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ABSTRACT

Data discretization is defined as a process of convertingreon
uous data attribute values into a finite set of intervals withi-

mal loss of information. In this paper, we prove that dideeet
tion methods based on informational theoretical compjesitd
the methods based on statistical measures of data depgrafenc
merged data are asymptotically equivalent. Furthermoeeglev
fine a notion of generalized entropy and prove that disattin
methods based on MDLP, Gini Index, AIC, BIC, and Pearson’s
X? and G? statistics are all derivable from the generalized en-
tropy function. Finally, we design a dynamic programminggal
rithm that guarantees the best discretization based onetherg
alized entropy notion.
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1. INTRODUCTION

Many real-world data mining tasks involve continuous btttes.
However, many of the existing data mining systems cannot han
dle such attributes. Furthermore, even if a data mining task
handle a continuous attribute its performance can be signitfiy
improved by replacing a continuous attribute with its disized
values. Data discretization is defined as a process of ciomyer
continuous data attribute values into a finite set of intsraad
associating with each interval some specific data value.réThe
are no restrictions on discrete values associated withemglata
interval except that these values must induce some ordering
the discretized attribute domain. Discretization sigaffity im-
proves the quality of discovered knowledge [8, 30] and a¢so r
duces the running time of various data mining tasks such-as as
sociation rule discovery, classification, and predictiGatlett in

[8] reported ten fold performance improvement for domaiith w

a large number of continuous attributes with little or nosla$
accuracy.

In this paper, we propose to treat the discretization of glgin
continuous attribute as &dimensional classificatioproblem.
Gooddiscretization may lead to new and more accurate knowl-
edge. On the other hanblad discretization leads to unnecessary
loss of information or in some cases to false informatiorwis-
astrous consequences. Any discretization process gbrieads
to a loss of information. The goal of tigooddiscretization al-
gorithm is to minimize such information loss. If discretiva
leads to an unreasonably small number of data intervals, the

it may result in significant information loss. If a discretiion
method generates too many data intervals, it may lead te fals
information.

Discretization of continuous attributes has been extehsiv
studied [5, 8, 9, 10, 13, 15, 24, 25]. There are a wide variety
of discretization methods starting with the naive methadte(
referred to asunsupervisednethods) such as equal-width and
equal-frequency [26], to much more sophisticated methofis (
ten referred to asupervisednethods) such as MDLP [15] and
Pearson'sX? or Wilks’ G* statistics based discretization algo-
rithms [18, 5]. Unsupervised discretization methods atgono-
vided with class label information whereas supervisedrdita-
tion methods are supplied with a class label for each data ite
value.

Both unsupervised and supervised discretization methawls ¢
be further subdivided intdop-downor bottom-upmethods. A
top-downmethod starts with a single interval that includes all
data attribute values and then generates a set of interyalslib-
ting the initial interval into two or more intervals. Bottom-up
method initially considers each data point as a separatevat
It then selects one or more adjacent data points merging them
into a new interval. For instance, the methods based orsitati
cal independence tests, such as Pearsfi'statistics [23, 27,

5], are examples of bottom-up methods. On the other hand, the
method based on information theoretical measures, such-as e
tropy and MDLP [25], is an example of thep-downmethod.

Liu et. al. [26] introduce a nice categorization of a large number
of existing discretization methods.

Regardless of the discretization method, a compromise must
be found between the information quality of resulting ingds
and their statistical quality. The former is generally avled by
considering a notion of entropy and a method’s ability to fnd
set of intervals with a minimum of information loss. The dait
however is achieved by resorting to a specific statistic iuate
the level of independence of merged data.

In spite of the wealth of literature on discretization, thare
very few attempts tanalyticallycompare different discretization
methods. Typically, researchers compare the performaitié o
ferent algorithms by providing experimental results of nmmg
these algorithms on publicly available data sets.

In [13], Doughertyet al. compare discretization results ob-
tained by unsupervised discretization versus a superwigtiod
proposed by [19] and the entropy based method proposed by
[15]. They conclude that supervised methods are better than
unsupervised discretization method in that they genemtef
classification errors. In [25], Kohavi and Sahami report tha
the number of classification errors generated by the digeret
tion method of [15] is comparatively smaller than the number
of errors generated by the discretization algorithm of [Bhey



conclude that entropy based discretization methods arallysu
better than other supervised discretization algorithms.

Recently, many researchers have concentrated on the genera

tion of new discretization algorithms [38, 24, 5, 6]. The bof
the CAIM algorithm [24] is to find the minimum number of in-
tervals that minimize the loss between class-attribugritgpen-
dency. The authors of [24] report that their algorithm getes
fewer classification errors than two naive unsupervisedhmet
ods (equal-width and equal-frequency) as well as four st
methods (max entropy, Patterson-Niblett, IEM, and CADD).

Boulle [5] has proposed a new discretization method called
K hiops. The method uses PearsoX¥ statistic. It merges two
intervals that maximize the value &2 and the two intervals
are replaced with the result of their merge. He then showts tha
Khiopsis as accurate as other methods based dmstatistics but
performs much faster.

MODL is another latest discretization method proposed by
Boulle [5]. This method builds an optimal criteria based on
a Bayesian model.
greedy heuristic approach are developed to find the optimal ¢
teria. The experimental results shaODL can produce fewer
intervals than other discretization methods with bettezampa-
rable accuracy.

Finally, Yang and Webb have studied discretization for eaiv
Bayes classifiers [38]. They have proposed a couple of msthod
such agroportional k-interval discretizatioandequal size dis-
cretization to manage the discretizatiasandvariance They
report their discretization can achieve lower classifaagrror
for the naive-Bayes classifiers than other alternativerelisa-
tion methods.

To summarize, a comparison of different discretizationfmet

A dynamic programming approach and a
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Table 1: Notations for Contingency TableC?,

The goal of a discretization method is to find another contin-
gency table(’, with I’ << I, where each row in the new table
C' is the combination of several consecutive rows in the oaligin
C table, and each row in the original table is covered by exactl
one row in the new table.

Thus, we define the discretization as a functpmapping
each row of the new table to a set of rows in the original ta-
ble, such thag : {1,2,--- , I’} — 2121} with the following
properties:

1.Vi,1 <i<1T',g(i) #0;
2.Vi,1<i<I',g(t) ={z,z+1,---z+k}
3. Ulig(i) = {12, . I}

In terms of the cell counts, for theth row in the new table,
s vtk ey, assumingg(i) = {z,x +1,--- ,z + k}.
Potentially, the number of valid functions (the ways to do the
discretization) i’ 1,

The discretization problem is defined then as selectingehie
discretization function. The quality of the discretizatioinction
is measured by goodness function we propose here that de-
pends on two parameters. The first parameter (teuneddata))

ods that appeared so far have been done by running diseretiza reflects the number of classification errors generated binEhe

tion methods on publicly available data sets and comparémng ¢
tain performance criteria, such as the number of data iakerv
produced by a discretization method and the number of elassi
fication errors. Several fundamental questions of distatn,

cretization function, whereas the second one (termed

penalty(model)) is the complexity of the discretization which

reflects the number of discretization intervals generatethb
discretization function. Clearly, the more discretizatintervals

however’ remain to be answered. How these different methods Cl’eated, the fewer the number of classification errors, hod t

are related to each other and how different or how similar are
they? Can we analytically evaluate and compare these differ
ent discretization algorithms without resorting to expemnts on
different data sets? In other words, is there an objective-fu
tion which can measure the goodness of different appro@ciies
so, how would this function look like? If such a function dsis
what is the relationship between it and the existing diszaigbn
criteria? In this paper we provide a list of positive restdisard
answering these questions.

1.1 Problem Statement

For the purpose of discretization, the entire dataset igpred
onto the targeted continuous attribute. The result of sugloa
jection is a two dimensionalontingency table, C with I rows
and J columns. Each row corresponds to either a point in the
continuous domain, or an initial data interval. We treatheac
row as an atomic unit which cannot be further subdivided.hEac
column corresponds to a different class and we assume that th
dataset has a total of classes. A celt;; represents the number
of points with j-th class label falling in theé-th point (or inter-
val) in the targeted continuous domain. Table 1 lists thécbas
notations for the contingency tabie

In the most straightforward way, each continuous pointrgor i
tial data interval) corresponds to a row of a contingencyetab
Generally, in the initially given set of intervals each ima con-
tains points from different classes and thtj$,may be more than
zero for several columns in the same row.

the cost of the data is lower. That is, if one is interesteq onl
in minimizing the number of classification errors, thest dis-
cretization function would generafteintervals — the number of
data points in the initial contingency table. Conversdlgnie is
only interested in minimizing the number of intervals (ahdre-
fore reducing the penalty of the model), then thaet discretiza-
tion function would generate a single interval by mergiriglata
points into one interval. Thus, finding thest discretization
function is to find the best trade-off between that(data) and
thepenalty(model).

1.2 Our Contribution

Our results can be summarized as follows:

1. We demonstrate a somewhat unexpected connection be-
tween discretization methods based on information theo-
retical complexity, on one hand, and the methods which are
based on statistical measures of the data dependency of the
contingency table, such as Pearsai'3 or G* statistics
on the other hand. Namely, we prove that each goodness
function defined in [15, 16, 5, 23, 27, 4] is a combination
of G? defined by Wilks’ statistic [1] and degrees of free-
dom of the contingency table multiplied by a function that
is bounded byO(logN), whereN is the number of data
samples in the contingency table.

2. We define a notion of generalized entropy and introduce a
notion of generalized goodness function. We prove that



goodness functions for discretization methods based on

MDLP, Gini Index, AIC, BIC, Pearson’X 2, andG? statis-
tic are all derivable from the generalized goodness func-
tion.

3. Finally, we design a dynamic programming algorithm that

guarantees the best discretization based on a generalized

goodness function.

2. GOODNESS FUNCTIONS

In this section we introduce a list of goodness functionscivhi
are used to evaluate different discretization for numérica
attributes. These goodness functions intend to measuee thr
different qualities of a contingency table: the informatigual-
ity (Subsection 2.1), the fitness of statistical models €8ab
tion 2.2), and the confidence level for statistical indegsoe:
tests (Subsection 2.3).

2.1 Information Theoretical Approach and
MDLP

In the information theoretical approach, we treat diszegton
of a single continuous attribute asladimension classification
problem. The Minimal Description Length Principle (MDLP)
is a commonly used approach for choosing the best classgificat
model [31, 18]. It considers two factors: how good the diszae
tion fit the data, and the penalty for the discretization \whi
based on the complexity of discretization. Formally, MDLS? a
sociates a cost with each discretization, which has theviatig
form:

cost(model) = cost(data|model) + penalty(model)

where both terms correspond to these two factors, respéctiv
Intuitively, when a classification error increases, thegtgynde-
creases and vice versa.

In MDLP, the cost of discretizationcgst(model)) is calcu-
lated under the assumption that there are a sender and gerecei
Each of them knows all continuous points, but the receiver is
without the knowledge of their labels. The cost of using a dis
cretization model to describe the available data is thermletgu
the length of the shortest message to transfer the labelobf ea
continuous point. Thus, the first terrogt(data|model)) cor-
responds to the shortest message to transfer the label ddtall
points of each interval of a given discretization. The sedanm
penalty(model) corresponds to the coding book and delimiters
to identify and translate the message for each intervaleateéh
ceiver site. Given this, the cost of discretization baseéni.P
(Costmprp) is derived as follows:

+1'(J — Dlog2d (1)

& N
Z N;H(S;) + (I, — 1)1092ﬁ
i=1

where H (S;) is theentropyof interval S;, the first term corre-
sponds taost(data|model), and the rest corresponds to
penalty(model). The detailed derivation is given in Appendix.

In the following, we formally introduce a notion efitropyand
show how a merge of some adjacent data intervals results in in
formation loss as well as in the increase ofthet(data|model).

DEeFINITION 1. [12] The entropy of an ensemble X is defined
to be the average Shannon information content of an outcome:

1
Z P(x)logzm

r€EAL

H(X)

where A is the possible outcome of

Let thei-th interval beS;, which corresponds to theth row
in the contingency tabl€'. For simplicity, consider that we have
only two intervalsS; and.Ss in the contingency table, then the
entropies for each individual interval is defined as follows

02] 02]
2 logy =L

J
C1j C1j
Lioga =L, H(Sy) = —
092 (S2) > N N

Ny Ny

J
H(S1)=-)

=1 j=1

If we merge these intervals into a single interval (denotged b
S1US-2) following the same rule, we have the entropy as follows:

c1; + C25

H(S1US2) =—

k
c1j + coj
l

LN

j=1

Further, if we treat each interval independently (withoetrga
ing), the total entropy of these two intervals is expressed a
H(S1, S2), which is the weighted average of both individual en-
tropies. Formally, we have

Ny N2

H(S1,52) WH(S1)+WH(S2)

LEMMA 1. There always exists information loss for the merged
intervals: H(S1,52) < H(S1 U S3)

Proof:This can be easily proven by the concaveness of the en-
tropy function.O

Thus, every merge operation leads to information loss. The
entropy gives the lower bound of the cost to transfer thel ladse
data point. This means that it takes a longer message to #end a
data points in these two intervals if they are merged
(N x H(S1U S2)) than sending both intervals independently
(N x H(S1,S2). However, after we merge, the number of in-
tervals is reduced. Therefore, the discretization becaimegler
and the penalty of the model @Wost . p becomes smaller.
Goodness Function based on MDLP: To facilitate the com-
parison with other cost functions, we formally define a gasin
function of a MDLP based discretization method applied to-co
tingency tableC' to be the difference between the cost@t,
which is the resulting table after merging all the rows(ofnto
a single row, and the cost @f. We will also usenatural log
instead of thdogs function. Formally, we denote the goodness
function based on MDLP aSFyprp-

GFuvprLp(C) = Costayprp(C°) — Costryprp(C)
=NxH(S1U---USpy)— N x H(S1,---,Sp) —

N
(1 - 1)logﬁ +(I'=1)(J = DlogJ) (2)
Note that for a discretization problem, any discretizatioethod
shares the sam@". Thus, the least cost of transferring a contin-
gency table corresponds to the maximum of the goodness func-
tion.

2.2 Statistical Model Selection (AIC and BIC):

A different way to look at a contingency table is to assume
that all data points are generated from certain distrilnst{onod-
els) with unknown parameters. Given a distribution, the imax
likelihood principle (MLP) can help us to find the best parame
ters to fit the data [16]. However, to provide a better datengjtt
more expensive models (including more parameters) aresdeed
Statistical model selection tries to find the right balanesvgen
the complexity of a model corresponding to the number of pa-
rameters, and the fitness of the data to the selected modeh wh
corresponds to the likelihood of the data being generatetthdy
given model.



In statistics, the multinomial distribution is commonlyegsto

I’ is the total number of rows. Consider a null hypothégis(the

model a contingency table. Here, we assume the data in eachrows and columns are statistically independent) againsitan

interval (or row) of the contingency table are independerd a
all intervals are independent. Thus, the kernel of the itikeld
function for the entire contingency table is:

T
— c;
L@ =[IdI =
i=1 j=1
where® = (my1,T21,---, 71, - ,Tgv) are the unknown

parameters. Applying theaximal likelihoodorinciple, we iden-
tify the best fitting parameters ag); = c;;/Ni, 1 < i < I,

1 < j < J. We commonly transform the likelihood to the log-
likelihood as follow:

Sp(D|7) = —logL(7

Z Z c”log

=1 j=1

According to [16],S. (%) is treated as a type ehtropyterm that
measures how well the parametérgan compress (or predict)
the training data.

Clearly, different discretizations correspond to differenulti-
nomial distributions (models). For choosing the best disza-
tion model, theAkaike information criterioror AIC [16] can be
used and it is defined as follows:

Costarc = 2S1(D|7) +2(I' x (J — 1)) (3)

where, the first term corresponds to the fithess of the datngiv
the discretization model, and the second term correspaniiet
complexity of the model. Note that in this model for each roev w
have the constraint; ; + - - -+ ;; = 1. Therefore, the number
of parameters for each row js— 1.

Alternatively, for choosing the best discretization mdoesed
on Bayesian arguments that take into account the size afaime t
ing setN is also frequently used. Thegayesian information cri-
terionor BIC [16] is defined as follows:

251 (D7) + (I' x (J —1))logN @)

In the BIC definition, the penalty of the model is higher thhe t
one in the AIC by a factor afog N /2.

Goodness Function based on AIC and BICFor the same rea-
son as MDLP, we denote the goodness function of a given contin
gency table based cAIC and BIC' as the difference between
the cost ofC? (the resulting table after merging all the rows of
C into a single row), and the cost of 6f.

GFarc(C) = Costarc(C”) — Costarc(C)
GFp1c(C) = Costpic(C°) — Costpic(C)

Costprc =

®)
(6)

2.3 Confidence Level from Independence Tests

Another way to treat discretization is to merge intervalghso
the rows (intervals) and columns (classes) of the entirdircon
gency table become more statisticallgpendentin other words,
the goodness function of a contingency table measuresifs-st
tical quality in terms of independence tests.

Pearson’s X?: In the existing discretization approaches, the
Pearson statisti& 2 [1] is commonly used to test the statistical
independence. Th&? statistic is as follows:

=YY (cij ;z?j)g

where,m;; = N(N;/N)(M;/N) is the expected frequencies.
It is well known that PearsoX? statistic has an asymptotjc®
distribution with degrees of freedodf = (I’ —1)(J—1), where

native hypothesig?,. Consequently, we obtain the confidence
level of the statistical test to reject the independenceothgsis
(Ho). The confidence level is calculated as

1 by —s/2
m/ S 2 € ds
2 0

where, F, 2 is the cumulativey? distribution function. We use

the calculated confidence level as our goodness functioons ¢
pare different discretization methods that use Pearsof'statis-
tic. Our goodness function is formally defined as

F

(X*) =

GFx:(C) = Fs (X?) )

We note that —Fng (X?) is essentially the P-value of the afore-

mentioned statistical independence test [7]. The lowerRthe
value (or equivalently, the higher the goodness), with noomre
fidence we can reject the independence hypothdgig. ( This
approach has been used in Khiops [5], which describes asheuri
tic algorithm to perform discretization.

Wilks' G?: In addition to Pearson’s chi-square statistic, another
statistic called likelihood-ratig? statistic, or Wilks’ statistic [1],

is used for the independence test. This statistic is deffrnad

the likelihood-ratio test, which is a general-purpose whieet-

ing a null hypothesigf, against an alternative hypothegfs. In
this case we treat both intervals (rows) and the classesrto)
equally as twaategorical variablesdenoted a andY. Given
this, the null hypothesis of statistical independencgs m;; =
mi+m4; for all row ¢ and columry, where{r;;} is the joint dis-
tribution of X andY’, andw;4+ andn; are the marginal distri-
butions for the rowi and columny, respectively.

Based on the multinomial sampling assumption (a common
assumption in a contingency table) and the maximal likeliho
principle, these parameters can be estimatel;as= N;/N,
fiy; = M;/N, and#;; = N; x M;/N? (under Hy). In the
general case undé{,, the likelihood is maximized whefi;; =
cij/N. Thus the statistical independence between the rows and
the columns of a contingency table can be expressed as tbe rat
of the likelihoods:

1, T1_y (NiM; /N?)cis

12, T, (i /N)<is
where the denominator corresponds to the likelihood udfigr
and the nominator corresponds to the likelihood urider

Wilks has shown that-2logA, denoted byG?, has a limiting
null chi-squared distribution, a8 — oo.

A=

G® (8)

= —2logA = 2ZZculogN;[]/N

i=1 j=1

For large sampleg7? has a chi-squared null distribution with
degrees of freedom equal (@' — 1)(J — 1). Clearly, we can
useG? to replaceX? for calculating the confidence level of the
entire contingency table, which serves as our goodnessidanc

9)

Indeed, this statistic has been applied in discretizatioough
not for the global goodness function), and is referred tdasse
attributes interdependency information [37].

GFe(C) = Fyg (G)



2.4 tl?roperties of Proposed Goodness Func-
ions

An important theoretical question we address is how these
methods are related to each other and how different they are.
Answering these questions helps to understand the scopes# t
approaches and shed light on the ultimate goal: for a giveasdg
automatically find the best discretization method.

We first investigate some simple properties shared by the-afo
mentioned goodness functions (Theorem 1). We now describe
four basic principles we believe any goodness function fer d
cretization must satisfy.

1. Merging Principle (P1): Let S; =< ¢i1,- - ,¢ig >, and
Si+1 =< Cit1,1, "+, Ci+1,0 > be two adjacent rows in
the contingency tabl€'. If ¢;;/N; = c(;41);/Nit1, V7,
1<j < J, thenGF(C') > GF(C), whereN; andN; 41
are the row sums; F is a goodness function argd is the
resulting contingency table after we merge these rows.

Intuitively, this principle reflects a main goal of discesti
tion, which is to transform the continuous attribute into a
compactinterval-based representation with minimal loss
of information. As we discussed before, a good discretiza-
tion reduces the number of intervals without generating too
many classification errors. Clearly, if two consecutive in-
tervals have exactly the same data distribution, we cannot
differentiate between them. In other words, we can merge
them without information loss. Therefore, any goodness
function should prefer to merge such consecutive intervals

We note that the merging principle {Pechoes the cut
point candidate pruning techniques for discretizationolhi
have been studied by Fayyand and Irani [15] and Elomaa
and Rousu [14]. However, they did not explicitly define a
global goodness function for discretization. Insteadirthe
focus is either on evaluating the goodness of each single
cut or on the goodness when the total target of intervals for
discretization is given. As we mentioned in Section 1, the
goodness function discussed in this paper is to capture the
tradeoff between the information/statistical quality ainel
complexity of the discretization. In addition, this priptg

can be directly applied to reduce the size of the original
contingency table since we can simply merge the consecu-
tive rows with the same class distribution.

. Symmetric Principle (P2): Let C; be thej-th column of
contingency table”. GF(C) = GF(C’), whereC =<
C1,...Cy; > and(’ is obtained fromC' by an arbitrary
permutation ofC’s columns.

This principle asserts that the order of class labels should
not impact the goodness function that measures the qual-
ity of the discretization. Discretization results must be t
same for both tables.

. MIN Principle (P3): Consider all contingency tables
which havel rows andJ columns, and the same marginal
distribution for classes (columns). If for any rdby in C,

Si =< ¢, , ¢ >, ¢ij/Ny = Mj; /N, then the con-
tingency tableC' reaches the minimum for any goodness
function.

This principle determines what is the worst possible dis-

cretization for any contingency table. This is the case when
each row shares exactly the same class distribution in a
contingency table, and thus the entire table has the maxi-
mal redundancy.

4. MAX Principle (P4): Consider all the contingency tables
C which havel rows andJ columns. If for any rows;
inC, S; =< ¢i1,--+,cig >, there exists one cell count
such that;; # 0, and others;, k # j, ci, = 0, then the
contingency tabl& achieves the maximum in terms of a
goodness function for anf/ x J contingency table.

This principle determines what is the best possible dis-
cretization when the number of intervals is fixed. Clearly,
the best discretization is achieved if we have the maximal
discriminating power in each interval. This is the case
where all the data points in each interval belong to only
one class.

The following theorem states that all aforementioned gesdn
functions satisfy these four principles.

THEOREM 1. GFyprp, GFarc, GFBiC, Gsz, GVF‘G2
satisfy all four principlesP1, P2, P3, andP4.

Proof:In Appendix.O

3. EQUIVALENCE OF GOODNESS FUNC-
TIONS

In this section, we analytically compare different disizat
tion goodness functions introduced in Section 2. In paldicwe
find some rather surprising connection between these sgbmin
quite different approaches: the information theoreticathplex-
ity (Subsection 2.1), the statistical fithess (Subsecti@), 2nd
the statistical independence tests (Subsection 2.3). Ailedly
prove that all these functions can be expressed in a uniform f
mat as follows:

GF = G° — df x f(G*,N,1,J) (10)
where, df is a degree of freedom of the contingency tahle,
is the number of data pointd, is the number of data rows in
the contingency table] is the number of class labels arfdis
bounded byO(logN). The first termG? corresponds to the cost
of the data given a discretization modeb{t(data|model)), and
the second corresponds to the penalty or the complexityeof th
model penalty(model)).

To derive this expression, we first derive an expression for
the cost of the data for different goodness functions dsedis
in section 2 (Subsection 3.1). This is achieved by exprgssh
statistics through information entropy (Theorem 3). Thes,
ing a Wallace’s result [35, 36] on approximating distribution
with a normal distribution, we transform the goodness fiamct
based on statistical independence tests into the formabof F
mula 10. Further, a detailed analysis of functighreveals a
deeper relationship shared by these different goodnestidas
(Subsection 3.3). Finally, we compare the methods baseleon t
global independence tests, such as Khiops ¢&f'(2) and those
based on local independence tests, such as ChiMerge [23] and
Chi2 [27] (Subsection 3.4).

3.1 tUnifying the Cost of Data ¢ost(data|model))
0 G?

In the following, we establish the relationship amagropy
log-likelihoodandG?2. This is the first step for an analytical com-
parison of goodness functions based on the informatiorréiteo
ical, the statistical model selection, and the statisticdépen-
dence test approaches.

First, it is easy to see that for a given contingency table, th
cost of the data transfeedst(data|model), a key term in the



information theoretical approach) is equivalent to the llkgli-
hood Sy (D|#) (used in the statistical model selection approach)
as the following theorem asserts.

THEOREM 2. For a given contingency tabl€/ « ;, the cost
of data transfer ¢ost1(data|lmodel)) is equal to the log likeli-
hood S (D|7),i.e

N x H(S1,---,Sp) = —logL(7)
Proof:
N x H(Sy,- - ,S,,):—ZNMN(S
:—ZN Xz%z
= —Zchlog = —logL(7)
i=1 j=1
O

The next theorem establishes a relationship between gntrop
criteria and the likelihood independence testing statgi. This
is the key to discover the connection between the informatio
theoretical and the statistical independence test appesac
THEOREM 3. LetC be a contingency table. Then

G?/2=NxH(S1U---USp)—N x H(S1,---,Sp)

Proof:
G?/2 = —logh — ;;culogN A'}]/N
- ;; czjlogN + c”logM )
= ZZc”log ZZOQ M ch
i1 =1

_ ZZc”log ZM log—
— _Nx (H(sll,-l-]- ,IS,/) + H(31 ~-USp))

O

Theorem 3 can be generalized as follows.
THEOREM 4. Assuming we haveconsecutive rowsy;,Si+1,
-+, Sitx_1. LetG? be the likelihood independence test statistic
for thek rows. Then, we hav&?, , , ,)/2 =
H(SiU~"USi+k71) —H(Si,”'

Niiitr—1)( ,Sivk-1))

Proof:Omit for simplicity. O
Consequently, we rewrite the goodness functi6hiSypr.p,
GFarc andGFprc as follows.

GFupLp =

G? —2(I' — 1)log I 2(I' = 1)(J' — Dlog  (11)
GFarc =G> —(I' -1)(J-1) (12
GFpro =G* — (I' = 1)(J — 1)logN/2  (13)

For the rest of the paper we use the above formula&t; p ..,
GFarc andGFEgrc.

It has long been known that they are asymptotically equitale
The next theorem provides tool to connect the informatias th
oretical approach and the statistical independence tesbagh
based on Pearson’s chi-squaPe®) statistic.

THEOREM 5. [1] Let N be the total number of data values
in the contingency tablgd” of I x J dimensions. If the rows
(columns) of contingency table are independent, then fitiba
of X2 - G* = 0 converges to one a — oo.

In the following, we mainly focus on the asymptotic propesti
shared byX? and G? based cost functions. Thus, our further
discussions o2 can also be applied t&2.

Note that Theorem 2 and 3 basically establish the basis for
Formulal0 of goodness functions based on the information theo-
retical approach and statistical model selection appremdaven
though Theorems 4 and 5 relate the information theoretjzal a
proach (based on entropy) to the statistical independestap-
proach (based o062 and X?), it is still unclear how to compare
them directly since the goodness function of the former @ne i
based on the totalostof transferring the data and the goodness
function of the latter one is theonfidence levebr a hypothesis
test. Subsection 3.2 presents our approach on tacklingstus.

3.2 Unifying Statistical Independence Tests

In order to compare the quality of different goodness func-
tions, we introduce a notion afquivalentgoodness functions.
Intuitively, the equivalence between goodness functioesims
that these functions rank different discretization of tame con-
tingency table identically.

DEFINITION 2. LetC be a contingency table an@F; (C),
GF>(C) be two different goodness functiorisF; and GF; are
equivalent if and only if for any two contingency tabiés and
Cz, GFy (C1) < GFy (CQ) — GFQ(Cl) < GFQ(CQ) and
GFQ(Cl) < GFQ(CQ) — GF1(C1) < GFl(CQ)

Using the equivalence notion, we transform goodness func-
tions to different scales and/or to different formats. Ie ge-
quel, we apply this notion to compare seemingly differerdadyo
ness functions based on a statistical confidence and thatsarth
based on MDLP, AIC, and BIC.

The relationship between th@> and the confidence level is
rather complicated. It is clearly not a simple one-to-on@pirag
as the samé&? may correspond to very different confidence level
depending on degrees of freedom of jfedistribution and, vice
versa the same confidence level may correspond to veryaetiffer
G? values. Interestingly enough, such many-to-many mapping
actually holds the key for the aforementioned transforamatin-
tuitively, we have to transform the confidence interval tcals
of entropy orG*? parameterized by the degree of freedom for the
x? distribution.

Our proposed transformation is as follows.

DEFINITION 3. Letu(¢) be the normal deviation correspond-
ing to the chi-square distributed variabte That is, the following
equality holds:

Fe,

(t) = @(u(?))

where,FXif is the cumulative,? distribution withdf degrees of

freedom, andb is the cumulative normal distribution function.
For a given contingency tabl€’, which has the log likelihood
ratio G2, we define

GFl> = u(G?)

as a new goodness function ot
The next theorem establishes the equivalence between a good
ness function& Fz2 andG F..

(14)



THEOREM 6. The goodness functighiFy,. = u(G?) is equiv-
alent to the goodness functiéhF g2 = inf (G?).

Proof: Assuming we have two contingency tabl€s and C>
with degree of freedomif; anddf., respectively. Their respec-
tive G2 statistics are denoted 5 andG3. Clearly, we have

Fe, (G) < Fea. (G3) —

(u(GY)) < 2(u(G3)) <=
u(G?) < u(G3)

This basically establishes the equivalence of these twdryess
functions.O

The newly introduced goodness functi@tfy. is rather com-
plicated and it is hard to find for it a closed form expressim.
the following, we use a theorem from Wallace [35, 36] to deriv
an asymptotically accurate closed form expression for gleim
variant of GF ..

THEOREM 7. [35, 36] For all t > df, all df > .37, and

withw(t) = [t — df — df log(t/df)]?,
0 < w(t) < u(t) < w(t) + .60df*

Note that ifu(G?) > 0, then,u?(G?) is equivalento u(G?).
Here, we limit our attention only to the case whéd > df,
which is the condition for Theorem 7. This condition implies
thatu(G?) > 0. * We show that under some conditiong(G?)
can be approximated as’(G?).

2/ 42 2, 2 2, 42, , 0.36 w(G?)
w (G) <u(G) <w (G)+ — +12
(@) < (@) <w™(@) + T T
u?(G?) 0.36 1.2
1<———=<1
@ "t x<a T e
Ifdf — ooandw(t) >> 0, then
0.36 1.
711)2(6'2) S¥T; — 0and 710(6*2)\/@ — 0
u?(G?)
Therefore, m
Thus, we can have the following goodness function:
GQ
GFl2 =u*(G?) = G* —df(1 + log(E)) (15)

Similarly, functionG F}"> is obtained fronG F . by replacing
in the GF. expressionG” with X*. Formulasl1, 12, 13 and
16 indicate that all goodness functions introduced in sec#ion
can be (asymptotically) expressed in the same closed foom (F
mula10). Specifically, all of them can be decomposed into two
parts. The first part containg?, which corresponds to the cost
of transferring the data using information theoreticalwid he
second part is a linear function of degrees of freedom, andbea
treated as the penalty of the model using the same view.

3.3 Penalty Analysis

In this section, we perform a detailed analysis of the refati
ship between penalty functions of these different goodfigss
tions . Our analysis reveals a deeper similarity shared egeth
functions and at the same time reveals differences betvirean.t

Simply put, the penalties of these goodness functions are es
sentially bounded by two extremes. On the lower end, which is

Lif u(G?) < 0, it becomes very hard to reject the hypothesis that
the entire table is statistically independent. Here, wechilyg
focus on the cases where this hypothesis is likely to betrejec

represented byA7C, the penalty is on the order of degree of free-
dom, O(df). On the higher end, which is represented ByC,
the penalty iSO (dflogN).
Penalty of GF/;. (Formula 15): The penalty of our new good-
ness functiotG £/, = u*(G?) is betweerO(df) andO(dflogN).
The lower bound is achieved, provided th@f being strictly
higher thandf (G? > df). Lemma 2 gives the upper bound.
LEMMA 2. G?is bounded b2NlogJ (G* < 2N x logN).
Proof:

G?=2N x (H(S1U---USr)— H(S1,--,81))
< 2N x (—=J x (1/J x log(1/J)) —0)
< 2N X logJ

O

In the following, we consider two cases for the penéhy/. =
u?(G?). Note that these two cases corresponding to the lower
bound and upper bound 6#?, respectively.

1. if G? = ¢1 x df, wherec; > 1, the penalty of this good-
ness function ig1 + logc1)df, which isO(df).

2. if G2 = ¢y x NlogJ, wherec; < 2 ande; >> 0, the
penalty of the goodness function(ist+log(ca NlogJ/df)).

The second case is further subdivided into two subcases.

1. If N/df =~ N/(IJ) = ¢, wherec is some constant, the
penalty isO(df).

2. If N - ccandN/df ~ N/(IJ) — oo, the penalty is
df (14+log(caNlogJ/df) ~ df (1+logN/df) = df (logN)

Penalty of GFyvprp (Formula 11): The penalty functioyf
derived in the goodness function based on the informatien-th
retical approach can be written as

daf

N N
mlogm + dflogJ = df(logm/(.] — 1) +logJ)

Here, we again consider two cases:

1. If N/(I — 1) = ¢, wherec is some constant, we have the
penalty of MDLP isO(df).

2. If N >> IandN — oo, we have the penalty of MDLP
is O(dflogN).

Note that in the first case, the contingency table is verysspar
(N/(IJ)is small). Inthe second case, the contingency table is
very dense V/(1.J) is very large).

To summarize, the penalty can be represented in a generic
form asdf x f(G?, N, I,J) (Formulal0). This functionf is
bounded byO(logN). Finally, we observe that different penalty
clearly results in different discretization. The highenaky in
the goodness function results in the less humber of inteiival
the discretization results. For instance, we can stateaifenf
ing theorem.

THEOREM 8. Given an initial contingency tablé' with
logN > 2 2 let Ia;c be the number of intervals of the dis-
cretization generated by usingFarc and Igrc be the num-
ber of intervals of the discretization generated by usifgiz ¢
Thenlarc > Ipic.

Note that this is essentially a direct application of thelskabwn
facts from statistical machine learning research: higlesrajty
will result in more concise models [16].

2The condition for the penalty dBIC is higher thanAIC




3.4 Global and Local Independence Tests The penalty of the model based on gini index can be approx-
This subsection compares the discretization methods lmsed imated as2/” — 1 (see detailed derivation in Appendix). The
global statistical independence tests versus local Statisnde- basic idea is to apply a generalized MDLP principle in such a

pendence tests. Note that the latter one does not have d globaWay SO that the cost of transferring the data _
goodness function for the discretization. Instead, thegtteach (cost(data|lmodel)) and the cost of transferring the coding book

local statistical tests as an indication for merge actidre Well- as well as necessary delimiteyggalty(model)) are treated as
known discretization algorithms based on local indepeneléest thecorr_]plexnymeasure. Therefore, the gini index can _be utilized
include ChiMerge [23] and Chi2 [27], etc. Specifically, fame to provide such a measure. Thus, the goodness function based
secutive intervals, these algorithms perform a statisiticepen- gini index is as follows:

dence test based on PearsoR’$ or G2. If they could not re- v ; ,

ject the independence hypothesis for those invervals, riterge . Cij M; /

them into one row. Given such constraints, they usually dry t GFyini(C) = = Zz_; ; N, ; ~ T2-h a8

find the best discretization with the minimal number of intds.

A natural question to ask is how such local independence test ;

relates to global independence tests, as well as to the gesdn 4.2 _Genera_llzed Entropy ) )

functionsG Fy2 andGFs. In this subsection, we introduce a notion géneralizeden-
Formally, IetXfM +k) be the Pearson’s chi-square statistic for tropy, which is used to uniformly represent a variety coim-

thek+1 consecutive rows (fromto i+ k). Let 7 » (X(gi i+k>) _plexr[y measures, |np|ud|ng both information entropy and gini
) Xkox (J-1) ’ " index by assigning different values to the parameters ofjtre
be the confidence level for these rows and their correspgndin o gjized entropy expression. Thus, it serves as the basie-to

columns being statistically independent. If rive the parameterized goodness function which represdritse
F (Xa_ﬂk)) <, aforementioned goodness functions, suckas,prr, GFarc,
kx(J—1) GFgic, GFgz2, andGFyin;, in a closed form.
we can merge these+ 1 rows into one row. DEFINITION 4. [32, 29] For a given intervalS;, the gener-

We only summarize our main results here. The detailed dis- jlized entropy is defined as
cussion is in Appendix. A typical local hypothesis test can b
rewritten as follows: J

N — Cijry _ (Cid\B
G rors < df = (kX (J— 1)) HB(Sl)*ZNZ_ 1—(5)"1/8,8>0

N;
In other words, as long as the above condition holds, we can When}3
merge these consecutive rows into one.

j=1

= 1, we can see that

This suggests that the local condition essentially shares t I e o
penalty of the same order of magnitude@B.a;c. In addition, Hi(S) =Y 21— ﬁ]/ﬁ = gini(S;)
we note that the penalty aP(dflogN) allows us to combine j=1"" v

consecutive rows even if they are likely to statistically depen-
dentbased orG? or X? statistic. In other words, the penalty of
O(df) inthe goodness function is a stricter condition for merging J
consecutive rows tha@(dflogN). Therefore, it would result in _o(S:) = limgs_. Cijry _ (Cidys
more intervals in the best discretization identified by toed; Hp—o(S:) = lims—o ; N; 1 (Ni) 1/
ness using penalty ad(df) than those identified by the good- J
ness using penalty @ (dflogN). This essentially provides an __ Z
Jj=1

Wheng — 0,

7

Cij Cij
= H(S;
N logN1 (S:)

intuitive argument for Theorem 8.

L 3. Hglpr,- ,ps) = 0 pi(1 = pP)/3i -
4. PARAMETRIZED GOODNESS FUNC-  caveunas o g/ P P21 = il i)/ con

TION Proof:
The goodness functions discussed so far are either entropy o OHj 5
X2 or G? statistics based. In this section we introduce a new o (1= (1+B)p;/B
goodness function which is based gimi index [4]. Gini index ) ‘
based goodness function is strikingly different from gaesin 9"Hp =—(1+ g)pﬁ—l/ﬁ <0
functions introduced so far. In this section we show thatwiye 02p; ¢
introduced goodness functidd Fy;»; along with the goodness 0°Hg
functions discussed in section 2 are all can be derived from a Opidp;
generalized notion of entropy [29].
. . Thus,
4.1 Gini Based Goodness Function . .
Let S; be a row in contingency tablg. Gini index of row.S; %;;f e jm—g’g
is defined as follows [4]: T2 Hslp1, -, ps] = : : :
J 2 2
. Cij Cij 0%Hg 9%Hg
GZ’I’LZ(Si) :;—1[1 — FJZ] op10p g 52p
Clearly,7?Hg[p1,- - - ,pJ] is negative definite. Therefore,

andCostini(C) = Y1, Ni x Gini(S;) Hglp1,--- ,ps] is concaved



Let Crx s be a contingency table., We define the generalized
entropy forC as follows.

HB(SL'"

! N; J c
J ij \B
;W Zlﬁz [ (ﬁi) 1/8
Similarly, we have
T M M,
Hy($10--USr) =3 1= ()18

THEOREM 9. There always exists information loss for the
merged intervalsHg(S1, S2) < Hg(S1 U S2)
Proof:This is the direct application of the concaveness of the
generalized entropyl

4.3 Parameterized Goodness Function

Based on the discussion in Section 3, we derive that differen
goodness functions basically can be decomposed into twe. par
The first part is forG?, which corresponds to the information
theoretical difference between the contingency table uode-
sideration and the marginal distribution along classes Jét-
ond part is the penalty which counts the difference of cowiple
for the model between the contingency table under condidara
and the one-row contingency table. The different goodnass-f
tions essentially have different penalties ranging fronlf) to
O(dflogN).

In the following, we propose a parameterized goodness func-
tion which treats all the aforementioned goodness funstiora
uniform way.

DEFINITION 5. Given two parametersy and 3, where0 <
B < 1land0 < «, the parameterized goodness function for
contingency tabl€ is represented as

GFop(C)=N x Hg(S1U---USp) —

ZNi x Hg(S
D= ( )°1/B (17)

The following theorem states the basic properties of the pa-
rameterized goodness function.

THEOREM 10. The parameter goodness functi@i,, 3, with
a > 0and0 < 8 < 1, satisfies all four principles1, P2, P3,
andP4.
Proof:In Appendix.O

By adjusting different parameter values, we show how good-

—ax (I'=1)(J -

The parameterized goodness function not only allows us to
represent the existing goodness functions in a closed nmmifo
form, but, more importantly, it provides a new way to undenst
and handle discretization. First, the parameterized agbroro-
vides a flexible framework to access a large collection (pote
tially infinite) of goodness functions. Suppose we have adiro
mension space wheteis represented in th& -axis andg is rep-
resented in th& -axis. Then, each point in the two-dimensional
space fora > 0 and0 < [ < 1 corresponds to a potential
goodness function. The existing goodness functions qoorests
to certain points in the two-dimensional space. These pairg
specified by the aforementioned parameter choices. Note tha
this treatment is in the same spirit of regularization thetavel-
oped in the statistical machine learning field [17, 34]. $etyp
finding the best discretization for different data miningksifor
a given dataset is transformed into a parameter selectiaio pr
lem. Ultimately, we would like to identify the parameteresel
tion which optimizes the targeted data mining task. Forwinsg,
suppose we are discretizing a given dataset for a Naive Bayes
classifier. Clearly, a typical goal of the discretizationidsbuild
a Bayesian classifier with the minimal classification erréis
described in regularization theory [17, 34], the methodsela
on cross-validation, can be applied here. However, it isgeno
problem how we may automatically select the parameters with
out running the targeted data mining task. In other wordsyvea
analytically determine the best discretization for diffier data
tasks for a given dataset? This problem is beyond the scope of
this paper and we plan to investigate it in future work. Hipal
the unification of goodness functions allows to develop iefic
algorithms to discretize the continuous attributes witpest to
different parameters in a uniform way. This is the topic & th
next subsection.

4.4 Dynamic Programming for Discretiza-
tion

This section presents a dynamic programming approach to find
the best discretization function to maximize the paraniegdr
goodness function. Note that the dynamic programming hess be
used in discretization before [14]. However, the existipg a
proaches do not have a global goodness function to optimize,
and almost all of them have to require the knowledge of taxet
number of intervals. In other words, the user has to define the
number of intervals for discretization. Thus, the existaqy
proaches can not be directly applied to discretization faxim
mizing the parameterized goodness function.

In the following, we introduce our dynamic programming ap-
proach for discretization. To facilitate our discussioe,wseG F'

ness functions defined in section 2 can be obtained from the for GF. s, and we simplify theG F" formula as follows. Since

parametrized goodness function. We consider several.cases
1. Letg = 1landa = 2(N — 1)/(N(J — 1)).
GFyn-1)/(N-1))1 = GFgini.

. Leta = 1/logN and — 0. ThenGF}j,gnp—0 =
GFarc.

Then

3. Leta = 1/2andB — 0. ThenGF} 5 5.0 = GFgic.

4. Leta = const, 3 — 0andN >> I. ThenGF onst,3—0 =
G2 — O(dflOgN) = GF]MDLP .

5. Leta = const, 3 — 0,andG? = O(NlogJ), N/(IJ) —
00. ThenGFeonst,p—0 = G* — O(dflogN) = GF/2 ~
G 1

X2

a given tableC, N x Hg(S1 U
Formulal7) is fixed, we define

-+ U Sr) (the first term inGF,

F(C)=Nx Hg(S1U---US)GF(C) =

ZN  Hs(Si) +a x (I' = 1)(J = D[1 (%)B]/B

Clearly, the minimization of the new functiahi is equivalent
to maximizingGF'. In the following, we will focus on finding
the best discretization to minimiz€. First, we define a sub-
contingency table of asC[i : i + k] = {Si,--- , Si4+x}, and
letCOi : i+k] = S;U- - -US,4x be the merged column sum for
the sub-contingency tab|: : <+ k]. Thus, the new functiod’



of the rowC°[i : i + k] is:

i+k
F(Clizi+k]) =) Ny)x Hg(SiU--- U Siyx)

Let C be the input contingency table for discretization. Let
Opt(i,i+ k) be the minimum of thé’ function from the partial
contingency table from row to ¢ 4+ &,k > 1. The optimum
which corresponds to the best discretization can be caémlila
recursively as follows:

Opt(i,i + k) = min(F(C°[i : i + k]),
mini<i<k—1(Opt(i,i +1) + Opt(i + 1+ 1,0+ k) +
1
— D1 - (=)°
ax (J =D~ (5)"1/8))
wherek > 0 andOpt(i,i) = F(C°[i : 4]). Given this, we can
apply the dynamic programming to find the discretizatiorhwit
the minimum of the goodness function, which are described in
Algorithm 1. The complexity of the algorithm @(1®), wherel
is the number of intervals of the input contingency tatile

Algorithm 1 Discretization(Contingency Tabl&; )
for i =1to I do
for j =i downtol do
Opt(j,i) = F(C°[j : i])
fork=jtoi—1do
Opt(j,1) = min(Opt(j,1), Opt(j, k) +
Opt(k +1,i) + a(J = D[1 = (§)"1/8)
end for
end for
end for
return Opt(1,1)

5. CONCLUSIONS

In this paper we introduced a generalized goodness funtdion
evaluate the quality of a discretization method. We haveveho
that seemingly disparate goodness functions based onpgntro
AIC, BIC, Pearson’sX? and Wilks’' G? statistic as well as Gini
index are all derivable from our generalized goodness fanct
Furthermore, the choice of different parameters for theegen
alized goodness function explains why there is a wide variet
of discretization methods. Indeed, difficulties in compgrdif-
ferent discretization methods were widely known. Our rissul
provide a theoretical foundation to approach these difiesl|
and offer rationale as to why evaluation of different disizee
tion methods for an arbitrary contingency table is diffic@ur
generalized goodness function gives an affirmative ansovet
guestion: is there an objective function to evaluate diffierdis-
cretization methods? Another contribution of this papetois
identify a dynamic programming algorithm that provides @A o
timal discretization which achieves the minimum of the gahe
ized goodness function.

There are, however several questions that remain opernt. Firs
of all, even if an objective goodness function exists, défe
parameter choices will result in different discretizatioMhere-
fore, the question is for a particular set of applicationkathare
the best parameters for the discretization? Further, caclage
sify user-applications into different categories and tidgrthe
optimal parameters for each category? For example, canside
ing medical applications; what is the best discretizatiomcfion

for them? Clearly for these applications, misclassificatian be
very costly. But the number of intervals generated by the dis
cretization may not be that important. Pursuing these prest
we plan to conduct experimental studies to compare differen
goodness functions, and evaluate the effect of parameles-se
tion for the generalized goodness function on discretirati
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Appendix wherec;; = cit15,Vi,1 < j < J. LetC’ be the resulting
. . . contingency table after we merge these two rows. Then we have
Derivation of the Goodness Function based on

MDLP »

For an intervalS;, the best way to transfer the labeling informa- Z Ny x H(Sy,) = Z Ny x H(Sg) + N; x H(S;)
tion of each point in the interval is bounded by a fundamental k=1 k=1

theorem in information theory, stating that the averaggtieiof i—1

the shortest message is higher thsin x H(S1). Though we +Nip1 X H(Si11) + Z Ni x H(Sk) = > Ng x H(Sk) +
can apply the Hoffman coding to get the optimal coding foheac k=i+2 k=1

interval, we are not interested in the absolute minimal rgdi I

Therefore, we will apply the above formula as the cost togran (Ni 4+ Niy1) x H(S;) + Z Ni x H(Sg)
fer each interval. Given this, we can easily derive the totet k=i+2

to transfer all thd” intervals as follows.
costi(datalmodel) = N x H(S1,---,S1)
= N1 x H(S1) + N2 x H(S2) +---+ Np x H(Sp)
In the meantime, we have to transfer the model itself, which |n addition, we have

includes all the intervals and the coding book for trangfigrthe
point labels for each interval. The length of the messageatest

I—1
= NLH(SR)
k=1

ferring the model is served as the penalty function for t/heleho (I = 1)logs N (I —1) % J x loga]
The cost to transfer all the intervals will requiréeg (71 ~')- =1
bit message. This cost, denotedlagI’, N), can be approxi- —((I = 2)log2 N + (I —2) x J x logaJ)
mated as I1-2
, NI -1 = (I —1)logaN — (I — Dloga2(I — 1)+ (I —1) x J x logaJ
Li(I',N) =log2(p"1 ) —((I = 2)logaNC(I — 2)loga(I — 2) + (I — 2) x J x logaJ)
, N I'—1 > logaNCloga(I — 1) + J x logad (N <1I)>0
N DG =1
!
= —(Nl092$ +(' - 1)“@%)
N o Adding together, we hav€ost yprp(C) > Costyprp(C'),
(logs —0,N —0) andGFuprp(C) < GFuprLe(C').
N+TI'=1 Symmetric Principle (P2) for GFyprp: This can be di-
~ (I' = 1)logs N+I -1 rectly derived from the symmetric property of entropy.
I'—1 MIN Principle (P3) for GFnprp: Since the number of rows
, N (1), the number of samplesV), and the number of classe$)(
~ (L~ 1)l092ﬁ are fixed, we only need to maximi2€é x H(S1,--- ,S1).
Next, we have to consider the transfer of the coding book for
each interval. For a given interval, each code will correspond N x H(S1,---,81) < Nx H(S1U---USr)
to a class, which can be codedliiy» J bits. We need to transfer I
such codes at most—1 times for each interval, since after know- N x H(S1,---,51) = ZNk x H(Sk)
ing J — 1 classes, the remaining class can be inferred. Therefore, k=1
the total cost for the coding book, denotedlas can be written I
as :ZNkXH(S1U'~'USI)
k=1

Lo=1 x(J—1) x log2J

Given this, the penalty of the discretization based on tketh
retical viewpoint is

=NxH(SiU---USp)

MAX Principle (P4) for GFuvprp: Since the number of
penalty (model) = Ly (I',N) + Lo rows (7), the number of samples\), and the number of classes
(J) are fixed, we only need to minimiz¥ x H(S1,---,Ss).

:(I’—l)loggp 1—|—I/><(J—1)><loggJ

. . . . J
Put together, the cost of the discretization based on MDLP is N x H(Sh,- . 8)) = ZNk X H(Sy)

r k=1
CostyprLp = Z NiH(Si)+(I/—1)lOg2l—+I/(J—1)lOg2J J
- I'—1
i=1 Z k X lngl 0
k=1
Proof of Theorem 1
Proof:We will first focus on proving folGFyprp. The proof Now, we prove the four properties f6f F'y>.
for GFarc andGFprc can be derived similarly. Merging Prlnc!ple (Pl) for GFx2: Assuming we have two
Merging Principle (P1) for GFyprp: Assuming we have consecutive rows and: + 1 in the contingency tabl€’, S; =<
two consecutive rows ands + 1 in the contingency tabl€, i1, o, cig >, and Sip1 =< ciy1,1,0 -0 ,Civ1,0 >, Where

S =< Cil, " ,Cig >, andSiH =< Ci+1,1," " ,Ci+1,0 >, Cij = Ci+1,j,Vi,1 <7< J. Let C’ be the resulting contin-



gency table after we merge these two rows. Then we have
(Ck' — N; X M/N)2
— X2, = J J
&=22 Nj x Mj/N
(ch; = Ni x M;/N)?
2y

x Mj/N
L\ (cit1,5 — Nig1 x M;/N)?
S >
i=1

Niy1 x M;/N
+ ciy1,5) — (Ni + Niy1) x M;/N)?
(N; + Nit1) x M;/N

i“
— J

. i (cij — Ni x Mj/N)? i (2¢ij — 2N; X M;/N)?
- N; x M;/N 2N; x M;/N
j=1 7
ZQXi(Cij—NiXMj/N) 7i4x(cij_NiXMj/N)2
= Ni X Mj/N =1 2Ni X Mj/N
=0

We note that the degree of freedom in the original contingenc
table is(f — 1)(J — 1) and the second one {§ — 2)(J —
1). In addition, we have for any > 0, F» (t) <

X(1-1)(J-1)
2 (t). Therefore, the second table is better than the

(1-2)(J-1)
first one.

Symmetric Principle (P2) for GFaprp: This can be di-
rectly derived from the symmetric property &F.

MIN Principle (P3) for GFaprp: Since the number of rows
(I), the number of samples\), and the number of classes)(
are fixed, we only need to minimizZg>2. Sinceci; = 1/J x Nj,
we can see thal/; = N/J.

— N x M;/N)?

(chj
=22 = Ni x M;/N

B (M;/N x Ny — Ny, x M;/N)?
_ZZ N x M;/J

=0

SinceX? > 0, we achieve the minimal ok 2.

MAX Principle (P4) for GFumprp: Since the number of
rows (J), the number of sampleg\), and the number of classes
(J) are fixed, we only need to maximizZé?.

2 (ij —Nk X ]\4]'/]\7)2
X _ZZ NkXMj/N
+ (Ng x Mj/N)? — 2 x cxj x Ni, x M;/N
Nk X Mj/N

Yy
=22 Nk XIX/[/N
fZZN/M x ck]

+ Ng XMj/N—QXij)

Ckj
N—-2N (=<1
1+ (%<1

(N/M;)

M“

Z ks =

j:l
J
Z (N/M;) x M; — N

=(J-1)xN

Note that this bound can be achieved in our condition. Basi-
cally, in any rowk, we will have one celty; = Nj. Therefore,

"2 (X?) is maximized. In other words, we have the
I-1)(I-1)

best possible discretization given existing conditions.
The proof forGF= can be derived similarly fron* Farpr.p
andGFx2. O

Details of Global and Local Independence Tests

To facilitate our investigation, we first formally descritie lo-
cal independence tests. Lk’@’wk) be the Pearson’s chi-square
statistic for thek + 1 consecutive rows (fromi to ¢ + k). Let
2 (X(Qi i+x)) be the confidence level for these rows and
kx(J—1) )

their corresponding columns being statistical indepehd&éhe
less the confidence level is, the harder we can not rejechthis
pothesis. Given this, assuming we have a user-specifieshtblice
d (usually less than0%), if F, 2 (X(Qi_yiJrk)) < 4, we can

merge thesé + 1 rows into one row. Usually, the user defines a
threshold for this purpose, such &%%. If the confidence level
derived from the independence test is lower than this tiotdsh
that means we can not rejefly, the independence hypothesis.
Therefore, we treat them as statistically independent dod/ a
to merge them.

Now, to relate the global goodness function to the localinde
pendence test, we map the global function to the local cimmdgit
Considering we have two two contingency tablg andC-, with
the only difference between them is that theonsecutive rows
in C1 are merged into a single row ifi;. Given this, we can
transform the global difference as the local difference:

Cost(C1)—Cost(Co) = —GF ik 1+O0((k—1)(J—1)logN)

where we assume the penalty for the global goodness function
is O(df logN). Since the discretization reduces the valu¢hef
global goodness function, i.€0st(C1) > Cost(C-), we need

the local condition-G7 ,, ,_; + O((k — 1)(J — 1)logN) > 0.

In other words, as long as

G? k1 <O((k—1)(J

holds, we can combine therows into one.

Let us focus now on the local independence test, which has
been used in the goodness function based on the numberef inte
vals for the discretization. Note that we require

(G%i,i+k—l)) <46

— 1)logN)

2
Xl—1)x(J-1)

We would like theG? statistic for thek consecutive rows is as
small as possible (as close asOfp The § usually choose less
than or equal t&0%. This means we have at least more confi-
dence to accept the independence hypothesis test thanitejec
Based on the approximation results from Fisher and Wilson &
Hilferty [21], the 50% percentile point ofy7; is

(k=1)(J-1)
Given this, we can rewrite our local hypothesis tests as
G?,i+k—l < O(df)

In other words, as long as the above condition holds, we can
merge these consecutive rows into one.

2
Xar,0.5 ~ df =

Derivation of Goodness Function based on
Generalized Entropy (and Gini)

As discussed in Section 2, MDLP provides a general way to con-
sider the trade-off between the complexity of the data gigen
model and the complexity of the model itself (or referredsdree



penalty of the model). Here, we apply theneralized entropto Similar to the treatment in Section 2, we define the generdliz
describe both complexities and use their sum as the goodnessgoodness function as the cost difference between contiygan
function. ble C° and contingency tabl€'.

First, for a given intervab;, we useN; x Hz(S;) to describe 0
the labeling information of each point. Note?rgat 2his is aalag GFp(C) = Costs(C7) — Costs(C)
to the traditional information theory, which states tha dverage Note that the goodness function based on Gini can be derived
length of the shortest message can not lower thax H(S;). simply by fixing 8 = 1.

costs(datalmodel) = N x Hy(S1, -, S1r) Proof of Theorem 10

= N x Hp(S1) + No x Hp(S2) + -+ Nov x Hp(Sr) Proof:Merging Principle (P1) for GF, s: Assuming we have
_ In the meantime, we have to transfer the model itself, which tWO consecutive rows andi + 1 in the contingency table,
includes all the intervals and the coding book for transﬁgrr Si =< ci1, g > andSiyn =< cig11,0 00, Cik1,g >,
the point labels for each interval. For transferring thesiival wherec;; = ci+1,5,Vi,1 < j < J. Let ¢’ be the resulting

information, we consider the message will be transferreid is  contingency table after we merge these two rows. Then we have
the following format. Supposing there aféintervals, we will

first transferN; zeros followed by a stop symbal then, N2 izl

zeros, until the lastV;, zeros. Once again, such information Z Ni x Hg(Sk) = Y Nk x Hg(Sk) + Ni x Hg(S;)
corresponds to the impurity measures of such message b&ng t k=1 k=1
generalized entropy. Such cost is served as the penalty func i—1
tion for the model. The impurity of all the intervals, derbtes +N;it1 X Hg(Siq1) + Z Ny, x Hg(Sk) Z Ni x Hg(Sg) +
Lig(I', N), will be as follows. —it2 k=1
I
S . N -1 (Ni+ Nip1) x Hg(Si) + > Ny x Hg(Sy)
Lipl', N) = N+ I = DHo (G v = 1) k=it2
B o N B N s -1
=(N+1I 1)x{N+I,_1[1 (N+I’ 7178+ =" N{Hg(Sk)
I =
N+1I'-1 N+I'— In addition, we have
N 1
=Nx[l-(——)° T—1)x[1—(—1=1 s
= () VB U =D x = ()8 o x (I=1)(J = DL~ (1)°)/8
B1/3 —
Clearly, wheng — 0, this is the traditional entropy measure —ax (I =2(J -t = (F)°)/B=

L,. Wheng = 1, this is the impurity measure based on gini.
Next, we have to considering transfer the coding book foheac
interval. For a given interva$;, each code will correspond to a

ax (7= [ = ()%/8>0

class. Therefore, there will be a total.bfways of coding. Given Thus, we have&Z F,, 5(C) < GF.5(C").
this, the total cost for the coding book, denotedZas, can be Symmetric Principle (P2) for G’Faﬁ; This can be directly
written as derived from the symmetric property of entropy.
, 1 J—1 MIN Principle (P3) for GF, g: Since the number of rows
Lag =1 x JI'x Hﬂ(jv T) (1), the number of samples\)), and the number of classes)(
/ 1 1.5 J—1 J! _ 1.s ' are fixed, we only need to maximiZ€ x H(Si,---,Sr). By
=1 x J!'x {j[l - (j) 1/8+ 7 11— 7 )°1/8} the concaveness of tHié; (Theorem 9),
Given this, the penalty of the discretization based on the ge N x Hp(S1,---,51) < N x Hg(S1U---USr)
eralized entropy is I
N x Hg(S1,~~- ,S[) = ZNk X Hg(Sk)
penaltys(model) = Lig(I', N) + Lag k=1
~(I'—1)x[1 r-1 -
~ (I - )X[—(m)] :ZNkXHB(SlU-..USI)
1 I'-1 M=t
+I’[1—(j)ﬂ]/ﬂ~(f’—1)X[l—( )°1/8 =N x Hg(S1U---USp)
I - (i)ﬂ]/ﬂ MAX Principle (P4) for GF,,s: Since the number of rows
J! (1), the number of samplesV), and the number of classe$)(
are fixed, we only need to minimizZ& x Hg(S1,---,S7).

Note that wher8 = 1, we havepenaltyg(model) ~ 21" — 1.
Wheng — 0, we havepenaltyg(model) ~ (I'—1)log(N/(I' -

J
1)+ I'(J — 1)logJ. N x Hg(S1,-++,85) =Y _ N x Hg(Sk)
Put together, the cost of the discretization based on is k=1
J
r r >SNy x0>0
Costg =Y NiHg(S:) + Lig(I',N) + Lag = > NiHp(S:) ;

=1 =1

1 1 Note that the proof of7 F,, s immediately implies that the four
" —(——)8 - (=)° rinciples hold fortGFa;c andGFgic.
+H(I' = 1) x 1= (=) )B4+ —(5)°)/8  princip Arc andGEsrc



