Data Structures, Feodor F. Dragan, Kent State Universit y 1

Data S tructu res

Fall, 2000

(Feodor F. Dragan)

Department of Mathematics and Computer Science

Kent State Universit y

Data Structures, Feodor F. Dragan, Kent State Universit y 2

Contents

¯ The basic properties of t he binaryheap;

¯ How the insert and deleteMin operations can be performed in logarithmic time;

¯ A linear time heap construction algorithm;

¯ C++ implementations;

¯ HeapSort algorithm with O(N logN ) worst case run time, w/o using extra memory; and

¯ The use of heaps to implement external sorting.

CHAPTER 21

A Priority Queue: The Binary Heap

We will learn:

Data Structures, Feodor F. Dragan, Kent State Universit y 3

Basic Ideas

¯ Operations: findMin , deleteMin , insert an element.

¯ A linked list (or arra y) requires that some operations use line ar time

¯ linked list unsorted: insert in front in O(1), but findMin and deleteMin in O(N);

¯ linked list sorted: findMin and deleteMin in O(1), but insert in O(N).

¯ An unbalanced binar ysearch tree does not have a good worst case (O(N) worst, O( logN ) average)

¯ A balanced binar ysearch tree (O( logN ) worst) requires lots of work

¯ The priorit yqueue has properties that are a compromise between a queue and a binar ysearch tree

¯ Can be implemented b yusing a simple array(like a queue)

¯ Supports insert and deleteMin in O( logN ) worst case time ( like the balanced binarysearch tree)

¯ Supports insert in constant average time and findMin in constant worst case time (like the queue).

Data Structures, Feodor F. Dragan, Kent State Universit y 4

Binary Heap

¯ The binary heap is theclassic method used to implement priority queues . It has a structure propert yand an ordering propert y(like balanced BST).

Structure Propert y

¯ The heap is a complete binarysearch tree, allowing representation bya simple arra yand guaranteeing logarithmic depth.

¯ A complete binary tree is a binarytree that is completel yfilled, with the possible exception of the bottom level, which is filled from left to right and has no missing nodes.

a complete binarytree not a complete binarytree

Data Structures, Feodor F. Dragan, Kent State Universit y 5

Structure Propert y

¯ Height

¯ number of nodes, N

¯ Way? (byind uction)

ë û N H log £

1 2 1 - £ + H £ H 2

1

A

B

E

J

D

I H

C

G F

2 3

6 7

8 9 10

5 4

A B C D E F G

1 2 3 4 5 6 7

H

8

I

9

J

10 0

�

The parent is in position

The left child is in position 2i

The right child is in position 2i+1

Î Left and right pointers are not needed,

Î Vector gives a randomaccess ë û 2 / i

Representation

Using an arra yto store a tree is called implicit representation.

size

Data Structures, Feodor F. Dragan, Kent State Universit y 6

Heap - Order Propert y

¯ The heap - order propert y states that, in a heap, the item

in the parent is never larger than the item in a node.

and

( In binar ysearch trees we had )

¯

Î rewind all tapes.

¯ Do a pass using the A tapes

Æ the B tapes way �

Data Structures, Feodor F. Dragan, Kent State Universit y 22
é ù
)

/
log( M

N

  A1
                       81   94   11   96   12   35   17   99   28   58   41   75   15

  A2

   B1

   B2

Initial tape

configuration

  A1

  A2

   B1
                       11   81   94     |     17   28   99      |      15              |

   B2

                      12   35   96     |     41   58   75      |                      |

Distribution of runs to

two tapes

  A1
                       11   12   35   81   94   96       |     15                      |

  A2
                       17   28   41   58   75   99       |                             |

   B1

   B2
After the first pass

  A1

  A2

  B1
                      11   12   17   28   35   41   58   75   81   94   96   99      |

  B2
                      15                                                              |

After the second

pass

As a result of a pass, the

length of the runs doubles

and eventually only a

single run remains. We

need                       passes

over the input before we

have one final giant run.

  A1
                      11   12   15   17   28   35   41   58   75   81   94   96   99

After the third  pass

12

  Data Structures, Feodor F. Dragan, Kent State Universit y 23
é ù
)

/

(
log M

N

K

Distribution of runs

to three tapes

After the first pass

After the second pass

(A1, A2, A3, B2, B3

are not presented)

                              K - way merging reduces the number of passes. T he obvious

                                implementation uses 2K tapes.    (                         passes )

A1

A2

A3

 B1 11   81   94    |    41   58   75    |

 B2

                    12   35   96    |    15                  |

                    17   28   99    |                          |
 B3

A1

                     11   12   17   28   35   81   94   96   99    |

A2

                     15   41   58   75                                       |

A3

 B1

 B2

 B3

B1 11   12   15   17   28   35   41   58   75   81   94   96   99  |

A1

                    81   94   11   96   12   35   17   99   28   58   41   75   15

Initial tape configuration

(A2, A3, B1, B2, B3 are

empty and not presented)

To find the smallest of the

K elements, we use a

priority queue ( deleteMin

and insert operations).

  Data Structures, Feodor F. Dragan, Kent State Universit y 24

   ¯ T he polyphase mer ge implements a K - way mer ge with K+1 tapes only.

   ¯ T he distribution of runs affects performance.

   ¯ T he best distribution is related to the Fibonacci numbers .

   ¯ Consider the case K=2 ( for larger K ,  K th order Fibonacci numbers are used)

                            ¯ If the number of runs is a Fibonacci number f(n) , the best way to distribute

                                                     them is to split them into two Fibonacci numbers f(n - 1) and f(n - 2).

                            ¯ Other wise, the tape must be padded with dummy runs in order to i ncrease

                                                     the number of runs to a Fibonacci number.

Polyphase Merge

                                                                                                         {

                                                                                              =
                                                                                      )

                                                                       ( n

                                                              f

2

)

2

(

)

1

(

³

-

+

-
n
if
n
f
n
f

1

0

=

=
n
or
n
if
n

     T3 13                0                8                 3    0                 2                 1              0

     T2 21                8                0                 5    2                 0                 1              0

     T1 0                13               5                 0    3                 1                 0              1

                         # of runs  T 3+T 2    T 1+T2    T1+T3    T2+T 3    T 1+T 2    T 1+T 3   T 2+T3

After