Data Structures, Feodor F. Dragan, Kent State University 1

Data Structures

Fall, 2000

(Feod or F. Dragan)

Department of Mathematics and Computer Science

Kent State Universit y

Data Structures, Feodor F. Dragan, Kent State University 2

Contents

¯ The basic properties of the binaryh eap;

¯ How the insert and deleteMin operation s can be performed in logarithmic time;

¯ A linear time heap construction algorithm;

¯ C++ implementations;

¯ HeapSort algorithm with O(N logN ) worst case run time, w/o using extra memor y; and

¯ The use of heaps to implement external sorting.

CHAPTER 21

A Priority Queue: The Binary Heap

We will learn :

Data Structures, Feodor F. Dragan, Kent State University 3

Basic Ideas

¯ Operations : findMin , deleteMin , insert an element.

¯ A linked list (or array) requires that some operations use line ar time

¯ linked list unsorted: insert in front in O(1), but findMin and deleteMin in O(N);

¯ linked list sorted: findMin and deleteMin in O(1), but insert in O(N).

¯ An unbalanced binarysearch tree does n ot have a good worst case (O(N) worst, O( logN ) average)

¯ A balanced binarys earch tree (O( logN ) worst) requires lots of work

¯ The priorityqueue has properties that are a compromise between a queue and a binarysearch tree

¯ Canbe imp le me nt ed byusing a simp le array(like a queue)

¯ Supports insert and deleteMin inO( logN ) worst case t ime (like the bala nced binar ysearchtree)

¯ Supports insert inco nstant average t ime and fin dMin in co nstant worst case t ime (like the queue).

Data Structures, Feodor F. Dragan, Kent State University 4

Binary Heap

¯ The binary hea p is the classic method u sed to implement priority queues . It has a structure p ropertyand an ordering propert y(like balanced BST).

Structure Propert y

¯ The hea p is a complete binarys earch tree, allowing representation b ya simple arra yand guaranteeing logarithmic depth.

¯ A complete binary tree is a binar ytree that is completelyfilled, with the possible exception of the b ottom level, which is filled from left to right and has no missing n odes.

a complete binar ytree not a complete binar ytree

Data Structures, Feodor F. Dragan, Kent State University 5

Structure Propert y

¯ Height

¯ nu mber o fno des, N

¯ Way? (byinduct io n)

ë û N H log £

1 2 1 - £ + H £ H 2

1

A

B

E

J

D

I H

C

G F

2 3

6 7

8 9 10

5 4

A B C D E F G

1 2 3 4 5 6 7

H

8

I

9

J

10 0

�

Theparent is in posit ion

Theleft child is in posit ion 2i

Theright child is in position 2i+1

Î Left and right point ers arenot needed,

Î Vector gives a randomaccess ë û 2 / i

Representation

Using an arra yto store a tree is called implicit representation.

size

Data Structures, Feodor F. Dragan, Kent State University 6

Heap - Order Property

¯ The heap - order propertystates that, in a heap, the item

in the parent is never larger than the item in a node.

and

( Inbinar ysearchtrees we had )

¯

Î b ythis propert y, min element is in the root

¯ Î findMin in O(1) time

P

X

X P £

¯ A ma x hea p supports access of the maximum instead of the

minimum. Min or chan ges can be used to implement max heap.

13

21

31

32

24

26 65

16

68 19

A heap not a heap

13

21

31

32

6

26 65

16

68 19

] 2 [ ] [ i heap i heap £ ] 1 2 [ ] [ + £ i heap i heap

] 1 2 [ ] [ ] 2 [ + £ £ i heap i heap i heap

Data Structures, Feodor F. Dragan, Kent State University 7

The BinaryHeap class

interface.

C++ Implementa tion

#include "vector.h"

// Binar yHeap class.

// CONSTRUCTION: with no parameters or vector containing items.

//

// ****************** PUBLIC PERATIONS **************

// void inser t( x ) -- > Insert x

// void deleteMin ( ) -- > Remove smallest item

// void deleteMin ( min ) -- > Remove and send back smallest item

// Comparable findMin ( ) -- > Retur n smallest item

// bool isEmpty ( ) -- > Retur n tr ue if empty; else false

// void makeEmpty ( ) -- > Remove all items

// ****************** ERRORS *************************

// Throws Under flowException as warranted.

template <class Comparable>

class Binar yHeap

{ public:

Binar yHeap ( );

Binar yHeap ( const vector<Comparable> & v ) ;

bool isEmpt y ( ) const;

const Comparable & findMin ( ) const;

void insert( const Comparable & x ) ;

void deleteMin ( ) ;

void deleteMin ( Comparable & minItem );

void makeEmpty ( );

private:

int theSize ; // Number of elements in heap

vector<Comparable> array; // The heap array

void buildHeap ( );

void percolateDown ( int hole );

};

#include " Binar yHeap . cpp "

Data Structures, Feodor F. Dragan, Kent State University 8

// Construct the binar yheap.

template <class Comparable>

Binar yHeap <Comparable>:: Binar yHeap ( ) : array( 11 ), theS ize ( 0 ) { }

// Construct the binar yheap.

// v is a vector containing the initial items.

template <class Comparable>

Binar yHeap <Comparable>:: Binar yHeap ( const vector<Comparable> & v )

: arra y( v.size( ) + 1 ), theSize ( v.size( ) )

{ for( int i = 0; i < v.size( ); i++ )

array[ i + 1 ] = v[ i ];

buildHeap ( ); }

// Find the smallest item in the priorityqueue.

// Return the smallest item, or throw Under flowException if empty.

template <class Comparable>

const Comparable & Binar yHeap <Comparable>:: findMin ( ) const

{ if( isEmpt y ( ) )

throw Under flowException ( );

return arra y[ 1 ]; }

// Test if the priorityqueue is logicall yempt y.

template <class Comparable>

bool Binar yHeap <Comparable>:: isEmpt y ( ) const

{ return theSize == 0; }

Constructors for the

BinaryHeap class.

The findMin

routine.

// Make the priorityq ueue logicallyempty.

template <class Comparable>

void Binar yHeap <Comparable>:: makeEmpty ( )

{ theSize = 0; } isEmpty and makeEmpty .

Data Structures, Feodor F. Dragan, Kent State University 9

The insert operation.

2

4

11

12

8

13 10

6

9 7

                                                      3

2

4

3

12

                                                                                                                8

                                                                                                                     13

                                                                                                       10

6

9

7

11

2

4

11
12

8

13

10

6

9

7

3

                                                             insert ( x ): O (height) = O (log n )

          ¯ Insert io n is imp le ment ing by creat ing a ho le at the next availa ble lo cat io n and

          then perco lat ing it up unt il the new it em can be placed in it wi t hout introducing a

          heap - order vio lat io n wit h t he ho le ´ s parent.

        ¯ Insert io n takes co nstant time o n average but logarit hmic in t he worst case.

                                                                               bubble the ho le up toward the root

Data Structures, Feodor F. Dragan, Kent State University 10

// Insert item x int o the priorit y queue, maintaining heap order .

// Duplicat es are allowed.

template <class Comparable>

void BinaryHeap <Comparable>::insert( const Comparable & x )

{

array[ 0 ] = x;   // init ialize sent inel

if( theS ize + 1 == array.size( ) )

array.resize( array.size( ) * 2 + 1 );

// Percolate up

int hole = ++ theSize ;

for( ; x < array[ hole / 2 ]; hole /= 2 )

array[ hole ] = array[ hole / 2 ];

array[ hole ] = x;

}

The insert member

function.

    Data Structures, Feodor F. Dragan, Kent State University 11

                                                                                              The deleteMin operation.

          ¯ Delet io n o f the minimu m invo lves placing t he fo rmer last ite m i n a ho le t hat is

          created at the root.

          ¯ The ho le is perco lated do wn t he tree t hrough minimu m children u nt il the ite m

          can be placed wit ho ut vio lat ing t he heap - order propert y.

¯ The deleteMin operat io n is lo garit hmic in both t he worst case and average case .

                                               2

                         6

                                     11

                               12

            8

                 13

     10

                                                               4

                                                                        9

                                                        5

12

                                                                                                         6

                                                                                                                11

                                                                                            8

                                                                                                13

                                                                                    10

4

9

5

4

6

11

8

13

10

12

9

5

4

6

11

8

13

10

5

9

12

Data Structures, Feodor F. Dragan, Kent State University 12

// Remove the smallest item fr om the priority q ueue.  Thr ow Under flowException if empt y.

template <class Comparable>

void Binar yHeap <Comparable>:: deleteMin ( )

{  if( isEmpt y ( ) ) throw Under flowException ( );

array[ 1 ] = array[ theS ize -- ];

percolateDown ( 1 ); }

// Remove the smallest item fr om the priority q ueue and place it in minItem .

template <class Comparable>

void Binar yHeap <Comparable>:: deleteMin ( Comparable & minItem )

{  minItem = findMin ( );

array[ 1 ] = array[ theS ize -- ];

percolateDown ( 1 ); }

The deleteMin

member function.

// Internal method to percolate down in the heap. Hole is the in dex at which the percolate begins.

template <class Comparable>

void Binar yHeap <Comparable>:: percolateDown ( int hole )

{  int child;

Comparable tmp = array[ hole ];

for( ; hole * 2 <= theSize ; hole = child )

{  child = hole * 2;

if( child != theS ize && array[  child + 1 ] < array[ child ] )  child++;

if( array[ child ] < tmp ) array[ hole ] = array[ child ];

else break;  }

array[ hole ] = tmp ;

}

The percolateDown

method.

Data Structures, Feodor F. Dragan, Kent State University 13

                                                                 The buildHeap linear time operation.

      ¯ The buildHeap operation takes a co mplet e tree that does not have heap order

      and reinstates it.

      ¯ It can be do ne in linear t ime by applying a perco late down rout ine to nodes in

      reverse leve l order.

                                               92

                        47

                                      12

                              55

            20

                17

    61

                                                                        21

                                                                                       63

                                                           45

                                                                                   83

                                                                 64

                                                     25
                                            37 73

92

                                                                                                                     47

12

55

                                                                                                        20

                                                                                                            17

                                                                                                61

21

63

45

83

64

25
37 73

92

47

12

55

20

17

61

21

63

25

83

64

45
37 73

                             // Establish heap - order property fr om an arbitrar y arrangement of items. Runs in l inear time.

                             template <class Comparable>

                             void Binar yHeap <Comparable>:: buildHeap ( )

                             {  for( int i = theSize / 2; i > 0; i -- )

                                          percolateDown ( i ); }

Data Structures, Feodor F. Dragan, Kent State University 14

92

47

12

55

20

17

61

21

63

25

83

64

45
37 73

92

47

12

55

17

20

61

21

63

25

83

64

45
37 73

92

47

12

55

17

20

61

21

63

25

83

64

45

37 73

92

12

37

55

17

20

61

21

63

25

83

64

45
47 73

12

17

37

55

20

92

61

21

63

25

83

64

45

47 73

¯ The linear t ime bo und can be sho wn by co mput ing t he su m o f t he heights o f all

the no des in t he heap.

¯ The bo und fo llo ws fro m t he fo llo wing Theore m.

Theore m: For the perfect binar y tree o f height H co ntaining

no des, the su m o f the height s o f t he no des is N - H - 1.

Proof: (by induct io n) �

1

2 1

-

= +
H

N

Data Structures, Feodor F. Dragan, Kent State University 15

                      The priority_queue

                               class interface.

             C++ Implementation of the priority_queue

template <class Object, class Container, class Compare>

class priority_queue

{public:

       priority_queue( ) ;

       int size( ) const;

       bool empty( ) const;

       const Object & top( ) const;

       void push( const Object & x ) ;

       void pop( );

    private:

       Container theItems ;

       Compare   lessThan ;

};

#include "q ueue. cpp "

                                                                                                       template <class Object, class Container, class Compare>

                                                                                                       priority_queue<Object,Container,Compare>::priority_queue( )

                                                                                                          : theItems ( 1 ), lessThan ( Compare( ) ) { }

                                                                                                       template <class Object, class Container, class Compare>

                                                                                                       int priority_queue<Object,Container,Compare>::size( ) const

                                                                                                       {   return theItems .size( ) - 1; }

                                                                                                       template <class Object, class Container, class Compare>

                                                                                                       bool priority_queue<Object,Container,Compare>::empt y(  ) const

                                                                                                       { return size( ) == 0; }

                                                                                                       template <class Object, class Container, class Compare>

                                                                                                       const Object & priorit y_queue<Object,Container,Compare>

                                                                                                       ::top( ) const

                                                                                                       {  if( empt y(  ) ) thr ow Under flowException ( "Cannot top an

empt y priority queue" );

                                                                                                              return theItems [ 1 ]; }

Constant - time methods.

Data Structures, Feodor F. Dragan, Kent State University 16

//template <class Object, class Container, class Compare>

void priority_queue<Object,Container,Compare>::push( const Objec t & x )

{  theItems .push_back( x ) ;

theItems [ 0 ] = x;   // initialize sentinel

// Percolate up

int hole = size( ) ;

for( ; lessThan ( theItems [ hole / 2 ], x ); hole /= 2 )

theItems [ hole ] = theItems [ hole / 2 ];

theItems [ hole ] = x;

}

template <class Object, class Container, class Compare>

void priority_queue<Object,Container,Compare>::pop( )

{  if( empt y(  ) ) thr ow Under flowException ( "Cannot pop an empty priorit y queue" );

int hole = 1;

int child;

Object tmp = theItems .back( ); theItems .pop_back( );

int theSize = size( );

for( ; hole * 2 <= theSize ; hole = child )

{  child = hole * 2;

if( child != theS ize && lessThan ( theItems [ child ], theItems [ child + 1 ] ) ) child++;

if( lessThan ( tmp , theItems [ child ] ) ) theItems [ hole ] = theItems [ child ];

else break;   }

if( !empty( ) ) theItems [ hole ] = tmp ;

}

Push and pop class

mutators .

Data Structures, Feodor F. Dragan, Kent State University 17

#include "functional.h"

#include "vector.h"

#include ^ pr_queue.h"

#include < iostream >

// Test program

int main( )

{  int numItems = 10000;

       priority_queue< int , vector< int >, greater< int > > h;   // min heap

       priority_queue< int , vector< int >, less< int > > g;      // max heap

       int i = 37;

       int x, y;

       for( i = 37; i != 0; i = ( i + 37 ) % numItems )

                {  h.push( i );

                      g.push( - i ) ;

                }

                for( i = 1; i < numItems ; i++ )

                {   x = h.top( );

                        y = g.top( );

                        h.pop( ); g.pop( );

                        if( x != i || x + y != 0 )

                                 cout << "O ops! " << i << " " << x << " " << y << endl ;

                }

return 0;

}

A Test Program

Extensio n:

¯ the decreaseKey operat io n

is supported by the binar y

heap (priorit y_queue).

¯ It is usefu l in imp le me nt ing

graph algorit hms (e. g.,

Dijkstra ´ s algorit hm for

shortest pat hs)

Data Structures, Feodor F. Dragan, Kent State University 18

HeapSort

¯ A priority queue can be used to sort in O(N logN ) time. An

algorithm based on this idea is HeapSort .

¯ One wa y is  b y

¯ Insert ing every it em into a binary heap and

¯ Extract ing ever y ite m by calling deleteMin N times, t hus sorting t he

result.

¯ A better wa y is b y

¯ Tossing each it em into a binar y heap,

¯ Applying buildHeap , and

¯ Calling deleteMin N times, wit h the ite m exit ing the heap in sorted order.

¯ If we use a max heap we obtain items in increasing order.

Data Structures, Feodor F. Dragan, Kent State University 19

           ¯ HeapSort

                          ˘ build heap (or for ( i =1.. n ) do insert ( A [1.. i ], A [ i ])

                          ˘ for ( i = n ..2) do

                                         ¯ swap ( A [1]

                                                                                         «
                                                                                                    A [ i ])

                                         ¯ heapsize = heapsize - 1

                                         ¯ float down A [1]

                                                   4

                             6

                                    11

                8

                    13

         10

                                                           5

                                                                    9

                                                    7

                               12

12

                                                                                                       6

                                                                                                              11

                                                                                          8

                                                                                              13

                                                                                   10

5

9

7

                                                                                                           4

12

6

11

8

13

10

5

9

7

4

12

6

11

8

13

10 5

9

7

4

                                               12

                                                6

                                 11

                         8

      13

           10

                     5

                                                                9

                                                        7

                              4

12

                                                                                  6

                                                                                                             11

                                                                                                      8

13

                                                                                        10

                                                                                               5

9

7

                                                                                                           4

12

6

11

8

13
10

5

9

7

4

12

6

11

8

13

10

5

9

7

4

                                                                                                          HeapSort

�

Data Structures, Feodor F. Dragan, Kent State University 20

// Standard Heapsort

void heapsort ( vect or<Comparable> & a )

{

for ( int i  = a.size( ) / 2;  i >=  0;  i -- )     // build hea p

percDown ( a, i, a.lengt h( )  );

for ( int j  = a.size( ) - 1;  j >  0;  j -- )

{

swap ( a[ 0 ], a[ j ] );                       // delet eMax

percDown ( a, 0, j  );

}

}

The HeapSort Routine

¯ B y using empty p arts of the arra y, we can perform the sort in p lace

(better than MergeSort ; what about QuickSort ? )

Data Structures, Feodor F. Dragan, Kent State University 21

                                                                                    External Sorting

   ¯ External sort ing is used when the a mo unt o f data is too large to fit in ma in

                  me mor y.

   ¯ We assume that sorts are perfor med o n tape. Only sequent ial acce ss o f the

                  input is allo wed.

   ¯ The basic external sort uses repeated two - way me rging .

   ¯ Assu me we have

                  - two input tapes A1, A2 and two output tapes B1,  B2

                  - A1 has init ia l input o f  N records , me mory can ho ld M records

   ¯ Then,

                  - M records are read fro m A1, sorted and written to B1 and B2 alt ernat ively

                  - each group o f sorted records is a run

                  - when do ne, we rewind all t he tapes

                                                                                   Model for external sorting

   ¯ ( a pass ) A run fro m B1 is merged wit h a run fro m B2 and stored on A1 and A2

                  alternat ive ly (few t imes). No more runs

Æ t he B tapes wa y �

Data Structures, Feodor F. Dragan, Kent State University 22

é ù)

/
log( M
N

A1

81   94   11   96   12   35   17   99   28   58   41   75   15

A2

B1

B2

Init ial tape
configuration

A1

A2

B1

11   81   94     |     17   28   99      |      15              |

B2

12   35   96     |     41   58   75      |                      |

Distribution of runs to
two tapes

A1

11   12   35   81   94   96       |     15                      |

A2

17   28   41   58   75   99       |                             |

B1

B2

Aft er the first pass

A1

A2

B1

11   12   17   28   35   41   58   75   81   94   96   99      |

B2

15                                                              |

Aft er the second
pass

As a result of a pass, the
length of the runs doubles
and eventually only a
single run remains. We
need                       passes
over the input before we
have one final giant run.

A1

11   12   15   17   28   35   41   58   75   81   94   96   99
Aft er the third  pass

                                                                                           Data Structures, Feodor F. Dragan, Kent State University 23

é ù
)

/

(
log M

N

K

Distribution of runs
to thr ee tapes

Aft er the first pass

After the second pass

(A1, A2, A3, B2, B3
are not present ed)

                                                                                                           K - way me rging reduces the nu mber o f passes. The o bvio us

                                                                                                             imp le me nt at io n uses 2K tapes.   (                         passes )

                                                                                         A1

                                                                                         A2

                                                                                         A3

                                                                                          B1 11   81   94    |    41   58   75    |

                                                                                          B2 12   35   96    |    15                  |

                                                                                                      17   28   99    |                          |

                                                                                          B3

                                                                                         A1

                                                                                                      11   12   17   28   35   81   94   96   99    |

                                                                                         A2

                                                                                                      15   41   58   75                                       |

                                                                                         A3

                                                                                          B1

                                                                                          B2

                                                                                          B3

                                                                                         B1 11   12   15   17   28   35   41   58   75   81   94   96   99  |

                                                                                         A1 81   94   11   96   12   35   17   99   28   58   41   75   15

Init ial tape configuration

(A2, A3, B1, B2, B3 are
empt y and not pr esent ed)

To find the smallest of the

K elements, we use a
priority queue ( deleteMin
and insert operations).

Data Structures, Feodor F. Dragan, Kent State University 24

¯ The po lyphase merge imp le ment s a K - wa y merge wit h K+1 tapes o nly.

¯ The distribut io n o f runs affect s perfor mance.

¯ The best distribut io n is related to the Fibonacci numbe rs .

¯ Co nsider t he case K=2 ( for larger K ,  K th order Fibo nacci numbers are used)

¯ If the number o f runs is a Fibo nacci nu mber f(n) , the best way to distribute
the m is to split t he m into two Fibo nacci nu mbers f(n - 1) and f(n - 2).

¯ Ot herwise, the tape must be padded wit h du mmy runs in order to i ncrease
the nu mber o f runs to a Fibo nacci number.

Polyphase Merge

{

=

)

( n
f

2

)

2

(

)

1

(
³

-

+

-
n
if
n
f
n
f

1

0
=

=
n
or
n
if
n

T3 13                0                8                 3    0                 2                 1              0

T2 21                8                0                 5    2                 0                 1              0

T1 0                13               5                 0    3                 1                 0              1

# o f runs  T3+T2    T1+T2    T1+T3    T2+T3    T1+T2    T1+T3   T2+T3

After