1

Data Structures, Feodor F. Dragan, Kent State University 1

Data Structures

Fall, 2000

(Feod or F. Dragan)

Department of Mathematics and Computer Science

Kent State Universit y

Data Structures, Feodor F. Dragan, Kent State University 2

Contents

¯ What is a tree and how is it used in a file s ystem;

¯ What is the binarytree and how can one examine the binarytree ;

¯ How to implement the tree operations, u sing recursions; and

¯ How can one visit all nodes of a tree.

CHAPTER 18

Trees

We will learn :

Data Structures, Feodor F. Dragan, Kent State University 3

General Trees

¯ A tree consists of a set of nodes and a s et of directed edges that connect pairs of nodes.

¯ We will consider rooted trees . A rooted tree has the followin g properties :

¯ Onenodeis dist inguished as the root.

¯ Every node c, except theroot, is connect ed by an edgefr omexact ly one ot her node p. Node p is c ´ s parent , and c is oneof p ´ s children .

¯ A uniquepath traverses fromt heroot to each node. Thenumber of edges that must befollowed is the pathlength .

¯ A leaf is a n ode which has n o children. A

C D E B

G H I F

K

J

root parent of F childr en of B a leaf A

Æ K path lengt h is 3

¯ A tree with N n odes

must have N - 1 ed ges.

Data Structures, Feodor F. Dragan, Kent State University 4

A

C D E B

G H I F

K

J

General Trees: definitions

¯ The depth o fa no de is the lengt ho ft he pathfro mt he root to the node.

¯ The height o fa node is t he lengt ho fthe pat hfro mt he node to the deepes t leaf.

¯ Nodes wit ht he sa me parent are called siblings.

¯ Ift here is a pat hfro m u to v then u is an ancestor o f v and v is descendant o f

u . ( Proper ancestor and proper descendant if u v.)

¯ The size o fa node is t he nu mb er o fdescendant s the no de has (inc luding t he

no de it self).

¹

2 0 I

2 0 H

2 0 G

2 0 F

1 2 E

2 1 J

Depth

Height

Node

1 1 D

3 0 K

1 0 C

1 1 B

0 3 A

Data Structures, Feodor F. Dragan, Kent State University 5

An Application: File Systems

¯ File s ystems use treelike structures.

ipps * mar k*

.login books*

ecp * courses*

ch1 dsaa *

L3 cop3223*

A Unix Dir ect or y.

cop3530*

ch2 ch1 ch2

sy1 sy1 ipps * mar k*

.login books*

ecp *

courses* ch1 dsaa *

L3

cop3223*

Thedir ect ory list ing for that tree.

cop3530* ch2

ch1

ch2

sy1

sy1

Data Structures, Feodor F. Dragan, Kent State University 6

Root

Recursive Definition of a Tree

¯ Either a tree is emptyor it consists of a root and zero or mor e

nonempty subtrees each of wh ose roots are connected

b yan edge from the root.

, ,..., ,

2 1 k

T T T

...

k

T

1

T

2

T

3

T

Presentation

¯ General trees can be implemented

b yusing the first child/next sibling

method , which requires two pointer

per item.

B

A

C D E B

G H I F

K

J

a node a linked list

Data Structures, Feodor F. Dragan, Kent State University 7

Binary Trees

¯ A binary tree is a tree in which n o node can have more than two

children.

¯ We name them left and right .

¯ An expression tree is one example of the use of binarytrees .

¯ Such trees are central structures in comp iler design.

¯ An imp ortant use of binarytrees is in oth er data structures,

notablythe binar ysearch tree and the priorit yqueue.

+

* a

-

b d

c

(a+((b - c)*d))

element

a nodein a binary treeis

left right

Data Structures, Feodor F. Dragan, Kent State University 8

// Binar yN ode class; stores a node in a tree.

//

// CONSTRUCTION: with (a) no parameters, or (b) an Object,

// or (c) an Object, left pointer, and right pointer.

// *******************PUBLIC OPERATIONS**********

// int size( ) -- > Return size of subtree at node

// int height( ) -- > Retur n height of subtree at node

// void printPostOrder ( ) -- > Print a postorder tree traversal

// void printInOrder ( ) -- > Print an inorder tree traversal

// void printPreOrder ( ) -- > Print a preorder tree traversal

// Binar yN ode * duplicate( ) -- > Return a duplicate tree

// *******************ERRORS************************

// None.

template <class Object>

class Binar yNode

{public:

Binar yNode ( const Object & theElement = Object( ),

Binar yNode * lt = NU LL, Binar yNode * rt = NU LL) ;

static int size( Binar yN ode *t );

static int height( Binar yNode *t );

void printPreOrder ( ) const;

void printPostOrder ( ) const;

void printInOrder ( ) const;

Binar yNode *duplicate( ) const;

public: // To keep things simple

Object element;

Binar yNode *left;

Binar yNode *right;

};

The BinaryNode class

interface.

Data Structures, Feodor F. Dragan, Kent State University 9

// Return size of subtree rooted at t.

template <class Object>

int Binar yNode <Object>::size( Binar yNode <Object> * t )

{ if( t == NU LL)

return 0;

else

return 1 + size( t - >left ) + size( t - >right ) ;

}

// Return a pointer to a node that is the root of a

// duplicate of the subtree rooted at the current node .

template <class Object>

Binar yNode <Object> * Binar yNode <Object>::duplicate( ) const

{ Binar yNode <Object> *root =

new Binar yNode <Object>( element );

if( left != NU LL) // If there’s a left subtree

root - >left = left - >duplicate( ); // Duplicate; attach

if( right != NU LL) // If there’s a right subtree

root - >right = right - >duplicate( ); // Duplicate; attach

return root; // Return resulting tree

}

Recursive routines for

size and duplicate.

L S

R

S t

1 + + =

R L T

S S S

Data Structures, Feodor F. Dragan, Kent State University 10

#define max MAX

template <class Comparable>

Comparable max( const Comparable & a,

const Comparable & b )

{

return a > b ?a : b;

}

// Return height of tree rooted at t .

template <class Object>

int Binar yNode <Object>::height( Binar yN ode <Object> * t )

{

if( t == NU LL)

return - 1;

else

return 1 + max( height( t - >left ), height( t - >right ) );

}

# undef max

Recursive routine for

height.

L T

R T t

) 1 , 1 ( + + =

R L T

H H Max H

L H R H

1 +

L H 1 +

R H

Data Structures, Feodor F. Dragan, Kent State University 11

Binary Tree Traversal

¯ A preorder tree traversal:

¯ In a preorder treetraversal, thenodeis processed a nd then its childr en are

processed r ecursively. (e.a., duplicate routine)

¯ A postorder tree traversal:

¯ In a postorder treetraversal, thenodeis processed aft er both childr en are

processed r ecursively. (e.a., size, height routines)

¯ An inorder tree tra versal:

¯ In an inorder treetraversal, theleft child is recursively processed, theno deis

processed, and theright child is recursively processed. (e.a., an expression tree)

¯ All these traversals take constant time p er node.

+

* a

-

b d

c

(a+((b - c)*d))

1

3 2

4

5

6

7

7

6 1

3

2

5

4

Preorder Postorder

Data Structures, Feodor F. Dragan, Kent State University 12

// Print the tree rooted at current node using preorder tra versal .

template <class Object>

void Binar yNode <Object>:: printPreOrder ( ) const

{

cout << element << endl ; // Node

if( left != NU LL)

left - > printPreOrder ( ); // Left

if( right != NU LL)

right - > printPreOrder ( ); // Right

}

// Print the tree rooted at current node using postorder traversal.

template <class Object>

void Binar yNode <Object>:: printPostOrder ( ) const

{

if( left != NU LL) // Left

left - > printPostOrder ( );

if( right != NU LL) // Right

right - > printPostOrder ( );

cout << element << endl ; // Node

}

// Print the tree rooted at current node using

// inorder traversal.

template <class Object>

void Binar yNode <Object>:: printInOrder ( ) const

{

if( left != NU LL) // Left

left - > printInOrder ( );

cout << element << endl ; // Node

if( right != NU LL)

right - > printInOrder ( ); // Right

}

Recursive routines for

print functions.

Data Structures, Feodor F. Dragan, Kent State University 13

// Binar yTree class; stores a binar ytree.

// CONSTRUCTION: with (a) no parameters or (b) an object to

// be placed in the root of a one - element tree.

//// *******************PUBLIC OPERATIONS*******

// Various tree traversals, size, height, isEmpty , makeEmpty .

// Also, the following tr ick ymethod:

// void mer ge( Object root, Binar yTree t1, Binar yTree t2 )

// -- > Construct a new tree

//*******************ERRORS*********************

// Error message printed for illegal merges.

template <class Object>

class Binar yTree

{public:

Binar yTree ( ) : root( NU LL) { }

Binar yTree ( const Object & rootItem ) : root( new Node( rootItem ) ) { }

Binar yTree ( const Binar yTree & rhs ) : r oot( NULL) { *this = rhs ; }

~ Binar yTree ( ) { makeEmpt y ( ); }

const Binar yTree & operator= ( const Binar yTree & rhs );

// Recursive traversals, with printing

void printPreOrder ( ) const { if( r oot != NULL) r oot - > printPreOrder ( ); }

void printInOrder ( ) const { if( root != NU LL) root - > printInOrder ( ); }

void printPostOrder ( ) const { if( root != NULL) r oot - > printPostOrder ( ); }

void makeEmpty ( ) { makeEmpt y ( root ); }

bool isEmpt y ( ) const { return r oot == NU LL; }

The BinaryTree class

interface.

¯ The BinaryTree met hods usethe

BinaryNode routines on the root.

¯ Theonly data member in the

BinaryTree is a point er to the root

node .

Data Structures, Feodor F. Dragan, Kent State University 14

// Combine t1 and t2

void merge( const Object & rootItem , Binar yTree & t1, Binar yTree & t2 );

int size( ) const { return Node::size( root ); }

int height( ) const { retur n Node::height( root ); }

private:

t ypedef Binar yNode <Object> Node;

Node *root;

fr iend class TreeIterator <Object>;

void makeEmpty ( Binar yNode <Object> * & t );

};

// Make tree rooted at t empt y, freeing nodes, and setting t to NULL.

template <class Object>

void Binar yTree <Object>:: makeEmpty ( Binar yNode <Object> * & t )

{ if( t != NU LL)

{ makeEmpt y ( t - >left );

makeEmpt y ( t - >right );

delete t;

t = NULL; }

}

The BinaryTree class

interface (cont.).

MakeEmpty private

function.

Data Structures, Feodor F. Dragan, Kent State University 15

The Merge routine.

1 t

2 t root x

t1.root t2.root

¯ The merge rout ine is a o ne - liner inprinc ip le.

root = new Binar yNode <Object>( rootItem , t1.root, t2.root);

¯ However, we must also handle a liasing , avo id

me mor yleaks, ensure t hat a node is not in two

trees, and check for errors.

¯ Different calls like

t3.mer ge( x, t1, t2 );

t1.mer ge( x, t1, t2 );

t2.mer ge( x, t1, t2 );

t1.mer ge( x, t3, t3 );

sho uld work correct ly.

¯ Hence, see the next slide.

Weset theoriginal trees ´ root to NULL so that

each nodeis in onetr ee.

If theinput treeis aliased t o theoutput tree, we

must avoid having ther esultant root point to

NULL .

If thet wo input trees arealiases, weshould

disallow theoperation unless thetrees are

empt y.

Data Structures, Feodor F. Dragan, Kent State University 16

// Merge r outine for Binar yTree class.

//

// For ms a new tree fr om rootItem , t1 and t2.

// Does not allow t1 and t2 to be the same.

// Correctlyhandles other aliasing conditions.

template <class Object>

void Binar yTree <Object>::merge( const Object & rootItem , Binar yTree <Object> & t1,

Binar yTree <Object> & t2 )

{

if( t1.root == t2.root && t1.root != NU LL)

{ cerr << "Cannot merge a tree with itself; mer ge aborted." << endl ; retur n; }

Node * oldRoot = r oot; // Save old root

// Allocate new node

root = new Node( rootItem , t1.root, t2.root ) ;

// Deallocate nodes in the or iginal tree

if( this != &t1 && this != &t2 ) makeEmpt y ( oldRoot );

// Ensure that ever ynode is in one tree

if( this != &t1 ) t1.root = NU LL;

if( this != &t2 ) t2.root = NU LL;

}

The Merge routine

(cont).

Data Structures, Feodor F. Dragan, Kent State University 17

Binary Tree Traversal: Iterator Classes

¯ preorder tree traversal

¯ postorder tree traversal

¯ inorder tree traversal

All thesetraversals takeconstant

timeper node.

¯ Each iterator allows us ( liket heLinked List Iterator )

¯ to go to thefirst node(r oot),

¯ advancet o thenext node,

¯ test whet her wehavegonepast thelast node, and

¯ access thecurrent node.

¯ The order in which nodes are visited is d etermined b ythe type of

traversal.

¯ We decide to implement all traversals (preorder, postorder ,

inorder , level - order) non - recursivel y.

¯ Implementations for preorder, p ostorder and inorder traversals

use a stack (to imitate the recursion). The level - order traversal

implementation uses a queue.

Data Structures, Feodor F. Dragan, Kent State University 18

// TreeIterator class inter face; maintains "current position".

//

// CONSTRUCTION: with a tree to which the iterator is bound.

// ******************PUBLIC OPERATIONS***********

// First two are not virtual, last two are pure vir tual

// bool isValid ( ) -- > True if at valid position in tree

// Object retrieve( ) -- > Return item in current position

// void first( ) -- > Set current position to first

// void advance( ) -- > Advance

// ******************ERRORS***********************

// BadIterator is thrown for illegal access or advance.

template <class Object>

class TreeIterator

{public:

TreeIterator ( const Binar yTree <Object> & theTree ) : r oot( theTree .root ), current( NU LL) { }

virtual ~ TreeIterator ( ) { }

virtual void first( ) = 0;

bool isValid ( ) const { return current != NULL; }

const Object & retrieve( ) const;

virtual void advance( ) = 0;

protected:

const Binar yNode <Object> *root;

const Binar yNode <Object> *current;

};

The TreeIterator

abstract base class.

Each typeof traversal is

repr esent ed by a derived class

(fromt his abstract baseclass).

A point er to thetreeroot and an

indication of thecurrent node.

Will beimplement ed later.

To allow theder ived classes t o

access them.

As befor efor Linked List.

Data Structures, Feodor F. Dragan, Kent State University 19

Postorder Travers al

¯ Postorder traversal maintains a stack that stores nodes that have

been visited but those recursive calls are not yet complete.

¯ In a postorder treetraversal, thenodeis processed aft er both childr en are

processed r ecursively.

¯ Each node is placed on the stack three times.

¯ About to ma kea recursivecall to t heleft subtree ,

¯ About to ma kea recursivecall to t heright subtree ,

¯ about to process thecurrent node.

¯ The third time off, the node is declared visited. The other tim es

we simulate a recursive call.

¯ When the stack is empty, everyn ode has been visited.

a

b

d c

e a 0

                         b 0

                          a 1

                                                   b 1

                                                   a 1

                                                                             d 0

                                                                             b 2

                                                                             a 1

                                                                                                      d 1

                                                                                                      b 2

                                                                                                      a 1
d 2

b 2

a 1
b 2

a 1 a 1
d b

                                                                               e 2

                                                                               c 1

                                                                               a 2

                                                                                                         c 1

                                                                                                         a 2
c 2

a 2 a 2
c a

                                                      e 1

                                                      c 1

                                                      a 2

                            e 0

                            c 1

                            a 2

  c 0

  a 2

                                                                                                           e

Data Structures, Feodor F. Dragan, Kent State University 20

// PostOrder class inter face; maintains "current position".

//

// CONSTRUCTION: with a tree to which the iterator is bound.

// ******************PUBLIC OPERATIONS***********

// bool isValid ( )      -- > True if at valid position in tree

// Object retrieve( )   -- > Return item in current position

// void first( )        -- > Set current position to first

// void advance( )      -- > Advance

// ******************ERRORS***********************

// BadIterator is thrown for illegal access or advance.

template <class Object>

struct StNode

{  const Binar yNode <Object> *node;

int timesPopped ;

StNode ( const Binar yN ode <Object> *n = 0 ) : node( n ), timesPopped ( 0 ) { }

};

template <class Object>

class PostOrder : public TreeIterator <Object>

{public:

PostOrder ( const Binar yTree <Object> & theTree ) ;

~ PostOrder ( ) { }

void first( ) ;

void advance( );

protected:

Stack< StNode <Object> > s;  };

The PostOrder class

interface.

An StNode stor es a point er to a

node and a count that tells how

ma ny times it has already been

popped.

Data Structures, Feodor F. Dragan, Kent State University 21

        // Constructor.

        template <class Object>

        PostOrder <Object>:: PostOrder ( const Binar yTree <Object> & theTree )

           : TreeIterator <Object>( theTree )

        {

               s.push( S tNode <Object>( root ) );

        }

        // Set the current position to the first.

        template <class Object>

        void PostOrder <Object>::first( )

        {

               s. makeEmpty ( );

               if( root != NU LL )

               {

                      s.push( StNode <Object>( root ) ) ;

                      advance( );

               }

        }

PostOrder class

constructor.

First( ) function.

Data Structures, Feodor F. Dragan, Kent State University 22

// Advance to the next position.

// Throw BadIterator exception if the iteration has been exhausted prior to the call .

template <class Object>

void PostOrder <Object>::advance( )

{if( s. isEmpt y (  ) )

{  if( current == NULL )

throw BadIterator ( "Advance past end" );

current = NULL;

return;    }

StNode <Object> cnode ;

for( ; ; )

{  cnode = s. topAndPop ( );

if( ++ cnode . timesPopped == 3 )

{ current = cnode .node;

return;   }

s.push( cnode );

if( cnode . timesPopped == 1 )

{  if( cnode .node - >left != NU LL )

s.push( StNode <Object>( cnode .node - >left ) ) ;  }

else  // cnode . timesP opped == 2

{  if( cnode .node - >right != NU LL )

s.push( StNode <Object>( cnode .node - >right ) ); }

}

}
advance( ) routine for

the PostOrder iterator

class.

Data Structures, Feodor F. Dragan, Kent State University 23

                                                                                   Other Traversals

        ¯ Inorder traversal is  similar to postorder , except that a node is

        declared visited when it is popped for the second time.

        ¯ Preorder is the same as  postorder , except that a node is  declared

        visited the first time it is popped. The right and then left chi ldren

        are pushed prior to the return.

        ¯ In a level - order traversal, nodes are visited top to bottom, left to

        right.

                                       ¯ Level - order traversal is imp le ment ed via a queue.

                                       ¯ This is a breadth first search .

1

3

                                                                                                                   2

4

6

5

7