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Abstract: A distance-hereditary graph is a connected graph in which every induced path is isometric,
i.e., the distance of any two vertices in an induced path equals their distance in the graph. We present
a linear time labeling algorithm for the minimum cardinality connected r-dominating set and Steiner tree
problems on distance-hereditary graphs. q 1998 John Wiley & Sons, Inc. Networks 31: 177–182, 1998
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1. INTRODUCTION is a tree which spans all vertices of S . The Steiner tree
problem asks for a minimum cardinality Steiner tree.

There are many papers that investigated the SteinerA distance-hereditary graph is a connected graph in
tree problem and the problem of finding minimum domi-which every induced path is isometric, i.e., the distance
nating sets in graphs with (and without) additional re-of any two vertices in an induced path equals their dis-
quirements to the dominating sets. The problems are, intance in the graph. These graphs were introduced by E.
general, NP-complete. For more special graphs, the situa-Howorka [11], who gave the first characterizations of
tion is sometimes better (for a bibliography on domina-distance-hereditary graphs. For instance, a connected
tion, cf. [10]; for a recent survey on special graph classes,

graph G is distance-hereditary if and only if every circuit
cf. [2]) . In [5] , D’Atri and Moscarini proposed

in G of length at least 5 has a pair of chords that cross
O(ÉV \EÉ) algorithms to solve the minimum cardinality

each other.
connected dominating set and Steiner tree problems on

A dominating set D of a graph G Å (V, E) is defined
distance-hereditary graphs.

as a set of vertices D ⊆ V such that every vertex in V is
Here, we study the following generalized domination

either in D or is adjacent to some vertex in D . D is a
(r-domination) problem: Let (r(£1) , . . . , r(£n)) be a

connected dominating set of G iff D dominates G and the sequence of nonnegative integers which is given together
subgraph induced by D is connected. For a given graph with the input graph. For any two vertices u , £ denote by
G and a set S ⊆ V (of terminal vertices) , a Steiner tree dist(u , £) the length (i.e., number of edges) of a shortest

path between u and £ in G . A subset D ⊆ V is an r-
dominating set in G iff for every £ √ V there is a u √ DCorrespondence to: F. F. Dragan; e-mail: dragan@informatik.uni-
with dist(u , £) ° r(£) . D is a connected r-dominatingrostock.de
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178 BRANDSTÄDT AND DRAGAN

Fig. 1. Forbidden induced subgraphs in a distance-hereditary graph.

by D is connected. The connected r-domination problem the basic information on distance-hereditary graphs that
is needed in the sequel.consists of finding a minimum cardinality connected r-

dominating set of G . It is easy to see that the Steiner
tree problem is a particular instance of the connected r- Proposition 1 [1, 5] . For a graph G, the following con-
domination problem when r(£) Å 0 for any terminal ver- ditions are equivalent:
tex and r(£) Å ` for all other vertices.

In this paper, we present a linear-time labeling algo- (1) G is distance-hereditary.
rithm for the connected r-domination and Steiner tree (2) The house, domino, fan (see Fig. 1) and the cycles
problems on distance-hereditary graphs. The obtained re- Ck of length k ¢ 5 are not induced subgraphs of G.
sult not only generalizes but also improves the corre- (3) Every induced subgraph of G contains a leaf or a
sponding result of D’Atri and Moscarini. Recall that effi- pair of twins.
cient algorithms for the connected r-domination problem

(4) For arbitrary vertex x of G and every pair of verticeshave been found also for strongly chordal graphs [4] and
£, u √ Nk(x) , that are in the same connected compo-dually chordal graphs [6] (see also [3]) .
nent of the graph »V "Nk01(x) … , we have

N(£) > Nk01(x) Å N(u) > Nk01(x) .2. TERMINOLOGY AND BASIC
PROPERTIES

Proposition 2 ([1]) . For any vertex £ of distance-heredi-We shall consider finite, simple loopless, undirected, and
tary graph G if u, w are vertices in different componentsconnected graphs G Å (V, E), where V Å {£1, . . . , £n} is
of »Nk(£) … , then N(u) > Nk01(£) and N(w) > Nk01(£)the vertex set and E is the edge set of G , and we shall use
are either disjoint or one of the two sets is contained inmore-or-less standard terminology from graph theory [8].
the other.Let £ be a vertex of G . We denote the neighborhood

of £, consisting of all vertices adjacent to £, by N(£) , and
the closed neighborhood of £, the set N(£) < {£}, by

3. PRELIMINARY RESULTSN[£] . The k-th neighborhood of £, denoted by Nk(£) , is
defined as the set of all vertices of distance k to £, i.e.,

As we already mentioned, every induced subgraph of aNk(£) Å {u √ V : dist(u , £) Å k}.
distance-hereditary graph contains a leaf or a pair ofA vertex £ of G is a leaf if ÉN(£)É Å 1. Two vertices
twins. In the subsequent linear-time algorithm for the£ and u are twins if they have the same neighborhood
minimum connected r-dominating set problem on dis-[N(£) Å N(u)] or the same closed neighborhood (N[£]
tance-hereditary graphs, these kinds of vertices turn outÅ N[u]) . True twins are adjacent; false twins are not.
to be important.We denote by »S … the subgraph of G induced by the

For the next two lemmas, let x be a leaf in graph Gvertices of S , V .
and let y be its neighbor. Let also G 0 x Å »V " {x} … .Several interesting characterizations of distance-hered-

itary graphs in terms of the existence of particular kinds
of vertices (leaves, twins) and in terms of metric and Lemma 1 [4, 6] . Assume that r(x) ú 1. A subset D

⊆ V " {x} is a minimum connected r-dominating set ofneighborhood properties and forbidden configurations
were provided by Bandelt and Mulder [1] and by D’Atri graph G if D is a minimum connected r*-dominating set

of graph G 0 x with r *(£) Å r(£) when £ x y and r *(y)and Moscarini [5] . Some algorithmic aspects are consid-
ered in [5, 7, 9, 12, 13]. The following propositions list Å min{r(y) , r(x) 0 1}.
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Lemma 2 [4, 6] . Assume that r(x) Å 0 and r(u) Å 0 Å 0} , where D* is a minimum connected r-dominating
set of graph »V "A < {x} … .for some vertex u √ V " {x}. A set D is a minimum

connected r-dominating set of graph G if D Å D * < {x},
Proof. Evidently, D is a connected r-dominating setwhere D * is a minimum connected r *-dominating set of

of graph G whenever D* is a connected r-dominating setgraph G 0 x with r*(£) Å r(£) when £ x y and r*(y)
of graph G * Å »V "A < {x} … . Also, if D is a minimumÅ 0.
connected r-dominating set of G , then a set D* Å D" {y
√ A"{x} : r( y) Å 0} is a connected r-dominating setInstead of twins, next we consider some of their gener-
of G * because every vertex of V "A is equidistant fromalizations. A vertex set A ⊆ V of a graph G Å (V, E) is
the vertices of the homogeneous set A . jhomogeneous iff every vertex in V "A is adjacent to either

all or none of the vertices of A . A proper homogeneous
set is a homogeneous set A such that ÉAÉ ° ÉVÉ For the next two lemmas, let x be a vertex of graph G
0 2. Observe that two vertices are twins iff they form a such that N(x) forms a proper homogeneous set in G ,
homogeneous set of size 2. Evidently, every vertex £ and y be a vertex of N(x) with r( y) Å min{r(z) : z
√ V "A is equidistant from the vertices of a homogeneous √ N(x)}.
set A .

For the next two lemmas, let A , V be a proper homo- Lemma 5. Assume that r(x) ú r( y) . A set D ⊆ V " {x}
geneous set of graph G , and x be a vertex of A with r( x)

is a minimum connected r-dominating set of graph G ifÅ min{r( y) : y √ A}.
D is a minimum connected r-dominating set of graph G
0 x.

Lemma 3. Assume that either r(x) ¢ 2 or r(x) Å 1 and
there exists a vertex £ √ V "A with dist(£ , x) ú r(£) . A Proof. Again, every connected r-dominating set D of
subset D ⊆ (V "A) < {x} is a minimum connected r- graph G 0 x is also r-dominating in G . Assume now that
dominating set of graph G if D is a minimum connected D is a minimum connected r-dominating set of graph G .
r-dominating set of graph »(V "A) < {x} …. Let z be any vertex of G with dist(x , z) Å 2. Then, either

D when x √/ D or D" {x} < {z} otherwise is a minimum
Proof. First, we show that every connected r-domi-

connected r-dominating set of graph G 0 x . Since N(x)
nating set D of graph G * Å »(V "A) < {x} … is also a r-

is a homogeneous set, N(x) , N(z) holds. j
dominating set of G . Consider a vertex u √ D r-domi-
nating the vertex x in G *. If u x x or each vertex y

Lemma 6. Assume that r(x) Å 0 and r(u) Å 0 for some√ A" {x} with r( y) Å 1 is adjacent to x , then u r-
vertex u √ V "N[x] . A set D is a minimum connected r-dominates all vertices of A . So, assume that u Å x and
dominating set of graph G if D Å D * < {x}, where D*r( y) Å 1 for some vertex y √ A" {x} nonadjacent to x .
is a minimum connected r*-dominating set of graph G 0In this case, we conclude that r( x) Å 1 and there exists
x with r*(£) Å r(£) when £ x y and r*(y) Å 0 .a vertex £ √ V "A such that dist(£, x) ú r(£) . Consider

now a path which connects in graph »D … the vertex x √
Proof. Obviously, if a set D* is a connected r *-domi-D and some vertex w √ D r-dominating £. Since A is a

nating set of graph G 0 x , then the set D Å D * < {x}homogeneous set in G , the vertex from this path which
is a connected r-dominating set of graph G .is adjacent to x r-dominates all vertices of A .

Let D be a minimum connected r-dominating set ofNow let D be a minimum connected r-dominating set
graph G . Since x and u must be in D , there exist twoof graph G . Since A is a homogeneous set of G , every
vertices £ √ N(x) and z √ V "N[x] with dist(x , z) Å 2vertex £ √ V "A is equidistant from the vertices of A . So,
belonging also to set D . So, every vertex w r-dominatedin the case D > A Å {y}, the set D" {y} < {x} is a
in G by vertex x is r-dominated also by an arbitrary vertexconnected r-dominating set of graph G . Analogously, if
of N(x) if w √ V "N[x] or by vertex z if w √ N(x) .

ÉD > AÉ ¢ 2, then either D"A < {x}, when D"A x
Hence, the set D" {x , £} < {y} when r(£)ú 0 or D" {x}M, or D"A < {x , z} with z √ N(x)"A , otherwise, is a
when r(£) Å r( y) Å 0 is a connected r *-dominating setconnected r-dominating set of graph G .
of graph G 0 x . jThus, there is a minimum connected r-dominating set

D of graph G such that D ⊆ (V "A) < {x}. Since graph
G * is a distance-preserving subgraph of G , set D is also These lemmas will be used in the correctness proof of
a connected r-dominating set of graph G*. j the subsequent algorithm which has a structure similar to

the linear-time recognition algorithm presented in [9] and
the linear-time algorithm for finding a minimum r-domi-Lemma 4. Assume that r(x) Å 0 and r(u) Å 0 for some

vertex u √ V "A. A set D is a minimum connected r- nating clique of a distance-hereditary graph presented
in [7] .dominating set of graph G if D Å D * < {y √ A : r(y)
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4. THE ALGORITHM (26) else choose in set BÅ N(xj) > NiÅ1(u)
> V a vertex w adjacent to all
vertices £ √ B" {w} with r(£) Å 1;Algorithm CRD (Find a minimum connected r-domi-

(27) if ( there is such a vertex which r-nating set of a distance-hereditary graph)
dominates also all vertices from
V "B) then

Input: A distance-hereditary graph G Å (V, E) and an (28) CD :Å {w}
n-tuple (r(£1) , . . . , r(£n)) of nonnegative inte- (29) else CD :Å {xj , y}, where y is an ar-
gers. bitrary vertex from B;

Output: A minimum connected r-dominating set CD (30) endif
of G . (31) endif

(32) stop
(33) endifbegin

(1) if for all £ √ V r(£) ú 0 then (34) endfor
(35) endfor(2) for an arbitrary vertex u √ V build its i-th neigh-

borhoods N 1(u) , N 2(u) , . . . , Nk(u) ; (36) stop with output CD :Å {u}
(37) else /* now r(u) Å 0 for some u √ V */(3) for i Å k, k 0 1, . . . , 2 do

(4) find the connected components A1 , A2 , . . . , Ap outloop:
(38) in the rest of graph G build the i-th neighbor-of Ni(u) > V ;

(5) in each component Aj pick a vertex xj such that hoods N 1(u) , . . . , Nk(u) of vertex u with r(u)
Å 0;r( xj) Å min{r( y) : y √ Aj};

(6) order the vertices of X Å {x1 , x2 , . . . , xp} by (39) for i Å k , k 0 1, . . . , 2 do
(40) repeat the steps (4) , (5) , (6);increasing degree d *(xj) Å ÉN(xj) > Ni01(u)É;

(7) for all vertices xj √ X taken by increasing de- (41) for all vertices xj √ X taken by increasing de-
gree d *(xj) dogree d *(xj) do

(8) if (r( xj) ¢ 2 or r( xj) Å 1 and ∃£ √ V "Aj (42) delete from V all vertices of Aj;
(43) in set B Å N(xj) > Ni01(u) > V pick a ver-dist(xj , £) ú r(£)) then

(9) delete from V all vertices of Aj" {xj}; tex y such that r( y) Å min{r(z) : z √ B};
(44) if r(xj) ¢ 1 then(10) in set B Å N(xj) > Ni01(u) > V pick a

vertex y such that r( y) Å min{r(z) : z (45) if r(y) ¢ 1 then delete from V all verti-
ces £ √ B" {y};√ B};

(11) do case (46) put r( y) :Å min{r( xj) 0 1, r( y)}
(47) endif(12) case r(y) Å 1 and r( xj) ¢ 2;

(13) delete from V vertex xj; (48) else /* r( xj) Å 0 */
(49) CD :Å CD < {x √ Aj : r( x) Å 0};(14) case r(y) ¢ 2 or r( y) Å r( xj) Å 1

and ∃£ √ V "B dist(y , £) ú r(£) ; (50) put r( y) :Å 0
(51) endif(15) delete from V all vertices of (B

< {xj})" {y}; (52) endfor
(53) endfor /* now N[u] Å V */(16) put r( y) :Å min{r( xj) 0 1, r( y)};

(17) if r(y) Å 0 then goto outloop endif (54) CD :Å CD < {£ √ N[u] : r(£) Å 0};
(55) CD is a minimum connected r-dominating set(18) otherwise /* r( y) Å r( xj) Å 1 and ver-

tex y r-dominates all vertices of V "B*/ of G
(56) endif(19) if ( in set B there is a vertex w adja-

cent to all vertices £ √ B" {w} end
with r(£) Å 1)

(20) then CD :Å {w} else CD :Å {xj , y} Theorem. Algorithm CRD is correct and works in linear
endif time O(ÉEÉ) .

(21) stop
(22) endcase Proof. The correctness proof of this algorithm is simi-

lar to the correctness proof of the correspondent algorithm(23) else /* r( xj) Å 1 and vertex xj r-domi-
nates all vertices of V "Aj */ from [7] for the minimum r-dominating clique problem.

The time bound of the algorithm is obviously linear(24) if ( in set Aj there is a vertex w adja-
cent to all vertices £ √ Aj" {w} with [it is enough to note that during the work of the algorithm

the condition r( xj) Å 1 on line (8) will be true onlyr(£) Å 1)
(25) then CD :Å {w} once].
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The correctness proof is based on Lemmas 1–6 and Now consider the problem of finding a minimum cardi-
nality Steiner tree on distance-hereditary graphs. As weon the following claims:
already mentioned, this problem is a particular instance
of the connected r-domination problem. However, below,

(a) every connected component Aj of Ni(u) [see line
we present a direct algorithm for the Steiner tree problem

(4)] is a proper homogeneous set of the current
which repeats the essence of the Algorithm CRD without

graph;
using a radius function.

(b) if x is a vertex of Ni(u) with minimal degree d *(x) ,
then B Å N(x) > Ni01(u) is a homogeneous set of

Algorithm ST (Find a minimum cardinality Steiner treethe current graph.
of a distance-hereditary graph)

Assertion (a) is a trivial consequence of Proposition
Input: A distance-hereditary graph G Å (V, E) and a1(4). To prove assertion (b) , we suppose that a vertex

set S , V of terminal vertices.z √ V "B is adjacent to a vertex £ of B and nonadjacent
Output: A minimum cardinality Steiner tree T(S , G) .to another vertex y √ B . From the minimality of degree

d *(x) , Proposition 2 and Proposition 1, we immediately
obtain that vertex z must be in Ni01(u)"N(x) and there begin
exists a vertex w √ Ni02(u) such that y , £, z √ N(w) . (1) for an arbitrary vertex u√ S build its i-th neighbor-
But in this case, vertices x , y , £, z , w induce a forbidden hoods N 1(u) , N 2(u) , . . . , Nk(u) ;
subgraph (see Fig. 1) , a contradiction. (2) for i Å k , k 0 1, . . . , 2 do

Thus, by the lemmas, lines (8) – (17) and (42) – (51) (3) if S > Ni(u) x M then
of the algorithm are correct. After the i-th step, we delete (4) find the connected components A1 , A2 , . . . ,
all vertices from Ni(u) and some vertices from Ni01(u) Ap of Ni(u) ;
with updating the radii of other vertices. So, we reduce (5) in each component Aj pick an arbitrary ver-
the initial minimum connected r-dominating set problem tex xj;
to the same problem on a smaller graph or in lines (18) – (6) order these components by increasing degree
(30) find the solution of our problem. d *(Aj) Å ÉN(xj) > Ni01(u)É;

If the case ‘‘r( y)Å r( xj) Å 1 and vertex y r-dominates (7) for all components Aj taken by increasing de-
all vertices of V "B’’ [see line (18)] occurs, then the gree d*(Aj) do
vertices xj , y form a connected r-dominating set of graph (8) put B :Å N(xj) > Ni01(u) ;
G . It remains to check whether graph G has a single (9) if (S > Aj x M and S > B Å M) then
vertex r-dominating it. If such a vertex exists, it must be (10) add an arbitrary vertex y from B to
in B . Since every vertex from V "B is equidistant from set S;
the vertices of B , it is necessary (and sufficient) to check (11) endif
the existence of vertex w √ B r-dominating all vertices (12) endfor
of B" {w}. (13) endif

If the case ‘‘r( xj) Å 1 and vertex xj r-dominates all (14) endfor
vertices of V "Aj’’ [see line (23)] occurs, then the verti- (15) T(S , G) :Å a spanning tree of graph »S … ;
ces xj , y , where y is an arbitrary vertex from N(xj) > end
Ni01(u) , form a connected r-dominating set of graph G .
Again, it remains to check whether graph G has a single
vertex r-dominating it. If such a vertex exists, it must be
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