A 12-STEP SORTING NETWORK FOR 22ELEMENTS

SHERENAZ W. AL -HAJ BADDAR
Department of Computer Science, Kent State University
Kent, Ohio 44240, USA

KENNETH E. BATCHER
Department of Computer Science, Kent State University
Kent, Ohio 44240, USA

Abstrac® Sorting Networks are cosdffective multistage interconnection neisks with sorting

capabilities. Optimal sorting networkbkeoretically consum& ( Nl o gN) comparhesons. However, t
fastest implementable sorti n%comparisoos; dndgerenallyl t so far consum
use the Mergsorting strategy to sort the inpukhis implies thatdster networks can be developed

0 herewe show a neterk that sorts 22lements in only 2 steps outperforming théVlerge-sorting

based solution for this problem whicked at least 13 steps
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1. Introduction

Paralel processors are fast and powerful computing systems that have been developed to
help undertake computationally challenging problems. Deploying parallelism for solving
a given problem implies splitting the probieinto subtasks that getssigned tahe
computing components constituting a parallel system. These components usually
communicate in order to accomplisheir designated subtasks, whightroduces the
problem of connecting them efficiently. Several interconnection networks schemes have
been builtto help solve this problem, among which are multistage interconnection
networks. These widely used networks deploy a significantly smaller number of
switching elements to achieve a relatively more efficient iptecessor communication.
Many multistagenterconnection networks were developed including sorting networks.
Van Voorhis defines a sorting network as a circuit with N inputs and N outputs such
that for any set of inputs {l,, € y},Ithe resulting output is the set {@,, é \}OThe
output €t must be a permutation of the input setl{l € y}.IMoreover, for every two
elements of the output sef@d Q, O must be less than or equal teWhenever O k.
Sorting networks are constructed using stages (steps) of basic cells called Comparator
Exchange(CE) modules. A CE is a tetement sorting circuit. It accepts two inputs via
two input lines, compares them and outputs the larger element omfitohiput line,
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whereas the smaller is output on its low output line. It is assumed that two comparators
with disjoint inputs can operate in parallel. ypical CE is depicted in Figute

X4 H = max(X,,X5)

Xz L= min(X1,X2)

Fig. 1. A comparator exchange modtile

An optimal Ne | e men't sorting net wor k s toesgqru Nr e s d( NI ogN
elementd However, no practical solution for building such networks has been developed
so far. On the other 2M)aechdiquessoe budding sortingr act i cal d (
networksexist among which is the Merg®rtingtechniqué. This tecimique has been
generally deployed for building the best performing sorting networks known so far.
Accordingly, the best known netwo for sorting22 elements usinghe Mergesorting
techniqueconsumes 3 steps. Nevertheless,12-step network for the sanmeput sizeis
illustrated here. Thigietwork shows thatleveloping implementable networks that are
closer to the optimal complexity of ( N | ¢ gddsible
Section 2 reviews some basic concepescessary for discussing theetwork
illustrated here. Section 3 depicts th2 dteps constituting the developed network using
Sortnet, a software tool developed by Batcher to help thétter soing network$.
Finally, Section 4 corludes thigeportand highlights future work.

2. Background

This section illustrates some basic concepts necessary for discussing the developed
sorting network. These coepts include: Knuth diagrams, Zero#®principle, partial
ordering, Haase diagrams, addrtnet

2.1. Knuth diagrams

Knuth diagrams are pictorial representations of sorting networks that help distinguish
the several steps consting the investigated netwotkin a typical Knuth diagramaeh
input element is represented by a horizontal line and each CE is represented by a vertical
line connecting the two elements being compared. The elements being sorted are
assumed to have numeric labels runningm zero through (MNL). Moreover, the
networ ks top most el ement is assigned the highest
assigned the smalleshe It is also assumed that the elements are fed into the left most
end of the network and received sorted at the other end, with the maximum dlemgnt
the top most element. Figure 2 illustrates a typical Knutigrdim for sorting four
elements

I
I
I

Fig. 2. A Knuth diagram for #our-element sorting netwotk
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2.2. The Zero/Oneprinciple

The ZeroOne principle plays a vital role in building and verifying sorting networks. It
states that a given-Blement sorting eork sorts N inputs correctly if it sorts all thé 2
binary strings of length N

A zero/one case is a sequence of length N where the value of each entry in the
sequence is either zero or one. If a giveroione case, A, of length s j zeros then it
has Nj ones. When a comparator element compares two entries in A, it might swap the
values of the compared entries. However, the number of zero and one entries in A
remains the same. Hence, a series of comparator elements sorts case A iff it rearranges
A 8 entries such that the first j locations hold zeros and the nhddstions hold ones.

The number of zeros(ones) in a given binary sequence of N bits ranges between zero and
N which implies that there are N+1 zero/one sorted cases. Henceel@mBhtsorting
network, that rearranges any of tH&i@put permutations into one of the N+1 possible
sorted zero/one cases, can sort abitrary sequence of N elements

2.3.Partial ordering and Haase idgrams

A total order relation is imposed on tlset of elemeits sorted by a typicasorting
network. This total ordering is achieved by the end of the sorting process. However, only
a partal order relation exists on this s@tany arbitrary step in the sorting process prior to
the last stepand such a set is cadl apartial orderset(posetj. Having a partial ordering
relation, denoted by R, on a set of elements implies that there may exist a pair of
elements x and y, such that there is at leaszer@one case where x = zero and y = one,

and at least anotheerdone case, where x = one and y = zero
Haase diagrams are used in order to visualiz@rbgress of a sorting netwdrkin a

conventional Haase diagram, elements are represented by vertices and relations among
them are represented by edges. dgeerunning from vertex x to vertex y exists iff there
does not exist a zero/one case in which x = zero and y = one. It is noticed that the
relative positioning of arctioe Mogeplesidgtifwo endpoint s
vertex x appears above tex y, then the direction of the edge running between both is
assumed to be fromx to y.

Figure 3 depicts the progress of therting networkillustrated in Fig.2 using
Haase diagramdn the first step, two partial ordag relations are formeénd such
diagram is called a muldegment posetin the second step, the two segments are
combined into a oreegment poset, or simply a poset. Finally, step three transforms this
posetinto a totally ordered chain of elements.

28T &

Fig. 3. Haase idgrams tracking the sorting of foatements
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2.5.Using Sortnet

Sortnetis a program developed by K. E. Batcher to help syrthesnd analyze sorting
network$. A subset of Sortnet commandsat will help in analyzinghesorting network
described herés illustrated in this subsection.

2.5.1Shmoccharts

A Shmoo chg is a twedimensional diagram wheraeh column shows all zero/one
cases with the same number of zaand each row shows an elenfefigure 4 illustrates
the Shmoo chart generated after step two of thedtmment network depicted in Fig.

Number of
00000 N

01111 :
00-11 :
00-11 :

DN W
oW wwm

Fig. 4. The Shmoo chart of tHeur-element network after step two

The coumns of a typical Shmoo chart are ordered according to the number of zeros in
the set of zero/one cases with the case of all zeros at the left of the chart and the one with
all ones at the right of itA typical dash in a Shmoo chart that is located in rcamd

column c implies that element r is equal to zero in at least one zero/one case with ¢ zeros
andis also equal to one in at least adifferent zero/one cassith the same number of
zeroé. A Shmoo chart becomes dafiee when all elements get sorté@. all entries in

the Shmoo chart are either zeroes or ones.

2.5.2 TheSHOW.BESTCE command

This command displays the CEs that affect the rmest/onecasesand remove the
most dasheslong with the number of the earliest stepnvhich they ca be deployet
The CEs suggested by the BESTCE command are sorted according to the number of
treatedcases and therthe number of dashes removiednontincreasing orderit is then
up to the network designer to pick the CEs she/he thinks are the bestcaticem to the
CE-list.

3. A 12-Step Blution for Sorting 22Elements
This section describes a-$fep solution for sortin@2 elements that outpenfms the

mergebased, 13tepnetworkwhich used to be the best known solution for this problem.
Figure 5illustratesthe developed network.
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Fig. 5. The Knuth diagram of the 1&ep network fosorting 22elements

Figure 6 depicts theomparson elements that compose thetwork illustarated in Figure
5.

/* STEP 1% /* STEP 5% [* STEP 9 %/

0:1 2:3 45 6:7 8:20:11 0:7 1720 315 918 211 18:19 14:16 1315 1112
12:1314:15 16:17 18:19 4:16 5:10 1:8219 1314 8:9 510 67 23
20:21

/* STEP 6 */ [* STEP 10 */
/* STEP 2 */ 20:21 06 3:8 1218 213 17:19 1618 1415 1213

24 1:3 05 6:879 14:16 5:9 10:15 A :11:17 9:11 810 57 36 2:4
10:12 1113 1416 1517
18:20 1921 *STEP 7 */ /* STEP 11 %/

16:20 1819 1517 1214 17:18 1516 1314 1112
/* STEP 3 %/ 10011 79 813 45 1.3 9:10 7.8 56 34

6:10 711 812 913 2:6
14:18 1519 1620 1721 [* STEP 12 */

3:5 14 02 /* STEP 8 */ 16:17 1415 1213 1011
19:20 1617 1518 1114 8:9 6:7 45
/* STEP 4 %/ 9:13 1012 7:8 35 46

9:17 715 1119 816 1:2
3:12 0:10 1:18 5:2a13:21
6:14 24

Fig. 6 The CElist of the 2-element network

3.1. Thefirst threesteps

Several ways exist for creating a-22ment onsegment poset. To mention
few, consider hilding a 2segment poset that consistEa 10element segment
together with a 12lement segment. Alternatively, consider -aegiment poset
whose two segments consist of 11 elements. The later poset can be formed by
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