯ We are guarant eed that, whenever i searches for a large element, it will

stop becaus e in worst cas e it will encount er the pivot (and we s top on

equalit y).

¯ We are guarant eed that, whenever j searches for a s mall element, it will

stop becaus e in worst cas e it will encount er the first element ( and we stop

on equalit y).

¯ Sort 10 or fewer items by Insertion Sort. Place this test in th e

recursive Quick_Sort routine.

¯ Quick Sort is a classic example of using a n anal ysis to guide

program implementation.

Data Structures, Feodor F. Dragan, Kent State University 22

// Internal quicks ort method that makes recursive calls. Uses median - of - three partitioning and a cutoff

// a is an arra y ofC omparable items. low is the left - most index of the subarra y .

// high is the right - most index of the subarra y .

template < class Comparable>

void quicks ort ( vector<C ompa rable> & a, int low, int high )

{ if( low + 10 > high ) ins ertionSort ( a, low, high );

els e

{ // Sort low, middle, high

int middle = ( low + high ) / 2;

if( a[ middle ] < a[ low ] ) swap( a[ low ], a[ middle ] );

if( a[ high ] < a[ low ] ) swap( a[ low ], a [ high ] ) ;

if( a[ high ] < a[ middle ] ) swap( a [ middle ], a[ high ] );

// Pla ce pivot at position high - 1

Comparable pivot = a[ middle ];

swapItems ( a[ middle ], a[ high - 1 ] );

// Begin pa rtitioning

int i, j;

for( i = low, j = high - 1; ; )

{ while( a[ ++i ] < pivot ) { }

while( pivot < a[ -- j ] ) { }

if( i < j ) swap( a [ i ], a[ j ] );

els e break;

}

swap( a[ i ], a [ high - 1 ] ); // R estore pivot

quicks ort ( a, low, i - 1 ); // Sort small elements

quicks ort ( a, i + 1, high ); // Sort large elements

}

}

Quick Sort

Data Structures, Feodor F. Dragan, Kent State University 23

// Internal insertion s ort routine for suba rra ys tha t is used by quicks ort .

// a is an arra y ofC omparable items.

// low is the left - most index of the suba rra y .

// high is the right - most index of the subarra y .

template < class Comparable>

void ins ertionSort ( vector<Comparable> & a, int low, int high )

{

for( int p = low + 1; p <= high; p++ )

{

Comparable tmp = a [ p ];

int j;

for( j = p; j > low && tmp < a[ j - 1 ]; j -- )

a[ j ] = a[ j - 1 ];

a[ j ] = tmp ;

}

}

// Quicks ort algorithm (driver).

template < class Comparable>

void quicks ort ( vector<C ompa rable> & a )

{

quicks ort ( a, 0, a.size( ) - 1 );

}

Quick Sort Dri ver

Data Structures, Feodor F. Dragan, Kent State University 24

Quick Select

¯ Finding the k th smallest element in an arrayo f N it ems.

¯ The median o f N items is the N/2 th smallest element.

¯ One approach is to sort all items and then take the k th smallest element.

¯ Quick_Select Algor ithm:

1. If t he numb er of it ems in S is 1, then pres umably k is also 1, return the single

element.

2. Pick a pivot v in S .

3. Partition S - {v} int o t wo dis joint groups (like in Quick_Sort ):

4. If , t hen the k t h s mallest is in L . Call Quick_Select(L,k) recursively .

5. Els e, if k is exact lyeq ual to one more t han the numb er of it ems in L , then the

pivot is the k th s mallest element.

6. Els e the k th s mallest is in R , and it is the ( k - |L| - 1 ) th s mallest element in R .

Again we can make a recursive call Quick_Select(R,k ´ ) and return the result.

¯ Quick_Select makes only one recursive call(opposite to Quick_Sort ).

¯ T ime bounds: in worst case; O(N) in average. Why?

(there exists also a worst case linear time algorithm).

v} x| {v} - S {x L £ Î =

v}. x| {v} - S {x R ³ Î =

| L | k £

) ( 2 N O

Data Structures, Feodor F. Dragan, Kent State University 25

A Lower Bound for Sorting

¯ Anyco mpar ison based sorting algor ithmmust use ~ N logN co mpar iso ns

on average and in the worst case.

¯ The proofis abstract and based on the fo llowing result.

Anyalgorithm that sorts byusing element compar isons only must use

at least compar isons for some input sequence.

¯ How large is ? It is approximately N logN ˘ 1.44N.

¯ What is the Bucket Sort? When to use? Co mplexity.

é ù) log(N!

é ù) log(N!

81 13 31

50 75

13 5 50 43

5 131331

75 50

43 50 43 5

3 X 5

4 X 13 2 X 31 3 X 43 4 X 50 2 X 75 1 X 81

Data Structures, Feodor F. Dragan, Kent State University 26

Indirect Sorting

¯ Large objects are expensive to move.

¯ Indirect Sorting

¯ Constructs an arrayo fpointers and mo ves the po inters during mo st of

the algor ithm.

¯ At the end o fthe algor ithm, the array oflarge objects is then

rearranged to match the po inters.

¯ The simplest rearrangement strategy us es an extra array of large

objects.

¯ A more complex strat egy p erforms the rearrangement in place and

typically moves each object only once.

p[2] p[1] p[3] p[0]

23456 12345 45678 56789 34567 p[4]

a[2] a[1] a[3] a[0] a[4]

Data Structures, Feodor F. Dragan, Kent State University 27

Homework # 4

1. Problems 9.5, 9.6 pa ge 358 of the text

2. Problems 9.8, 9.9 pa ge 359 of the text

3. Problem 9.14 pa ge 360 of the text