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Abstract

In this paper we show that a very simple and efficient approach can be used to solve theall pairs
almost shortest pathproblem on the class of weakly chordal graphs and its different subcla
Moreover, this approach works well also on graphs with small size of largest induced cycle an
a unified way to solve theall pairs almost shortest pathandall pairs shortest pathproblems on
different graph classes including chordal, strongly chordal, chordal bipartite, and distance-her
graphs.
 2004 Elsevier Inc. All rights reserved.

1. Introduction

Let G = (V ,E) be a finite, unweighted, undirected, connected and simple (i.e., wi
loops and multiple edges) graph. Let also|V | = n and |E| = m. The distanced(v,u)

between verticesv andu is the smallest number of edges in a path connectingv andu. The
all pairs shortest path problemis to computed(v,u) for all pairs of verticesv andu in G.

✩ Results of this paper were presented at the WG’01 conference [F.F. Dragan, Estimating all pairs
paths in restricted graph families: a unified approach (extended abstract), in: Proceedings of the 27th Inte
Workshop “Graph-Theoretic Concepts in Computer Science” (WG’01), June 2001, in: Lecture Notes in C
Sci., vol. 2204, Springer, 2001, pp. 103–116].

E-mail address:dragan@cs.kent.edu (F.F. Dragan).
0196-6774/$ – see front matter 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgor.2004.09.002
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The all pairs shortest path (APSP) problem is one of the most fundamental graph
lems. There has been a renewed interest in it recently (see [1,2,5,8,14,18,33,36–39
for general (unweighted, undirected) graphs, and [4,6,9,12,13,17,23,24,27,32,40,
special graph classes). For general graphs, the best result known is by Seidel [33
showed that the APSP problem can be solved inO(M(n) logn) time whereM(n) denotes
the time complexity for matrix multiplication involving small integers only. The curre
best matrix multiplication algorithm is due to Coppersmith and Winograd [15] and
O(n2.376) time bound. In contrast, the naive algorithm for APSP performs breadth
searches from each vertex, and requires timeΘ(nm) which isΘ(n3) for dense graphs.

Given the fundamental nature of the APSP problem, it is important to conside
desirability of implementing the algorithms in practice. Unfortunately, fast matrix m
plication algorithms are far from being practical and suffer from large hidden cons
in the running time bound. There is interest therefore in obtaining fast algorithms fo
APSP problem thatdo not usefast matrix multiplication. The currently bestcombinatorial
(i.e., in graph-theoretic terms) algorithm for the APSP problem is anO(n3/ logn) time
algorithm obtained by Basch et al. [8]. This offers only a marginal improvement ove
naive algorithm.

Since an algorithm for the APSP problem would yield an algorithm with similar
bound for Boolean matrix multiplication, obtaining a combinatorialO(n3−ε) time algo-
rithm for the APSP problem would be a major breakthrough. Nowadays, many resea
take the approach to consider the all pairsalmostshortest path (APASP) problem in ge
eral graphs or to design (optimal)O(n2) time algorithms for special well structured gra
classes (which are interesting from a practical point of view).

Awerbuch et al. [5] and Cohen [14] considered the problem of findingstretch t all
pairs paths, wheret is some fixed constant and a path is of stretcht if its length is at
mostt times the distance between the endvertices. They presented efficient algorith
computingt-stretch paths fort � 4. A different approach was employed by Aingworth
al. [1]. They described a simple and elegantO(n5/2√logn ) time algorithm for finding all
distances in unweighted, undirected graphs with anadditive one-sided errorof at most 2.
They also make the very important observation that the small distances, and not th
distances, are the hardest to approximate. Recently, Dor et al. [18] improved the
of Aingworth et al. [1] and obtained añO(min{n3/2m1/2, n7/3}) time algorithm for find-
ing all distances in unweighted, undirected graphs with an additive one-sided erro
most 2 (here,̃O(f ) meansO(f polylogn)). A simple argument shows that computing
distances inG with an additive one-sided error of at most 1 is as hard as Boolean m
multiplication (see [18]).

Besides, efficient algorithms have been developed for solving the APSP proble
some restricted classes of graphs. OptimalO(n2) time algorithms were proposed for in
terval graphs [4,27,32,41], circular arc graphs [4,41], permutation graphs [17], bip
permutation graphs [12], strongly chordal graphs [6,17,23], chordal bipartite graphs
distance-hereditary graphs [17], and dually chordal graphs [9] (the definition of the va
families of graphs will be presented in the next section). Optimal parallel algorithm
the APSP problem for some certain classes of graphs can be found in [12,17,23,40

The problem of computing shortest path (respectively distance) between points
ing obstacles in an environment is an important problem in computational geomet
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robot motion planning. The approach to the shortest path and other optimization pro
in such metric spaces (e.g., in a simple rectilinear polygon endowed with some m
taken by many researchers first finds avisibility graphof the metric space which contains
shortest path between any two given points. Two points are said to bevisible to each othe
in the presence of obstacles if there exists a special (rectilinear, straight-line, etc.; d
on application) path between the two points that does not meet any of the obstacles
ibility graph has vertices that correspond to the points on polygon and there exists a
(link) between two vertices in the graph if and only if the points corresponding to the
visible to each other (in other formulation, an edge between two vertices exists if an
if the points corresponding to them are visible from a third point). Thelink distance[3]
between any pair of points is the minimum number of links (edges) on a path betwe
corresponding vertices in the visibility graph. Motwani et al. [28,29] studied few cla
of rectilinear polygons and showed that the“staircase” visibility graphs and the“star”
visibility graphs corresponding to them arepermutation, chordalor weakly chordal. More
recently, Everett and Corneil [21] have shown that the visibility graphs of spiral poly
areinterval graphs. Note that any interval graph is chordal, and any chordal graph as
as any permutation graph is weakly chordal [11].

The fact that the visibility graphs of some polygons are chordal, motivated resea
to look at distances in chordal graphs [10,13,23,40]. Han et al. showed in [23] th
APSP problem for a chordal graphG can be solved inO(n2) time if thesquareG2 of G

is already given. They also note that computingG2 for chordal graphs is as hard as f
general graphs (i.e., as hard as Boolean matrix multiplication), and present few sub
of chordal graphs for whichG2 can be computed more efficiently. From results in [
it follows that one can compute inO(n2) time all distances in chordal graphs with
additive error of at most 2. Even more, given a pair of verticesx, y ∈ V , after a simple
linear time preprocessing, in onlyO(1) time one can computed(x, y) with an additive
error of at most 2. Sridhar et al. showed in [40] that using a more sophisticated linea
preprocessing of a chordal graph, the distance between any two vertices that is at
greater than the shortest distance can be computed inO(1) time. Unfortunately, method
used in [23,40] for chordal graphs use characteristic properties of those graphs and
be applied to more general weakly chordal graphs.

In this paper we investigate distances in weakly chordal graphs. We show that
simple and efficient approach can be used to solve the APASP problem on the c
weakly chordal graphs and its different subclasses. Furthermore, we show that t
proach works well also on graphs with small size of largest induced cycle and g
unified way to solve the APASP and APSP problems on different graph classes inc
chordal, strongly chordal, chordal bipartite, and distance-hereditary graphs. Notic
any of these graph families can have a graph with a clique of sizeθ(n) [22,34]. There-
fore, graphs from those families are generally not sparse and can contain as many aθ(n2)

edges. Thus, the naive algorithm for APSP, which performs breadth-first searche
each vertex, will result in aΘ(n3) time algorithm.

The rest of this paper is organized as follows. We begin in Section 2 by presenting
definitions and a simpleO(n2) time algorithm for computing all pairs almost shortest p
distances in graphs with special vertex orderings. In Section 3, we prove that this alg
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• computes all distances
◦ in House-Hole-free graphs with an additive one-sided error of at most 2,
◦ in House-Hole-Domino-free graphs (and hence in chordal graphs) with an ad

one-sided error of at most 1, and
• solves the APSP problem for distance-hereditary graphs, chordal bipartite g

strongly chordal (and hence interval) graphs.

In that section we also show that the APSP problem for a House-Hole-free graphG can be
solved inO(n2) time, if the squareG2 of G is given. All these classes are subclasses o
weakly chordal graphs. Finally, in Section 4 we consider graphsG with small size of larges
induced cycle and show that our generic algorithm computes inO(n2) time all distances in
G with an additive one-sided error of at mostk − 1, wherek is the size of largest induce
cycle in G. Hence, for weakly chordal graphs (even for Hole-free graphs), all dista
can be computed inO(n2) time with an additive one-sided error of at most 3. For A
free graphs, we show that all distances can be computed inO(n2) time with an additive

Fig. 1. The results of this paper and the hierarchy of the graph classes considered. Near each oval de
graph class we show which vertex ordering was used to achieve that bound on error. Graph classes are
with respect to the error in distance computations (shown by an integer). An arrow from classX to classY

indicates thatY is a subclass ofX.
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one-sided error of at most 2. Note that AT-free graphs include such well-known fam
of graphs as interval graphs, permutation graphs, trapezoid graphs and cocompa
graphs [16]. Figure 1 summarizes all results obtained in this paper.

2. Preliminaries and the algorithm

The (open) neighborhoodof a vertexv is the setN(v) = {u ∈ V : uv ∈ E} and the
closed neighborhoodis N [v] = N(v) ∪ {v}. A path is a sequence of vertices(v0, . . . , vl)

such thatvivi+1 ∈ E for i = 0, . . . , l − 1; its length is l. We say that this path connec
verticesv0 and vl . An induced pathis a path wherevivj ∈ E if and only if i = j − 1
and j = 1, . . . , l. A cycle is a sequence of vertices(v0, . . . , vk) such thatv0 = vk and
vivi+1 ∈ E for i = 0, . . . , k − 1; its lengthis k. An induced cycleis a cycle wherevivj ∈ E

if and only if |i − j | = 1 (modulok). A hole is an induced cycle of length at least 5.
We now define the various graph families that will be used in this paper. A graphG is

chordal if there is no induced cycle of length greater than 3 inG. A Hole-freegraph is a
graph which contains no holes. A graphG is weakly chordalif both G and the complemen
of G are Hole-free graphs. A bipartite weakly chordal graph is calledchordal bipartite. An
intervalgraph is the intersection graph of intervals of a line (see Fig. 3 for an illustra
A graph is calledAT-freeif it does not have anasteroidal triple, i.e., a set of three vertice
such that there is a path between any pair of them avoiding the closed neighborhoo
third. A graph isHouse-Hole-free(HH-free) if it contains no induced houses or holes an
House-Hole-Domino-free(HHD-free) if it contains no induced houses, holes or domin
(see Fig. 2). Adistance-hereditary graphis a HHD-free graph which does not conta
3-fan as an induced subgraph. Finally, a graphG = (V ,E) is strongly chordalif it admits
a strong elimination ordering, namely, an orderingv1, v2, . . . , vn of V such that for each
i, j, k and l, if i < j , k < l, vk, vl ∈ N [vi], andvk ∈ N [vj ], thenvl ∈ N [vj ]. For more
information on these graph classes we refer the reader to [11,22].

For computing approximate distances in these graph classes we use the following
O(n2) time algorithm. LetG = (V ,E) be a graph andσ = [v1, v2, . . . , vn] be an order-
ing of the vertex setV of G. Let alsoσ(v) be the number assigned to a vertexv in this
ordering. Denote by mn(v) themaximum neighborof v, i.e., the vertex ofN [v] with max-
imum number inσ . In the algorithm, the approximate distance from a vertexvi to any
non-neighborvj (j > i) is computed via the maximum neighbor ofvi , using the formula
d̂(vi, vj ) := d̂(mn(vi), vj ) + 1.

Fig. 2. Forbidden induced subgraphs.
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Fig. 3. An interval graph with its interval model. Vertices 1 and 2 are adjacent since the corresponding in
intersect. Vertices 1 and 4 are not adjacent since the corresponding intervals do not intersect.

Algorithm APASP

for i = 1 to n do d̂(vi, vi) := 0;
for i = n − 1 downto 1 do

for j = n downto i + 1 do
if vivj ∈ E then d̂(vi, vj ) := 1 else d̂(vi, vj ) := d̂(mn(vi), vj ) + 1;

return distanceŝd

We assume that the orderingσ used in the algorithm has the property that for allvi with
i < n, mn(vi) �= vi (otherwise the algorithm will not work properly). This property ho
for all orderings considered in this paper.

Note that this method is not new. It was already used to compute all pairs shorte
distances in strongly chordal graphs (see [17]) and in dually chordal graphs (see [9
both classes the characteristic orderings were employed. Here we show that this
gives the exact distances or a very good approximation of distances in many other
classes.

Clearly, the algorithm can be modified to produce paths of lengthd̂ rather than merely
returning the approximate distances. Nevertheless, we present a separate procedu
for any two verticesu,v returns the path of lengtĥd(u, v) along which the APASP algo
rithm computes. Its complexity isO(c · d̂(u, v)), wherec is the necessary time to verif
the adjacency of two vertices.

Procedure (mn-path(u,v))

if u andv are adjacentthen return (u, v)

else if σ(u) < σ(v) then return (u, mn-path(mn(u), v))

else return (mn-path(u,mn(v)), v)

The path betweenu andv returned by the procedure mn-path(u, v) will be called the
maximum-neighbor path. Throughout this paper, byd(u, v) we denote the (real) distanc
betweenu andv and byd̂(u, v) the approximate distance returned by the algorithm.

In this paper we will employ three types of vertex orderings:breadth-first-search order
ings, lexicographic-breadth-first-search orderingsof Rose et al. [35] andlexical orderings
of Lubiw [26].

Let σ = [v1, v2, . . . , vn] be any ordering of the vertex set of a graphG. We will write
a < b whenever in a given orderingσ vertexa has a smaller number than vertexb. More-
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over,{a1, . . . , al} < {b1, . . . , bk} is an abbreviation forai < bj (i = 1, . . . , l; j = 1, . . . , k).
Let u be a vertex ofG. We define the layers ofG with respect to vertexu as follows:
Li(u) = {v: d(u, v) = i} for i = 0,1,2, . . . .

In a breadth-first search(BFS), started at a vertexu, the vertices of a graphG with n

vertices are numbered fromn to 1 in decreasing order. The vertexu is numbered byn and
put on an initially empty queue of vertices. Then a vertexv at the head of the queue
repeatedly removed, and neighbors ofv that are still unnumbered are consequently nu
bered and placed onto the queue. Clearly, BFS operates by proceeding vertices in
the vertices closest to the start vertex are numbered first, and the most distant vert
numbered last. BFS may be seen to generate a rooted treeT with vertexu as the root.
A vertexv is thefather in T of exactly those neighbors inG which are inserted into th
queue whenv is removed.

An orderingσ of the vertex set of a graphG generated by a BFS will be called aBFS-
orderingof G. Denote byf (v) the farther of a vertexv with respect toσ . The following
properties of a BFS-ordering will be used in what follows. Since all layers ofV considered
here are with respect tou, we will frequently use notationLi instead ofLi(u).

(P1) If x ∈ Li , y ∈ Lj andi < j , thenx > y in σ .
(P2) If v ∈ Lq (q > 0) thenf (v) ∈ Lq−1 andf (v) is the vertex fromN(v) ∩ Lq−1 with

the largest number inσ , i.e.,f (v) = mn(v).
(P3) If x > y, then either mn(x) > mn(y) or mn(x) = mn(y).
(P4) If x, y, z ∈ Lj , x > y > z and mn(x)z ∈ E, then mn(x) = mn(y) = mn(z) (in partic-

ular, mn(x)y ∈ E).

Lexicographic breadth-first search(LexBFS), started at a vertexu, orders the vertice
of a graph by assigning numbers fromn to 1 in the following way. The vertexu gets the
numbern. Then each next available numberk is assigned to a vertexv (as yet unnumbered
which has lexically largest vector (sn, sn−1, . . . , sk+1), wheresi = 1 if v is adjacent to the
vertex numberedi, andsi = 0 otherwise. An ordering of the vertex set of a graph gener
by LexBFS we will call aLexBFS-ordering. It is well known that any LexBFS-orderin
has property (P5) (cf. [25]). Moreover, any ordering fulfilling (P5) can be generate
LexBFS [20].

(P5) If a < b < c andac ∈ E andbc /∈ E then there exists a vertexd such thatc < d ,
db ∈ E andda /∈ E.

Lubiw in [26] has shown that any graph admits alexical ordering, namely an ordering
of V such that

(P6) If a < b andac ∈ E andbc /∈ E then there exists a vertexd such thatc < d , d ∈ N [b]
andda /∈ E (d = b is allowed).

Clearly, any lexical ordering is a LexBFS-ordering, and any LexBFS-ordering is a
ordering (but not conversely). Note also that for a given graphG, both a BFS-ordering an
a LexBFS-ordering can be generated in linear time [22], while to date the fastest me



8 F.F. Dragan / Journal of Algorithms 57 (2005) 1–21

eakly
nt the

,

doubly lexical ordering of the (closed) neighborhood matrix ofG [26]—producing a
lexical ordering ofG takesO(m logn) [30] or O(n2) [34] time.

3. Distances in graphs from the weakly chordal hierarchy

In this section, we consider different subclasses of weakly chordal graphs. The w
chordal graphs themselves will be considered in the next section. First we prese
following simple but very useful lemma which holds for arbitrary graphs.

Lemma 1. Let there exist integerst � 2 ands � 0 such that

(1) for all x, y ∈ V with x < y andd(x, y) � t , d(x, y) = d(mn(x), y) + 1 holds,
(2) for all x, y ∈ V with d(x, y) < t , d̂(x, y) � d(x, y) + s holds.

Thend̂(x, y) � d(x, y) + s holds for allx, y ∈ V .

Proof. The proof is by induction ond(x, y). Assume thatd̂(x, y) � d(x, y) + s holds
for all x, y ∈ V with d(x, y) < k (k � t), and consider a pairx, y such thatd(x, y) = k

andx < y. According to the APASP algorithm we haved̂(x, y) = d̂(mn(x), y) + 1. Since
d(mn(x), y) = d(x, y)−1, by induction,d̂(mn(x), y) � d(mn(x), y)+s holds. Therefore
d̂(x, y) � d(mn(x), y) + s + 1= d(x, y) + s. �

Let P = (x0, x1, . . . , xk−1, xk) be an arbitrary path ofG andσ be an ordering of the
vertex set of this graph. The pathP is monotonic(with respect toσ ) if x0 < x1 < · · · <

xk−1 < xk holds wheneverx0 < xk , andP is convexif there is an indexi (1 � i < k) such
thatx0 < x1 < · · · < xi−1 < xi > xi+1 > · · · > xk−1 > xk . Vertexxi is called theswitching
pointof the convex pathP . Let nowP = (x0, . . . , xk) be a shortest path ofG connectingx0
andxk . We say thatP is arightmost shortest pathif the sumσ(x0) + σ(x1) + · · · + σ(xk)

is largest among all shortest paths connectingx0 andxk .

3.1. Employing LexBFS-orderings

Let G be a HH-free graph andσ be a LexBFS-ordering ofG. By P4 we denote a path
on four vertices.

Lemma 2 [19]. G has no inducedP4 = (c, a, b, d) with {a, b} < {c, d} in σ .

Corollary 1 [19]. Leta, b, c be three distinct vertices ofG such thata < {b, c}, ab, ac ∈ E

andbc /∈ E. Then there is a vertexd > {b, c} adjacent tob andc but not toa.

Lemma 3 [19].

(1) Every rightmost shortest path ofG is either monotonic or convex.
(2) Let P = (x0, . . . , xk) be a rightmost shortest path inG which is convex andxi be the

switching point ofP . Thend(x0, xi) � d(xk, xi) if x0 < xk .
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Lemma 4. Let x, y be a pair of vertices ofG such thatx < y and d(x, y) � 3. Then
d(x, y) = d(mn(x), y) + 1 holds.

Proof. Let P = (x, x1, x2, . . . , y) be a rightmost shortest path inG connecting verticesx
andy. Sincex < y andd(x, y) � 3, by Lemma 3, we havex < x1 < x2. Assumex1 �=
mn(x). Verticesv = mn(x) andx2 cannot be adjacent, since otherwise we can replacx1
in P with v and get a shortest path betweenx andy with larger sum, contradicting th
choice ofP . For path(v, x, x1, x2) we have{x, x1} < {v, x2}. Hence, by Lemma 2,v and
x1 are adjacent. Now we apply Corollary 1 tox1 < {v, x2}, vx2 /∈ E and get a vertexu
such thatu > {v, x2}, uv,ux2 ∈ E andx1u /∈ E. Furthermore,x cannot be adjacent tou
becausev = mn(x) andu > v. But then a house formed byx, v, x1, u, x2 is induced, tha
is impossible for a HH-free graphG. �

Unfortunately, this result cannot be extended to weakly chordal graphs. For any
integer k � 4, there exist a weakly chordal graphG = (V ,E), a LexBFS-orderingσ
of G, and a pair of verticesx, y ∈ V such thatx < y in σ , d(x, y) = k but d(x, y) <

d(mn(x), y) + 1. Figure 4 gives such a weakly chordal graph fork = 4 (this example can
easily be extended to a largerk). In all figures dark edges indicate the maximum-neigh
path between vertices numbered 1 and 2.

Lemma 5. Letx, y be a pair of vertices ofG such thatx < y andd(x, y) = 2. Then

(1) d(x, y) = d̂(x, y) if mn(x)y ∈ E or there exists a vertexz ∈ N(x) ∩ N(y) such that
z < y;

(2) d(x, y) � d̂(x, y) − 1 if there exists a vertexz ∈ N(x) ∩ N(y) such thatmn(x)z ∈ E.

Proof. (1) Clearly, if mn(x)y ∈ E, then d̂(mn(x), y) = 1 and d̂(x, y) = d̂(mn(x), y)

+1= 2= d(x, y). So, assume that mn(x)y /∈ E and there is a vertexz ∈ N(x)∩N(y) such
that z < y. For path(mn(x), x, z, y) we have{x, z} < {mn(x), y}. Hence, by Lemma 2
mn(x) and z must be adjacent. Now we can proceed as in the proof of Lemma 4
construct an induced house in HH-free graphG, which is impossible.

(2) We may assume that mn(x)y /∈ E and for the vertexz ∈ N(x) ∩ N(y) with
mn(x)z ∈ E, z > y holds. We haved(mn(x), y) = 2 andy < z < mn(x). Hence, by(1),

Fig. 4. A weakly chordal graph with a
LexBFS-ordering;d1,2 = d2,5 = 4.

Fig. 5. A LexBFS-ordering of a
3-sun such that̂d1,2 − d1,2 = 1.

Fig. 6. A LexBFS-ordering of a
domino such that̂d1,2 − d1,2 = 2.
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d̂(y,mn(x)) = d(y,mn(x)), and therefored̂(x, y) = d̂(mn(x), y) + 1 = d(mn(x), y) +
1= 3= d(x, y) + 1. �
Lemma 6. Let x, y be a pair of vertices such thatx < y, d(x, y) = 2, mn(x)y /∈ E, and
there exists a vertexz ∈ N(x) ∩ N(y) with mn(x)z /∈ E and z > y. ThenG contains a
domino as an induced subgraph andd(x, y) = d̂(x, y) − 2 holds.

Proof. Let v = mn(x), u = mn(z) andw = mn(y) be the maximum neighbors inσ of
x, z andy, respectively. We havex < y < z < v, vz, vy /∈ E. By property (P3), we hav
alsou � w > v and hencexu,xw /∈ E. Since{x, z} < {v,u}, by Lemma 2, verticesv andu

must be adjacent. Ifuy ∈ E then we get an induced house inG, which is impossible. There
fore, d(y,u) = 2, y < z < u, and we can apply Lemma 5 and getd(y,u) = d̂(y, u) = 2.
That is, vertexw = mn(y) is adjacent tou. If now wz ∈ E or wv ∈ E then vertices
x, y, z, v,u,w induce either a house or a cycle of length 5. Since these induced subg
are forbidden,w is neither adjacent tov nor to z, i.e., verticesx, y, z, v,u,w form an
induced domino.

Now consider maximum neighborsh = mn(v), s = mn(u) andt = mn(w) of v,u and
w, respectively. We hadd(v,w) = 2,v < w < u andu ∈ N(v)∩N(w). If alsohu,hw /∈ E

then, as we have shown above, verticesv,u,w,h, s, t will form an induced domino with
edgesvu, vh,us,uw,wt,hs, st . Sincev = mn(x), u = mn(z), w = mn(y) andv < w <

u < h < t < s, there cannot be edges with one end in{x, z, y} and the other end in{h, s, t}.
That is, the cycle(x, z, y,w, t, s, h, v, x) of G of length 8 is induced. Since such cycl
are forbidden inG, we must havehu ∈ E or hw ∈ E.

If hu ∈ E then verticesx, z, v,u,h induce a house, which is impossible (note thath is
neither adjacent tox nor toz becauseh > u = mn(z) > v = mn(x)).

So, it remains only to consider the case whenhw ∈ E. In this case, according to th
APASP algorithm, we havêd(h,w) = 1 and thereforêd(x, y) = d̂(v, y) + 1 = d̂(v,w) +
1+ 1= d̂(h,w) + 1+ 1+ 1= 4. Finally,d(x, y) = 2= 4− 2 = d̂(x, y) − 2. �

Combining Lemmas 1, 4, 5, and 6 we obtain the following results for HH-free, H
free and chordal graphs.

Theorem 1. Let G be a HH-free graph andσ be a LexBFS-ordering ofG. Then, for all
verticesv,u ∈ V , the distances returned in̂d by the algorithm APASP satisfy the inequal

0� d̂(v, u) − d(v,u) � 2.

Corollary 2. All distances in HH-free graphs with an additive one-sided error of at mo2
can be found inO(n2) time.

Theorem 2. Let G be a HHD-free graph andσ be a LexBFS-ordering ofG. Then, for all
verticesv,u ∈ V , the distances returned in̂d by the algorithm APASP satisfy the inequal

0� d̂(v, u) − d(v,u) � 1.

Corollary 3. All distances in HHD-free graphs with an additive one-sided error of at m
1 can be found inO(n2) time.
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Corollary 4 [40]. All distances in chordal graphs with an additive one-sided error o
most1 can be found inO(n2) time.

Note that the bounds given in Theorems 1 and 2 are tight. Figure 5 shows a c
graph with a LexBFS-ordering where the difference betweend̂ andd can be 1, Fig. 6 give
a similar example for HH-free graphs.

For the distance-hereditary graphs this method gives the exact distances.

Theorem 3. LetG be a distance-hereditary graph andσ be a LexBFS-ordering ofG. Then
the distances returned in̂d by the algorithm APASP are the real distances, i.e.,d̂(v, u) =
d(v,u) for anyv,u ∈ V .

Proof. According to Lemmas 1, 4, 5, and 6, we have to consider only the cased(v,u) = 2,
v < u, mn(v)u /∈ E and there exists a vertexz ∈ N(v)∩N(u) such that mn(v)z ∈ E, z > u.

Consider the maximum neighborw = mn(u) of u. Sincev < u and mn(v)u /∈ E,
by property (P3), we have mn(v) < w, i.e., v < u < z < mn(v) < w, andwv /∈ E. By
Lemma 2, vertexw has to be adjacent to mn(v) or z. If mn(v)w ∈ E then we get an in
duced house or an induced 3-fan depending on adjacency ofw andz. Distance-hereditar
graphs cannot contain such induced subgraphs. Hence,w is not adjacent to mn(v) but
is adjacent toz. Now we apply Corollary 1 toz < {mn(v),w}, mn(v)w /∈ E and get a
vertex t such thatt > w, mn(v)t, tw ∈ E andzt /∈ E. Sincet > w > mn(v), vertexv is
adjacent neither tot nor to w. Thus, we have created an induced house inG formed by
v, z,mn(v), t,w, contradicting the factG is distance-hereditary.�

Later we will improve Theorem 3 by showing that even BFS-ordering is enough t
the exact distances in distance-hereditary graphs.

Corollary 5 [17]. The all pairs shortest path problem in distance-hereditary graphs
be solved inO(n2) time.

Lemma 4 allows us also to state the following interesting result. All what one nee
compute the exact distances in a HH-free graphG in O(n2) time is to know in advanc
the squareG2 of G. Recall that the squareG2 of G = (V ,E) is the graph with the sam
vertex setV where two verticesu andv (u �= v) are adjacent if their distance inG is at
most 2. Unfortunately, computingG2 even for split graphs (a subclass of chordal grap
is as hard as for general graphs.

Theorem 4. Let G be a HH-free graph andσ be a LexBFS-ordering ofG. Let also the
squareG2 of G be given. Then the all pairs shortest path problem onG can be solved in
O(n2) time.

Proof. Let σ = [v1, v2, . . . , vn] be a LexBFS-ordering ofG. Clearly (see Lemma 4), th
following modification of APASP algorithm computes the exact distances inG.
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alled
and
for i = 1 to n do d(vi, vi) := 0;
for i = n − 1 downto 1 do

for j = n downto i + 1 do
if vivj ∈ E(G) then d(vi, vj ) := 1
else if vivj ∈ E(G2) \ E(G) then d(vi, vj ) := 2

else d(vi, vj ) := d(mn(vi), vj ) + 1;
return distancesd

If the adjacency matrix ofG2 is given, this algorithm clearly runs inO(n2) time. �
Corollary 6. The all pairs shortest path problem on a HHD-free graphG can be solved in
O(n2) time ifG2 is known.

Corollary 7 [23]. The all pairs shortest path problem on a chordal graphG can be solved
in O(n2) time ifG2 is known.

3.2. Employing lexical orderings

In this subsection we consider strongly chordal graphs and chordal bipartite grap

Theorem 5. Let G be a strongly chordal graph andσ be a lexical ordering ofG. Then
the distances returned in̂d by the algorithm APASP are the real distances, i.e.,d̂(v, u) =
d(v,u) for anyv,u ∈ V .

Proof. Since any lexical ordering of a graph is a LexBFS-ordering and strongly ch
graphs are HH-free (even chordal) graphs, Lemmas 4 and 5 can be applied. Accor
those lemmas and Lemma 1, we have to consider only the case whenv < u, d(v,u) = 2
and mn(v)u /∈ E. We claim that this case is impossible.

It is well known [26] that any lexical ordering of a strongly chordal graph is a str
elimination ordering. Consider a vertexz ∈ N(v) ∩ N(u). We havezv, zu,mn(v)v ∈ E,
z < mn(v), v < u. Since mn(v)u /∈ E, we get a contradiction withσ being a strong elimi-
nation ordering. �
Corollary 8 [6,17]. The all pairs shortest path problem in strongly chordal graphs can
solved inO(n2) time.

Since interval graphs are strongly chordal, we immediately conclude.

Corollary 9 [4,27,32,41]. The all pairs shortest path problem in interval graphs can
solved inO(n2) time.

Now we will present a similar result for chordal bipartite graphs. It is well known
34] that a graph is chordal bipartite if and only if it admits a special vertex ordering c
Γ -free ordering. The name came from the existence of a special ordering of rows



F.F. Dragan / Journal of Algorithms 57 (2005) 1–21 13

ology

ordal

ns,

f
losed
a
t all
of a

he

ertex
FS,

f

,

columns of the bipartite adjacency matrix of a chordal bipartite graph. In graph termin
this can be stated as follows. For any chordal bipartite graphG = (X ∪ Y,E) there are
orderingsτX = [x1, . . . , x|X|] and τY = [y1, . . . , y|Y |] such that for anya, d ∈ X, b, c ∈
Y with ab, ac, bd ∈ E and a <τX

d , b <τY
c, the edgecd must exist inG. It is well

known that doubly lexical ordering (see [26]) of the bipartite adjacency matrix of a ch
bipartite graph gives these orderings inO(n2) time [34]. Moreover, resulting orderingsτX

andτY have property (P6). To be able to useΓ -free ordering in our distance computatio
we will first transform orderingsτX and τY into one orderingσ = [v1, . . . , vn], where
n = |X| + |Y |, which will be a LexBFS-ordering ofG and will satisfy the property o
a Γ -free ordering. Note that, a simpler idea to use doubly lexical ordering of the c
neighborhood matrix ofG will not work here. Although the resulting ordering will be
LexBFS ordering ofG, there are examples of chordal bipartite graphs for which no
such orderings have theΓ -free property. See Fig. 6 for an example; that ordering
domino is lexical but there is no edge between 2 and 4 in a path(2,3,1,4).

A desired orderingσ = [v1, . . . , vn] one can get in the following way. First using t
O(n2) time algorithm from [34] we get orderingsτX andτY . Then, starting at vertexx|X|
(or aty|Y |) we perform a LexBFS, breaking ties according to indexes inτX andτY ; if both
verticesv andu can be chosen to be numbered next by LexBFS, we number first that v
which has larger index inτX, τY . Note that, if vertices cannot be distinguished by LexB
then they have a common neighbor and therefore both are either inX or in Y . We call the
resulting ordering alexical+ orderingof G.

The next lemma shows thatσ preserves the order relations we had inτX, τY . Clearly,σ
can be found in totalO(n2) time.

Lemma 7. For any verticesv,u ∈ X (respectively,v,u ∈ Y ), v <σ u if and only ifv <τX
u

(respectively,v <τY
u).

Proof. Let σ alternate the order relations we had inτX (or in τY ), and leta be a vertex of
G with the largest index inσ for which there is a vertexb (b <σ a) such thata <τX

b or
a <τY

b (depending on which part ofG, X or Y , verticesa, b are from). Without loss o
generality assumea <τX

b, i.e.,a, b ∈ X. According to our construction ofσ , there must be
a vertexc in G such thata <σ c andca ∈ E, cb /∈ E (verticesa andb were distinguished
from c and thereforea was numbered earlier (with larger number) inσ thanb). We choose
suchc rightmost inσ . Sincea <τX

b andc is adjacent toa but not tob, by property (P6)
there must exist a vertexd in G such thatc <τY

d anddb ∈ E, da /∈ E. Since vertices
a andb are distinguished fromd andb <σ a, according to our choice ofc, d <σ c must
hold. But that contradicts our choice ofa; c has larger index thana in σ andd <σ c and
c <τY

d . �
Corollary 10. Any lexical+ orderingσ of a chordal bipartite graphG = (V ,E) is Γ -free,
i.e., for anya, b, c, d ∈ V such thatab, ac, bd ∈ E, a <σ d , b <σ c, cd ∈ E must hold.

Theorem 6. Let G be a chordal bipartite graph andσ be a lexical+ ordering ofG. Then
the distances returned in̂d by the algorithm APASP are the real distances, i.e.,d̂(v, u) =
d(v,u) for anyv,u ∈ V .
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Proof. Sinceσ is a LexBFS-ordering and chordal bipartite graphs are HH-free gra
Lemmas 4 and 5 can be applied. According to those lemmas and Lemma 1, we h
consider only the case whenv <σ u, d(v,u) = 2 and mn(v)u /∈ E. Again we claim that
this case is impossible. Consider a vertexz ∈ N(v) ∩ N(u). We havezv, zu,mn(v)v ∈ E,
z <σ mn(v), v <σ u. Since mn(v)u /∈ E, a contradiction with Corollary 10 arises.�
Corollary 11 [24]. The all pairs shortest path problem in chordal bipartite graphs can
solved inO(n2) time.

4. Distances in graphs with small size of largest induced cycle: employing
BFS-orderings

In order to capture the notion of “small” induced cycles, we define a graph t
k-chordal if it has no induced cycles of size greater thank. Note that chordal graphs a
precisely the 3-chordal graphs, weakly chordal graphs are 4-chordal graphs and A
graphs are 5-chordal.

Fork-chordal graphs we obtained the following results. It is interesting to note that
simple BFS-orderings succeed in getting a good approximation for distances ink-chordal
graphs (for smallk � 4).

Theorem 7. Let G be ak-chordal graph(k � 4) and σ be a BFS-ordering ofG. Then,
for all verticesx, y ∈ V , the distances returned in̂d by the algorithm APASP satisfy th
inequality

0� d̂(x, y) − d(x, y) � k − 1.

Proof. Let T be the BFS-tree associated with BFS-orderingσ = [v1, . . . , vn]. Recall that
T is rooted at a vertexu = vn and the father of a vertexv (v �= u) in T is denoted byf (v).
In this proof we will frequently use properties (P1)–(P4) of BFS-orderings and asso
BFS-trees. Also, since vertexu is fixed, we will useLi to denote layerLi(u) of G (and ofT
as well). LetPx = (u = x0, x1, . . . , xt−1, xt = x) andPy = (u = y0, y1, . . . , ys−1, ys = y)

be the paths ofT connecting the rootu with x and y, respectively (see Fig. 7 for a
illustration). By property (P2),xi−1 = f (xi) = mn(xi), for any i = 1, . . . , t , andyj−1 =
f (yj ) = mn(yj ), for anyj = 1, . . . , s. Moreover,xi < yj andyi < xj , if i > j (by property
(P1) and sincexi, yi ∈ Li andxj , yj ∈ Lj ).

Claim 1. For any vertexv ∈ Lq (q < t) such thatv �= xq andd(xt , v) = d(xt , xq) = t − q,
xq > v holds.

Proof of Claim 1. Let P(x, v) = (x = vt , vt−1, . . . , vq+1, vq = v) be a shortest path be
tweenx andv. Clearly,vi ∈ Li for anyi ∈ {q, q +1, . . . , t −1, t}. Letvi = xi be a common
vertex of pathsPx andP(x, v) closest to layerLq . Then, neighborsvi−1 andxi−1 of xi are
distinct and, sincexi−1 = mn(xi), vi−1 < xi−1 holds. Assume now that there is an indej
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Fig. 7. Illustration to the proof of Theorem 7. A shortest pathP betweenx and y containingc, the maxi-
mum-neighbor pathsPx andPy joiningu with x andy, respectively, and the maximum-neighbor pathP ′ between
x andy with the binding edgexlym.

(q < j < i) such thatvj < xj but vj−1 > xj−1. By property (P3), fromvj < xj we con-
clude that mn(xj ) � mn(vj ). But, sincexj−1 = mn(xj ) and mn(vj ) � vj−1, a contradic-
tion with vj−1 > xj−1 arises. Thus, no such indexj exists and thereforexq > vq = v. �

Analogously, for any vertexv ∈ Lq (q < s) such thatv �= yq andd(ys, v) = d(ys, yq) =
s − q, yq > v must hold.

As we mentioned earlier, the algorithm APASP computes the valued̂(x, y) along the
maximum-neighbor path which consists of a subpathP ′

x = (xl, . . . , xt−1, xt = x) of Px and
a subpathP ′

y = (ym, . . . , ys−1, ys = y) of Py such thatxlym ∈ E and therefore|l − m| � 1
(see the algorithm APASP and the procedure mn-path).

More precisely, the maximum-neighbor pathP ′ = (x = xt , xt−1, . . . , xl, ym, . . . , ys−1,

ys = y) betweenx andy is constructed by the procedure mn-path(x, y) in the following
way. Assume, without loss of generality, thatx < y in σ and hencet � s. It constructs
first a subpath(x = xt , xt−1, . . . , xs+1) (it can be empty ift = s). Then, if xs+1ys ∈ E,
it stops and returns the path(x = xt , xt−1, . . . , xs+1, ys). Otherwise, it advances towar
xs = f (xs+1) = mn(xs+1) and reaches layerLs containing vertexys . In each current laye
Li (i � s), it does the following:

• stops and returns path(x = xt , xt−1, . . . , xi+1, xi, yi, yi+1, . . . , ys = y), if xiyi ∈ E;
• advances towardsxi−1 = f (xi) = mn(xi) on pathPx and then stops and retur

path (x = xt , . . . , xi+1, xi, xi−1, yi, yi+1, . . . , ys = y), if xi < yi in σ andxiyi /∈ E,
xi−1yi ∈ E;
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• advances towardsxi−1 = f (xi) = mn(xi) on pathPx and then towardsyi−1 = f (yi) =
mn(yi) on pathPy , if xi < yi in σ andxiyi, xi−1yi /∈ E;

• advances towardsyi−1 = f (yi) = mn(yi) on pathPy and then stops and return
path (x = xt , . . . , xi+1, xi, yi−1, yi, yi+1, . . . , ys = y), if xi > yi in σ andxiyi /∈ E,
yi−1xi ∈ E;

• advances towardsyi−1 = f (yi) = mn(yi) on pathPy and then towardsxi−1 = f (xi) =
mn(xi) on pathPx , if xi > yi in σ andxiyi, yi−1xi /∈ E.

From this we can conclude that the maximum-neighbor path is always an induce
and thebinding edgexlym of P ′ is an edgexiyj of G such thatxi ∈ Px , yj ∈ Py and
the sumi + j is maximal. Indeed, assume there is an edgexi′yj ′ , xi′ ∈ Px , yj ′ ∈ Py with
i′ + j ′ > i + j . Since this edge is overlooked by the mn-path procedure, we have
i′ = j ′ −1 andyj ′ < xj ′ or j ′ = i′ −1 andxi′ < yi′ . Without loss of generality, assume th
i′ = j ′ − 1 andyj ′ < xj ′ hold. But then, by properties (P2) and (P3), mn(xj ′) = mn(yj ′) =
xi′ and, according to mn-path procedure, at least edgexj ′xi′ (= xj ′mn(yj ′)) will be chosen
by the mn-path procedure as the binding edge ofP ′.

Consider now a shortest pathP of G connecting verticesx and y and letq be the
smallest index such thatLq ∩ P �= ∅ (see Fig. 7 for an illustration). Let alsoc be a vertex
from Lq ∩ P . SinceT is a BFS-tree rooted atu, we haved(xt , c) � d(xt , xq) = t − q and
d(ys, c) � d(ys, yq) = s − q. We want to show that length(P ′) − length(P ) = d̂(x, y) −
d(x, y) is not larger thatk − 1. We will distinguish between two cases:k = 2p + 2 and
k = 2p + 3 (p � 1).

If there is an edge between vertices of subpaths(xq−p, . . . , xt−1, x) and (yq−p, . . . ,

ys−1, y), thend̂(x, y) � t − (q − p) + 1 + s − (q − p) = (t − q) + (s − q) + 2p + 1 �
d(xt , c)+ d(ys, c)+ 2p + 1= d(x, y)+ 2p + 1. Therefore,̂d(x, y)− d(x, y) � 2p + 1�
k − 1 and we are done.

Thus, we may assume that no edge exists between those subpaths. In a subgraG

induced by vertices{xq−1, xq, . . . , xt−1} ∪ P ∪ {ys−1, . . . , yq, yq−1}, consider a shortes
pathP ′′ connectingxq−1 andyq−1. Clearly, length(P ′′) � 2 and no inner vertex of thi
path is adjacent to a vertex fromLi (i � q − 2).

Assume now, without loss of generality, thatxq−p < yq−p. If xq−p−1, which is
f (xq−p) = mn(xq−p), is adjacent toyq−p , then d̂(x, y) = t − (q − p − 1) + 1 + s −
(q − p) = (t − q) + (s − q) + 2p + 2� d(xt , c) + d(ys, c) + 2p + 2= d(x, y) + 2p + 2.
Therefore,d̂(x, y) − d(x, y) � 2p + 2 and we are done in casek = 2p + 3 and in case
k = 2p + 2 with d(xt , c) > d(xt , xq) = t − q or d(ys, c) > d(ys, yq) = s − q. It remains to
consider the following two cases.

Case 1. xq−p−1yq−p /∈ E.

In this case the binding edgexlym of the maximum-neighbor pathP ′ is too far from
layerLq (l � q −p −1 andm � q −p −1 hold), and we can create an induced cycle inG

of length at least 2p+3 (see Fig. 7). Indeed, since no edge can exist between inner ve
of pathP ′′ and vertices of a subpathP ′′′ = (xq−2, . . . , xl, ym, . . . , yq−2) of P ′, pathsP ′′
andP ′′′ together with edgesxq−1xq−2, yq−1yq−2 form an induced cycle inG of length
� length(P ′′)+p +1+p � 2+2p+1= 2p +3. AsG is k-chordal, no induced cycles o
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length greater thank are allowed. Therefore, we conclude thatk = 2p + 3, length(P ′′) = 2
andxq−p−1yq−p−1 ∈ E, i.e., l = m = q − p − 1. Furthermore, ifd(xt , c) > d(xt , xq) =
t − q or d(ys, c) > d(ys, yq) = s − q, then fromd̂(x, y) = t − (q − p − 1) + 1+ s − (q −
p −1) = (t −q)+ (s −q)+2p +3< d(xt , c)+d(ys, c)+2p +3= d(x, y)+2p +3, we
deduce that̂d(x, y)−d(x, y) � 2p+2= k−1. So, we may assumed(xt , c) = d(xt , xq) =
t −q, d(ys, c) = d(ys, yq) = s −q, and henceP ∩Lq = {c} and, by Claim 1,c < {xq, yq}.
From length(P ′′) = 2, we have alsoxq−1c, yq−1c ∈ E. Now assuming, without loss o
generality, thatxq < yq , and havingc < xq < yq , mn(yq)c ∈ E and mn(yq)xq /∈ E, we
arrive at a contradiction with property (P4).

Case 2. k = 2p + 2 andxq−p−1yq−p ∈ E.

In this case we haved(xt , c) = d(xt , xq) = t − q, d(ys, c) = d(ys, yq) = s − q, and
hence againP ∩ Lq = {c} and, by Claim 1,c < {xq, yq}. Inner vertices of a shortest pa
P ′′ are not adjacent to any vertex fromP ′′′ = (xq−2, . . . , xq−p−1, yq−p, . . . , yq−2) (note
that if p = 1 thenP ′′′ = (xq−2)). To avoid an induced cycle ofG of length� 2p + 3
(formed by vertices ofP ′′ andP ′′′), we must have length(P ′′) = 2, i.e.,xq−1c, yq−1c ∈ E

(see Fig. 7 for an illustration). Assuming again, without loss of generality, thatxq < yq , and
havingc < xq < yq , mn(yq)c ∈ E and mn(yq)xq /∈ E, we arrive at the same contradictio
with property (P4). �
Corollary 12. Let G be a distance-hereditary graph andσ be a BFS-ordering ofG. Then
the distances returned in̂d by the algorithm APASP are the real distances, i.e.,d̂(v, u) =
d(v,u) for anyv,u ∈ V .

Proof. In the proof of Theorem 7 we have shown that, for any verticesv,u, the maximum-
neighbor path connecting them is an induced path. Since any induced path in dis
hereditary graphs is a shortest one (see [7]) and the length of the maximum-neighb
connectingv andu is d̂(v, u), we haved̂(v, u) = d(v,u). �
Corollary 13. All distances ink-chordal graphs with an additive one-sided error of at m
k − 1 can be found inO(n2) time.

Corollary 14. All distances in hole-free graphs with an additive one-sided error of at m
3 can be found inO(n2) time.

Corollary 15. All distances in weakly chordal graphs with an additive one-sided erro
at most3 can be found inO(n2) time.

The result can be strengthened further for AT-free graphs.

Theorem 8. LetG be an AT-free graph andσ be a BFS-ordering ofG. Then, for all vertices
x, y ∈ V , the distances returned in̂d by the algorithm APASP satisfy the inequality

0� d̂(x, y) − d(x, y) � 2.
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Fig. 8. A weakly chordal graph with a LexBFS-
ordering;d̂1,3 − d1,3 = 3.

Fig. 9. A 5-chordal graph with a LexBFS-ordering
d̂1,3 − d1,3 = 4.

Fig. 10. A 6-chordal graph with a LexBFS-ordering;
d̂1,3 − d1,3 = 5.

Fig. 11. A chordal graph with a BFS-ordering
d̂1,2 − d1,2 = 2.

Proof. As in the proof of Theorem 7, letP be a shortest path ofG connecting verticesx
andy, c be a vertex fromP closest tou, andPx = (u = x0, x1, . . . , xt−1, xt = x), Py =
(u = y0, y1, . . . , ys−1, ys = y), P ′ = (x = xt , xt−1, . . . , xl, ym, . . . , ys−1, ys = y) be the
maximum-neighbor paths betweenx andu, y andu, x andy, respectively. Assume als
c ∈ Lq and, without loss of generality,xq < yq (see Fig. 7).

If there is no edge between a subpathP ′
x = (xq−1, . . . , xt−1, x) of Px and a subpath

P ′
y = (yq−1, . . . , ys−1, y) of Py , then verticesxq , yq and u form an asteroidal triple

(note that path(u = x0, x1, . . . , xq−1, xq) avoids the closed neighborhood ofyq , path
(u = y0, y1, . . . , yq−1, yq) avoids the closed neighborhood ofxq , and verticesxq, yq can
be joined by a path in{xq, xq+1, . . . , xt−1} ∪ P ∪ {ys−1, . . . , yq+1, yq} which avoids the
closed neighborhood ofu). Since this is impossible in AT-free graphs, the binding e
xlym of P ′ must be between pathsP ′

x andP ′
y , i.e., l � q − 1 andm � q (recall, that we

have assumedxq < yq ).
Thus,d̂(x, y) � t −(q−1)+1+s−q = (t −q)+(s−q)+2� d(xt , c)+d(ys, c)+2=

d(x, y) + 2. Therefore,d̂(x, y) − d(x, y) � 2 and we are done.�
In Figs. 8, 9 and 10 we present three graphs with BFS-orderings which show th

bound stated in Theorem 7 is tight at least for 4-, 5-, and 6-chordal graphs. Since
derings shown in these figures are even LexBFS-orderings, considering LexBFS i
of BFS in Theorem 7 will not give any better bound (fork � 4). In contrast, fork = 3,
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i.e., for chordal graphs, a LexBFS-ordering gives a better result than a BFS-order
turns out that a BFS-ordering is not enough to get an additive one-sided error of at
for all chordal graphs (see Fig. 11 for an example). The domino with a LexBFS-ord
presented in Fig. 6 shows that the bound in Theorem 8 for AT-free graphs is tight.

Corollary 16. All distances in AT-free graphs with an additive one-sided error of at m
2 can be found inO(n2) time.

Note that distances ink-chordal graphs were already considered in [13]. It was sh
that for any k-chordal graphG = (V ,E) there exists a treeT = (V ,F ) such that
|dG(u, v) − dT (u, v)| � 	k/2
 + α for all u,v ∈ V , whereα = 1 if k �= 4,5, andα = 2
otherwise. Such a treeT can be constructed in linear timeO(n + m).

5. Conclusion

In this paper we presented a very simple and efficient approach for solving the A
problem on weakly chordal graphs and its subclasses. The same approach worked w
on graphs with small size of largest induced cycle. It gave a unified way to solve the
and APASP problems on different graph classes, including weakly chordal, House
free, House-Hole-Domino-free, chordal, AT-free, strongly chordal, chordal bipartite
distance hereditary graphs. With one shot we obtained many known results on dista
particular graph classes.

We conclude this paper with few open problems.

1. For which other graph classes (with special vertex orderings) can this approach
good approximation of distances?

2. Can one characterize those vertex orderings along which the APASP algorith
compute the exact distances (or approximate distances with an additive one-side
of at most 1, 2, . . . )?

3. Can the maximum-neighbor path concept developed here be used for designin
routing and/or distance labeling schemes in those graph classes? (For definitio
concepts of routing schemes and distance labeling schemes see the recent
Peleg [31].)
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