Data Structures, Feodor F. Dragan, Kent State Universit y 1

Data S tructu res

Fall, 2000

(Feodor F. Dragan)

Department of Mathematics and Computer Science

Kent State Universit y

Data Structures, Feodor F. Dragan, Kent State Universit y 2

Contents

¯ Introduction

¯ Pseudorandom Numbers

¯ Generating Pseudorandom Numbers Algorithms

¯ Nonuniform Random Numbers

¯ How to Generate a Random Permutation

¯ Randomized Algorithms

CHAPTER 10

Randomization

Data Structures, Feodor F. Dragan, Kent State Universit y 3

Introduction

¯ Manyapplications require random numbers

¯ Cryptograph y, simulation, even searching and sorting

¯ Programming testing

Definition 1. A permutation of 1, 2, ... , N is a sequence on N integers that includes each of 1, 2, ... , N exactl yonce.

¯ How do we test a sorting algorithm

¯ generate test data; random permutations, sort them

¯ Simulation is another important application

¯ Gaming, Randomized Algorithms

Data Structures, Feodor F. Dragan, Kent State Universit y 4

Generating PseudorandomNu mbers Algorithms

¯ T he follo wing algorithms differ in

¯ Technique

¯ Speed of Generation

¯ Length of the repeatabilitycycle

¯ Ease of programming

Random Number Generators

¯ No true randomness

¯ Pseudorandom numbers appear to be random

¯ Have man yproperties of randomnumbers

¯ Hard to find good number generator

¯ Ho wto flip a coin?

Î look for the last digit of the clock

¯ How fast is the clock?

¯ Uniform random numbers: each number occurs with the same probability

¯ T ypicallya randomsequence, rather than one rando mnumb er, is required

3

Data Structures, Feodor F. Dragan, Kent State Universit y 5

The Mid - Square Method

¯ Developed in mid 1940 ´ s b yJohn von Neumann

¯ It starts with so me initial number (seed)

¯ T he number is then squared

¯ T he middle digits of this square are used as the next number in the sequence

¯ Example:

2842

09284209 ) 3047 (

3047

00304704 ) 0552 (

0552

00055225 ) 0235 (

0235

10023566 ) 3166 (

3166

21316689 ) 4617 (

4617

02461761 ) 1569 (

1569

10156969 ) 3187 (

3187

7

2

6

2

5

2

4

2

3

2

2

2

1

2

0

= Þ =

= Þ =

= Þ =

= Þ =

= Þ =

= Þ =

= Þ =

=

x x x x x x x x

¯ T his process could continue to generate;

0769, 5913, 9635, 8332, 4222, 8542

¯ T his technique has a number of shortco mings:

1. Short repeatabilityperiod

2. Whenever zero is generated, all

succeeding numbers will be zero

¯ T he Problemwith Mid - Sq uare method led to

development of alternate algorithms

00 0000 ) 00 (

00 0009 ) 03 (

03 0036 ) 06 (

06 0064 ) 08 (

08 0081 ) 09 (

09 4096 ) 64 (

64 8649 ) 93 (

93 1936 ) 44 (

44

7

2

7

2

6

2

5

2

4

2

3

2

2

2

1

2

0

= Þ =

= Þ =

= Þ =

= Þ =

= Þ =

= Þ =

= Þ =

= Þ =

=

x x x x x x x x x

Data Structures, Feodor F. Dragan, Kent State Universit y 6

Linear Congruential Generator

¯ Rando mseq uence

¯ is the seed Î carefully initialized

¯ If A and M are carefullycho sen, any other seed satisfying

is equallyvalid

¯ If M is prime, is never 0

¯

Î

¯ T he sequence repeats after M - 1=10 numbers

¯ T he length of a sequence until a number is repeated is called a period

¯ A full period can be obtained if A and M are carefullycho sen

Î full - period linear congruential generator

¯ If M is prime, several choices of A give a full period , M - 1

¯ Suppose M=11, A=5 Î

¯ If which is a prime number , (1) gives a

large cycle

¯ A=48,271 is one of the many good choices

) 1 ( ) (mod

1

M X A X

i i

=

+

0

X

M X A £ £

0

i

X

1

0

= X , 7 , 11 = = A M

� �

� � �

� � � � � � �

... , 10 , 3 , 2 , 5 , 7 , 1 , 8 , 9 , 6 , 4 , 10 , 3 , 2 , 5 , 7

� � � � � � � � �

... , 4 , 3 , 5 , 1 , 9 , 4 , 3 , 5 , 1 , 9 , 4 , 3 , 5

, 647 , 483 , 147 , 2 1 2 31 = - = M

4

Data Structures, Feodor F. Dragan, Kent State Universit y 7

¯ In 32 - bit machine multiplication of M will result overflow

¯ How to fix this?

Let M=AQ+R (2)

Then,

) (

) (mod

1

ú

û ú

ê

ë ê

- ú

û ú

ê

ë ê

+ ú

û ú

ê

ë ê

- = ú

û ú

ê

ë ê

- ú

û ú

ê

ë ê

+ ú

û ú

ê

ë ê

- = ú

û ú

ê

ë ê

- = =

+

M

AX

Q

X

M

Q

X

M AX

M

AX

M

Q

X

M

Q

X

M AX

M

AX

M AX M AX X

i i i

i i i i

i i

i i i

Since

�

� �

Î permute

2. choose the pivot randomlyinstead of deterministically

3. take a randomitemin the arrayand swap with the itemin posi tion

low; take a randomitemin the arrayand swap with the itemin

position high; take a randomitem in the arrayand swap with the

itemin the middle position; then continue as usual.