D a t a S t r u c t u r e s

Fall, 2000

(Feodor F. Dragan)

Department of Mathematics and Computer Science

Kent State University

Contents

¯ What is a tree and how is it used in a file system;

¯ What is the binary tree and how can one examine the binary tree ;

¯ How to implement the tree operations, using recursions; and

¯ How can one visit all nodes of a tree.

CHAPTER 18

Trees

We will learn:

General Trees

¯ A tree consists of a set of nodes and a set of directed edges that connect pairs of nodes.

¯ We will consider rooted trees . A rooted tree has the following properties:

¯

One node is distinguished as the root.

¯ Every node c, except the root, isconnected by an edge from exactly one other node p. Node p is c ´ s parent , and c is one of p ´ s children .

¯ A unique path traverses from the root to each node. The number of edges that must be followed is the pathlength .

¯

A leaf is a node which has no children. A

C D E B

G H I F

K

J

root parent of F children of B a leaf

A

Æ K path length is 3

¯ A tree with N nodes

must have N - 1 edges.

A

C D E B

G H I F

K

J

General Trees: definitions

¯ The depth ofa node is the length of the path fromthe rootto the node.

¯ The height of a node is the length of the path fromthe node to the deepes t leaf.

¯ Nodes with the same parentare called siblings.

¯ If there is a path from u to v then u is an ancestor of v and v is descendant of

u . ( Proper ancestor and proper descendant if u v.)

¯ The size of anode is the number of descendants the node has (including the

node itself).

¹

2 0 I

2 0 H

2 0 G

2 0 F

1 2 E

2 1 J

Depth

Height

Node

1 1 D

3 0 K

1 0 C

1 1 B

0 3 A

An Application: File Systems

¯ File systems use treelike structures.

ipps * mark*

.login books*

ecp * courses*

ch1 dsaa *

L3 cop3223*

A Unix Directory.

cop3530*

ch2 ch1 ch2

sy 1 sy 1 ipps * mark*

.login books*

ecp *

courses* ch1 dsaa *

L3

cop3223*

The directory listing for that tree.

cop3530* ch2

ch1

ch2

sy 1

sy 1

Root

Recursive Definition of a Tree

¯ Either a tree is empty or it consists of a root and zero or mor e

nonempty subtrees each of whose roots are connected

by an edge fromthe root.

, ,..., ,

2 1 k

T T T

...

k

T

1

T

2

T

3

T

Presentation

¯ General trees can be implemented

by using the first child/next sibling

method , which requires two pointer

per item.

B

A

C D E B

G H I F

K

J

a node a linked lis t

Binary Trees

¯ A binary tree is a tree in which no node can have more than two

children.

¯ We name them left and right .

¯ An expression tree is one example of the use of binary trees.

¯ Such trees are central structures in compiler design.

¯ An important use of binary trees is in other data structures,

notably the binary search tree and the priority queue.

+

* a

-

b d

c

(a+((b - c)*d))

element

a node in a binary tree is

left right

// BinaryNode clas s; sto res a node in a tree.

//

// CONSTRUCTION: with (a) no para meters , o r (b) an Object,

// or (c) an Object, lef t pointer, and right pointer.

// *******************PUBLIC OPERATIONS**********

// int s ize( ) -- > Retu rn size of subtree at node

// int height( ) -- > Return height of subtree at node

// void p rintPostOrder ( ) -- > Print a p ostorder tree traversal

// void p rintInOrder ( ) -- > Print an in order tree traversal

// void p rintPreOrd er ( ) -- > Print a p reorder tree travers al

// BinaryNode * duplicate( ) -- > R eturn a duplicate tree

//

*******************ERRORS************************

// None.

te mplate <class Object>

class BinaryNode

{public:

BinaryNode ( co nst Object & theEle ment = Object( ),

BinaryNode * lt = NULL, BinaryNode * rt = NULL );

s tatic in t s ize( B inaryNode *t );

s tatic in t height( BinaryNode *t );

void p rintPreOrder ( ) const;

void p rintPostOrder ( ) const;

void p rintInOrd er ( ) const;

BinaryNode *duplicate( ) const;

public: // To keep things si mple

Object ele ment;

BinaryNode *left;

BinaryNode *right;

};

The BinaryNode class

interface.

// Return s ize of s ubtree rooted a t t.

te mplate <class Object>

int BinaryNode <Object>::s ize( BinaryNode <Object> * t )

{ if( t == NULL )

retu rn 0;

els e

retu rn 1 + s ize( t - >left ) + size( t - >right );

}

// Return a pointer to a node that is the root of a

// duplicate of the subtree rooted at the current node .

te mplate <class Object>

BinaryNode <Object> * BinaryNode <Object>::duplicate( ) const

{ BinaryNode <Object> * root =

new BinaryNode <Object>( ele men t );

if( left != NULL ) // If there’s a left subtree

root - >left = left - >duplicate( ); // Duplicate; attach

if( right != NULL ) // If there’s a right subtree

root - >right = right - >duplicate( ); // Duplicate; attach

return root; // Retu rn resulting tree

}

Recursive routines for

size and duplicate.

L

S

R

S t

1 + + =

R L T

S S S

#define max MAX

te mplate <class Comp arab le>

Co mparable max( const Co mparable & a,

const Co mparable & b )

{

return a > b ? a : b;

}

// Return height of tree rooted at t .

te mplate <class Object>

int BinaryNode <Object>::height( Bin aryNode <Object> * t )

{

if( t == NULL )

retu rn - 1;

els e

retu rn 1 + ma x( height( t - >lef t ), height( t - >right ) );

}

# undef max

Recursive routine for

height.

L

T

R

T t

) 1 , 1 ( + + =

R L T

H H Max H

L

H R

H

1 +

L

H

1 +

R

H

Binary Tree Traversal

¯ A preorder tree traversal:

¯

In a preorder tree traversal, the node is processed and then its children are

processed recursively. (e.a., duplicate routine)

¯ A postorder tree traversal:

¯

In a postorder tree traversal, the node is processed after both children are

processed recursively. (e.a., s ize, height routines )

¯ An inorder tree traversal:

¯

In an inorder tree traversal, the left child is recursively processed, the no de is

processed, and the right child is recursively processed. (e.a., an ex pression tree)

¯ All these traversals take constant time per node.

+

* a

-

b d

c

(a+((b - c)*d))

1

3

2

4

5

6

7

7

6

1

3

2

5

4

Preo rder

Postorder

// Print the tree rooted at current node using preo rder traversa l .

te mplate <class Object>

void BinaryNode <Object>:: p rintPreOrder ( ) const

{

cout << ele ment << endl ; // Node

if( left != NULL )

left - > printPreOrder ( ); // Left

if( right != NULL )

right - > printPreOrder ( ); // R ight

}

// Print the tree rooted at current node using postorder traversa l.

te mplate <class Object>

void BinaryNode <Object>:: p rintPos tOrder ( ) const

{

if( left != NULL ) // Left

left - > printPostOrder ( );

if( right != NULL ) // R ight

right - > printPostOrder ( );

cout << ele ment << endl ; // Node

}

// Print the tree rooted at current node using

// inorder travers al.

te mplate <class Object>

void BinaryNode <Object>:: p rintInOrder ( ) const

{

if( left != NULL ) // Left

left - > printInOrder ( );

cout << ele ment << endl ; // Node

if( right != NULL )

right - > printIn Order ( ); // Right

}

Recursive routines for

print functions.

// BinaryTree class ; sto res a b inary tree.

// CONSTRUCTION: with (a) no para meters or (b ) an object to

// be placed in th e root of a one - elemen t tree.

//// *******************PUBLIC OPERATIONS*******

// Various tree travers als , size, height, isE mpty , makeE mpty .

// Also, the following tricky method:

// void merg e( Object root, BinaryTree t1, BinaryTree t2 )

// -- > Construct a new tree

//*******************ERRORS*********************

// Erro r message p rinted for illeg al me rges.

te mplate <class Object>

class BinaryTree

{public:

BinaryTree ( ) : root( NULL ) { }

BinaryTree ( const Object & rootItem ) : root( new No de( rootIte m ) ) { }

BinaryTree ( const BinaryTree & rh s ) : root( NULL ) { *this = rhs ; }

~ BinaryTree ( ) { mak eE mpty ( ); }

const BinaryTree & operator= ( co nst BinaryTree & rhs );

// Recurs ive traversals, with prin ting

void p rintPreOrder ( ) const { if ( root != NULL ) root - > printPreOrder ( ); }

void p rintInOrd er ( ) const { if ( root != NULL ) root - > printInOrder ( ); }

void p rintPostOrder ( ) const { if( root != NULL ) root - > p rintPos tOrder ( ); }

void mak eE mpty ( ) { makeE mp ty ( root ); }

bool isE mpty ( ) const { retu rn root == NULL; }

The BinaryTree class

interface.

¯

The BinaryTree methods use the

BinaryNode routines on the root.

¯ The only data member in the

BinaryTree is a pointer to the root

node .

// Co mb ine t1 and t2

void merg e( const Object & rootItem , B inaryTree & t1, BinaryTree & t2 );

int s ize( ) const { return Node::size( root ); }

int height( ) con st { retu rn Node::h eight( root ); }

private:

typ edef BinaryNode <Object> No de;

Node * root;

f riend class TreeIterator <Object>;

void mak eE mpty ( BinaryNode <Object> * & t );

};

// Make tree rooted at t e mpty, f reeing nodes, and setting t to NULL.

te mplate <class Object>

void BinaryTree <Object>:: mak eE mpty ( BinaryNode <Object> * & t )

{ if( t != NULL )

{ makeE mp ty ( t - >left );

makeE mp ty ( t - >right );

delete t;

t = NULL; }

}

The BinaryTree class

interface (cont.).

MakeEmpty private

function.

The Merge routine.

1 t

2 t root

x

t1.root t2.root

¯ The merge routine is a one - liner in principle.

root = new B inaryNode <Object>( rootIte m , t1.root, t2.root);

¯ However, we must also handle aliasing , avoid

memory leaks, ensure that a node is not in two

trees, and check for errors.

¯ Differentcalls like

t3. merg e( x, t1, t2 );

t1. merg e( x, t1, t2 );

t2. merg e( x, t1, t2 );

t1. merg e( x, t3, t3 );

should work correctly.

¯ Hence, see the next slide.

We set the original trees ´ root to NULL so that

each node is in one tree.

If the input tree is aliased to the output tree, we

must avoid having the resultant root point to

NULL .

If the two input trees are aliases, we should

disallow the operation unless the trees are

empty.

// Merge routine fo r BinaryTree class .

//

// Fo r ms a new tree fro m rootIte m , t1 and t2.

// Does not allow t1 and t2 to be the s a me.

// Correctly handles other aliasing co nditions.

te mplate <class Object>

void BinaryTree <Object>:: merg e( const Object & roo tIte m , BinaryTree <Object> & t1,

BinaryTree <Object> & t2 )

{

if( t1.root == t2.root && t1.root != NULL )

{ cerr << "Cann ot merge a tree with itself; merge aborted." << endl ; retu rn; }

Node * oldRoot = root; // Save o ld root

// Allo cate new node

root = new Node( rootIte m , t1.root, t2.root );

// Deallocate nodes in the original tree

if( this != &t1 && this != &t2 ) ma keEmp ty ( o ldRoot );

// Ensure that every node is in one tree

if( this != &t1 ) t1.root = NULL;

if( this != &t2 ) t2.root = NULL;

}

The Merge routine

(cont).

Binary Tree Traversal: Iterator Classes

¯ preorder tree traversal

¯ postorder tree traversal

¯ inorder tree traversal

All these traversals take constant

time per node.

¯ Each iterator allows us (

like the Linked List Iterator

)

¯ to go to the first node (root),

¯ advance to the next node,

¯ test whether we have gone past the last node, and

¯ access the current node.

¯ The order in which nodes are visited is determined by the type of

traversal.

¯ We decide to implement all traversals (preorder, postorder ,

inorder , level - order) non - recursively.

¯ Implementations for preorder, postorder and inorder traversals

use a stack (to imitate the recursion). The level - order traversal

implementation uses a queue.

// TreeIterato r clas s interface; maintains "cu rrent positio n".

//

// CONSTRUCTION: with a tree to which the iterato r is bound.

// ******************PUBLIC OPERATIONS***********

// First two are n ot virtual, las t two are pure virtual

// bool isValid ( ) -- > True if at valid position in tree

// Object retrieve( ) -- > Retu rn ite min curren t position

// void firs t( ) -- > Set cu rrent position to first

// void advance( ) -- > Advance

// ******************ERRORS***********************

// Bad Iterato r is th rown for illegal access or advance.

te mplate <class Object>

class TreeIterator

{public:

TreeIterato r ( co nst BinaryTree <Object> & theTree ) : root( theTree .root ), cu rrent( NULL ) { }

virtual ~ TreeIterator ( ) { }

virtual void first( ) = 0;

bool isValid ( ) const { return current != NULL; }

const Object & retrieve( ) const;

virtual void advance( ) = 0 ;

protected:

const BinaryNo de <Object> *root;

const BinaryNo de <Object> *current;

};

The TreeIterator

abstract base class.

Each type of traversal is

represented by a derived class

(from this abstract base class).

A pointer to the tree root and an

indication of the current node.

Will be implemented later.

To allow the derived classes to

access them.

As before for Linked List.

Postorder Trav ersal

¯ Postorder traversal maintains a stack that stores nodes that have

been visited but those recursive calls are not yet complete.

¯

In a postorder tree traversal, the node is processed after both children are

processed recursively.

¯ Each node is placed on the stack three times.

¯ About to make a recursive call to the left subtree ,

¯ About to make a recursive call to the right subtree ,

¯ about to processthe current node.

¯ The third time off, the node is declared visited. The other tim es

we simulate a recursive call.

¯ When the stack is empty, every node has been visited.

a

b

d c

e a 0

                                                                                   b 0

                                                                                   a 1
b 1

a 1
d 0

b 2

a 1
d 1

b 2

a 1
d 2

b 2

a 1
b 2

a 1 a 1
d b

e 2

c 1

a 2
c 1

a 2
c 2

a 2 a 2
c a

e 1

c 1

a 2

                                                                                            e 0

                                                                                            c 1

                                                                                            a 2

        c 0

        a 2
e

// Pos tOrder class interface; maintains  "curren t position".

//

// CONSTRUCTION: with a tree to which the iterato r is bound.

// ******************PUBLIC OPERATIONS***********

// bool isValid ( )      -- > True if  at valid position in tree

// Object retrieve( )   -- > Retu rn ite m in curren t position

// void firs t( )        -- > Set cu rrent position to first

// void advance( )      -- > Advance

// ******************ERRORS***********************

// Bad Iterato r is th rown for illegal access or advance.

te mplate <class  Object>

struct StNode

{  const BinaryNo de <Object> *node;

                      int ti mesPopped ;

                      StNode ( const B inaryNode <Object> *n = 0 ) : node( n ), ti mesPopped ( 0 ) { }

};

te mplate <class  Object>

class PostOrder : public TreeIterato r <Object>

{public:

                      Pos tOrder ( cons t BinaryTree <Object> & theTree );

                      ~ PostOrder ( ) { }

                      void firs t( );

                      void advance( );

           protected:

                      Stack< StNode <Object> > s;  };

The PostOrder class

interface.

An StNode stores a pointer to a

node and a count that tells how

many  times it has already been

popped.

// Constructo r.

te mplate <class  Object>

PostOrder <Object>:: PostOrder ( cons t BinaryTree <Object> & theTree )

           : TreeIterator <Ob ject>( theTree )

{

                      s .push( StNode <Object>( root ) );

}

// Set the curren t p osition to the f irs t.

te mplate <class  Object>

void PostOrder <Object>::f irst( )

{

                      s . makeE mp ty ( );

                      if( root != NULL )

                      {

                                            s.push( StNode <Object>( root ) );

                                            advance( );

                      }

}

PostOrder class

constructor.

First( ) function.

// Advance to the n ext position.

// Throw BadIterator exception if  the iteration has been exhausted prior to the call .

te mplate <class  Object>

void PostOrder <Object>::advance( )

{if( s. isE mp ty ( ) )

                      {  if ( cu rrent == NULL )

                                                                  th row BadIterator ( "Advance past end" );

                                            current = NULL;

                                            retu rn;    }

                      StNode <Object> cnode ;

                      fo r( ; ; )

                      {  cnode = s. topAndPop ( );

                                            if ( ++ cnode . timesPopped == 3 )

                                            { current = cnode .node;

                                                                   return;   }

                                            s.push( cnode );

                                            if ( cnode . ti me sPopped == 1 )

                                            {  if ( cnode .node - >lef t != NULL )

                                                                                         s .push( StNode <Object>( cnode .node - >left ) );  }

                                            else  // cnode . ti mesPopped == 2

                                            {  if ( cnode .node - >right != NULL )

                                                                                         s .push( StNode <Object>( cnode .node - >right ) ); }

                      }

}
advance( ) routine for

the PostOrder iterator

class.

Other Traversals

¯ Inorder traversal is similar to postorder , except that a node is

declared visited when it is popped for the second time.

¯ Preorder is the same as postorder , except that a node is declared

visited the first time it is popped. The right and then left chi ldren

are pushed prior to the return.

¯ In a level - order traversal, nodes are visited top to bottom, left to

right.

                                                                                                    ¯

Level - order traversal is implemented via a queue.

                                                                                                    ¯ This is a breadth first search .

1

3

2

4

6

5

7