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Growth o Functions

How to Compare Functions?




Relative Sizes of Functions (move

them at the end)
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Asymptotics

* Asymptotics means the study d
functions of a parameter n, as n becomes
larger and larger without bound

« Wewill focuson:

— agorithmswhen it isrunnng an relatively large
data.

— onmgjor charaderistics, without being Hinded
by the details.

— Ongenera principles that will apply to the
analysis and comparison d many classes of
algorithms.
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Simplifying Functions: The Big Picture

* 1(n)=0(g(n))
+ 1(n) = O(g(n))
» 1(n) = Q(g(n))
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O-notation

» A function f(n) belongs to the set
O(g(n)) if there exist positive
constants ¢, and ¢, such that it
can be sandwiched between
c,.9(n) and c,.g(n), for
sufficiently large n.

e Example: 2.n’+ 2 =0(n?)

* Wesay g(n) isan asymptotically
tight bound for f(n).
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Although it
shoud be
“belongsto”, we
write it with
equality
B
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| ntuiti ve Picture of @-notation
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f(n) = ©(g(n))
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A rulefor deriving g(n)

Given any function f(n), throw away the lower
order term, and throw away the leading
coefficient. It will give the class g(n).

— f(n) =O(g(n)

Examples:
—2n?-3n=0 (n?
—2n°+3n=0(n)
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Proof

We must show the positive onstants ¢, ¢,
and ny such that:

- M<2nr?-3n<c,

For al n= n,, dividingby n? yields:

- ¢<2-3n<g
The R.H.S. in equality can be made to hold:
— forany n> 1, by choasingc,= 2
TheL.H.S. in equality can be made to hold:
— forany n= 3, by choasingc, <1
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O-notation

2.n2

f(n)

n2

Ng=
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Excel-Plot
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O-notation (Big-Oh) g&
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A function f(n) belongsto the set
O(g(n)) if there exist apositive

Although it

constants ¢ such that it can be fggu(i bet )

n Wi
bounded below c.g(n) for wite twith
sufficiently large n. equality

I
e Examples: 2.n*+ 2= O(r?)
— If f(n) =O(g(n)), it must be f(n) = O(g(n))
— Also, 2.n%+ 2= 0(n%)
* Wesay g(n) isan asymptotically
upper bound for f(n).
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Intuiti ve Picture of O-notation ﬁ
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C. g(n)
f(n)

f(n) = O(g(n))
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Q-notation (Omega)

A function f(n) belongs to the set
O(g(n)) if there exist apositive
constants ¢ such that it can
bounded above c.g(n) for
sufficiently large n.

e Example: 2.n*+ 2 =q(n?)

— If f(n) =©(g(n)), it must bef(n) =
Q(g()
— Also, 2.n*+ 2=q(n)

* Wesay g(n) isan asymptotically

lower bound for f(n).
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Although it

shoud be
“belongsto”, we
write it with
equality
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| ntuiti ve Picture of Q -notation
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f(n) = o(g(n)
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o-notation (little oh)

O-notation refersto upper bound
that is not asymptotically tight.

— A function f(n) belongs to the set O(g(n)) if for
al positive mnstants ¢, f(n) can bounad above
c.g(n) for sufficiently large n.

— Orforall c, 0<f(n) < c.g(n)
Example:2
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- n2=0(m)

_ 2n2=0(9) 2 f(n)=o(g(n)) isaway of saying f(n)

isinsignificant relative to g(n).

— But:
— 2n2z0(n?)
— 2n2=0(n%
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w-notation (little omega)

w-notationrefers to lower bound
that is not asymptotically tight.

— A function f(n) belongs to the set w(g(n)) if for
al positive mnstants ¢, f(n) can bounad below
c.g(n) for sufficiently large n.

— Orforalc, cg(n<f(n)
Example:2
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~ n2=q(m)

_ onz=g(n) 2 w-notation isto Q- notation,

what o-nation isto O-notation.

— But:
— 2n2# w(n?)
— 2n2=(n)
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Comparison of Functions (QUIZ) ﬁf
Transitivity:

*  f(n)=6(g(n)) and gn)=6(h(n)), f(n)=6(h(n))?

*  f(n)=0(g(n)) and gn)=0O(h(n)), f(n)=0O(h(n))?

* f(n)=Q(g() and gn)= Q(h(n)), f(n)= Q(h(n))?

* f(n)= w(g(n)) and gn)= w(h(n)), f(n)= w(h(n))?

* f(n)=o(g(n)) and gn)= o(h(n)), f(n)= o(h(n))?

Comparison of Functions (QUIZ) ﬁ
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* Reflexivity
o Given: f(n)=0(g(n))

« f()=0(g(n)?
« f(n)=Q(g()?
+ f(n)= w(g(n)?
« f(n)=o(g(m)?
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Comparison of Functions (QUIZ)
Symmetry

Given: f(n)=0(g(n))

9(n)=0(f(n))?

Given: f(n)=0(g(n))
g(n)=0(f(n))?
g(n)= Q(f(n)?
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Ordering of Function

We can arder a set of function just like a set of
integers by using asymptotics:

if {(n)=0(a(n)). an)=0O(h(n)), h(n)=0O(k(n))...
we @n say:
f(n)<g(n)<h(n)...
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Analysis of Algorithm
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* A classof students have been gven the task of ALALYSISOF
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developing a solution for an algorithm to court the
number of snow flakes looking throughthe window.
Here are the running time of the solutions.

How can you compar e their solutions?
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Step-1: Focus on Big-Picture
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A=0(log.(logn))
B = O(Zlogn)

C _ O(\/Elogn)

D =0(2%)
E=0(2")
F =0(v/n)
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