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Abstract. A t-spanner of a graph G is a spanning subgraph S in which
the distance between every pair of vertices is at most t times their dis-
tance in G. The sparsest t-spanner problem asks to find, for a given
graph G and an integer t, a t-spanner of G with the minimum number of
edges. On general n-vertex graphs, the problem is known to be NP-hard
for all t ≥ 2, and, even more, it is NP-hard to approximate it with ratio
O(log n) for every t ≥ 2. For t ≥ 5, the problem remains NP-hard for
planar graphs, and up to now the approximability status of the problem
on planar graphs considered to be open. In this note, we resolve this
open issue by showing that the sparsest t-spanner problem admits a
polynomial time approximation scheme (PTAS) for every t ≥ 1. Actu-
ally, our results hold for a much wider class of graphs, namely, on the
class of apex-minor-free graphs which contains the classes of planar and
bounded genus graphs.

1 Introduction

The concept of sparse graph spanners was introduced in [28] and [29] and has
been studied since then in a number of papers, in the context of wired or wireless
communication networks, distributed computing, robotics, computational geom-
etry and biology [2,3,11,12,13,15,28,29]. A t-spanner of a graph G is a spanning
subgraph S in which the distance between every pair of vertices is at most t
times their distance in G. One is interested in finding a sparsest t-spanner for a
graph G, i.e., a t-spanner with the minimum number of edges.

The original application of spanners was in the efficient simulation of synchro-
nized protocols in unsynchronized networks [5,29]. Thereafter spanners were used
in the design of low-stretch routing schemes using small routing tables (see [6,30]
and the references therein), computing almost shortest paths in graphs [18], and
in approximation algorithms for geometric spaces [27]. A recent application of
spanners is in the design of approximate distance oracles and labeling schemes
for arbitrary metrics; see [30,31] for further references. In all the applications
cited above the quality of the solution is directly related to the quality of the
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underlying spanners. For example, in [29], close relationships were established
between the quality of spanners (in terms of stretch factor t and the number of
spanner edges), and the time and communication complexities of any synchro-
nizer for the network based on this spanner.

Unfortunately, as it was shown in [28], the problem of determining, for a given
graph G and integers t and m, whether G has a t-spanner with at most m edges
is NP-complete. This indicates that it is unlikely to find in polynomial time an
exact solution for the sparsest t-spanner problem in general graphs even for small
values of t and m. Later, [24] showed that for every t ≥ 2 there is a constant
c < 1 such that it is NP-hard to approximate the sparsest t-spanner with the
ratio c · log n, where n is the number of vertices in the graph. On the other
hand, the problem admits a O(log n)-ratio approximation for t = 2 [25,24] and a
O(n2/(t+1))-ratio approximation for t > 2 [21]. For some other inapproximability
and approximability results for the sparsest t-spanner problem on general graphs
we refer the reader to [19,20,21] and papers cited therein.

In this note, we consider the sparsest t-spanner problem on so-called apex-
minor-free graphs which is a large class of graphs including all planar graphs
and all graphs with bounded genus. Spanners for these graph classes were con-
sidered in [16]. Particularly, it was shown that for any fixed positive integer t
and nonnegative integer r, it is possible to decide in a polynomial time whether
a graph G has a t-spanner with at most n− 1+ r edges. From another side, it is
known that, on planar graphs, the problem of determining, for a given graph G
and integers m and t, if G has a t-spanner with at most m edges is NP -complete
for every fixed t ≥ 5 (the case 2 ≤ t ≤ 4 is open) [10]. This indicates that it is
unlikely to find in polynomial time an exact solution for the sparsest t-spanner
problem in planar graphs, too, and, consequently, a possible remaining course
of action for investigating the problem is devising approximation algorithms
for it.

Here, we show that the sparsest t-spanner problem admits a polynomial time
approximation scheme (PTAS) on the class of apex-minor-free graphs for every
t ≥ 1 (and, hence, for the planar graphs and for the graphs with bounded
genus). For NP-hard optimization problems, a PTAS is one of the best types of
algorithm one can hope for. In proving our result, we employ the well known
technique for solving NP-hard problems on planar graphs proposed by Baker [7]
and generalized by Eppstein [22,23] (see also [14]) to graphs with bounded local
treewidth (alias, apex-minor-free graphs). Previously, a PTAS was known only
for the sparsest 2-spanner problem on 4-connected planar triangulations [17].

Our result also answers the following questions explicitly mentioned in in [10]
and [17]:

– What is the approximability status of the sparsest t-spanner problem for
planar graphs?

– Does a PTAS exist for the sparsest t-spanner problem for 4-connected planar
triangulations and t > 2, or even for all planar graphs?
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2 Preliminaries

In this section we present necessary definitions, notations and some auxiliary
results.

Let G = (V, E) be an undirected graph with the vertex set V and edge set
E. We often will use notations V (G) = V and E(G) = E. For U ⊆ V by G[U ]
is denoted the subgraph of G induced by U . The distance distG(u, v) between
vertices u and v of a connected graph G is the length (the number of edges) of
a shortest u, v-path in G.

Let t be a positive integer. A subgraph S of G, such that V (S) = V (G), is
called a (multiplicative) t-spanner of G, if distS(u, v) ≤ t · distG(u, v) for every
pair of vertices u and v. The parameter t is called the stretch factor of S. It is
easy to see that the t-spanners can equivalently be defined as follows.

Proposition 1. Let G be a connected graph, and t be a positive integer. A span-
ning subgraph S of G is a t-spanner of G if and only if for every edge (x, y) of
G distS(x, y) ≤ t.

Let A ⊆ E(G). We call a subgraph S of G, such that for every edge (x, y) ∈ A
distS(x, y) ≤ t, a partial t-spanner for A. Clearly, if A = E(G) then a partial
t-spanner for this set is a t-spanner for G.

The sparsest t-spanner problem asks to find, for a given graph G and an
integer t, a t-spanner of G with the minimum number of edges. Correspondingly,
the sparsest partial t-spanner problem asks to find a partial t-spanner with
the minimum number of edges for a given graph G, an integer t and a set
A ⊂ E(G).

A tree decomposition of a graph G is a pair (X, U) where U is a tree whose
vertices we call nodes and X = ({Xi | i ∈ V (U)}) is a collection of subsets of
V (G) such that

1.
⋃

i∈V (U) Xi = V (G),
2. for each edge (v, w) ∈ E(G), there is an i ∈ V (U) such that v, w ∈ Xi, and
3. for each v ∈ V (G) the set of nodes {i | v ∈ Xi} forms a subtree of U .

The width of a tree decomposition ({Xi | i ∈ V (U)}, U) equals max
i∈V (U)

{|Xi|−1}.

The treewidth of a graph G is the minimum width over all tree decompositions
of G. We use notation tw(G) to denote the treewidth of a graph G.

It is said that a graph class G has bounded local treewidth if there is a function
f(r) (which depends only on r) such that for any graph G in G, the treewidth
of the subgraph of G induced by the set of vertices at distance at most r from
any vertex is bounded above by f(r). A graph class G has linear local treewidth
if f(r) = O(r). For example, it is known [9,1] that, for every planar graph G,
f(r) ≤ 3r − 1, and a corresponding tree decomposition of width at most 3r − 1
of the subgraph induced by the set of vertices at distance at most r from any
vertex can be found in time O(rn).

Given an edge e = (x, y) of a graph G, the graph G/e is obtained from G
by contracting the edge e; that is, to get G/e we identify the vertices x and y
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and remove all loops and replace all multiple edges by simple edges. A graph
H obtained by a sequence of edge-contractions is said to be a contraction of G.
H is a minor of G if H is a subgraph of a contraction of G. A graph class G is
minor-closed if for every graph G ∈ G all minors of G are in G, too.

We say that a graph G is H-minor-free when it does not contain H as a minor.
We also say that a graph class G is H-minor-free (or, excludes H as a minor)
when all its members are H-minor-free. Clearly, all minor-free graph classes are
minor-closed.

An apex graph is a graph obtained from a planar graph G by adding a vertex
and making it adjacent to some vertices of G. A graph class is apex-minor-
free if it does not contain any graph with some fixed apex graph as a minor. For
example, planar graphs (and bounded-genus graphs) are apex-minor-free graphs.

Eppstein [22,23] characterized all minor-closed graph classes that have
bounded local treewidth. It was proved that they are exactly apex-minor-free
graphs. These results were improved by Demaine and Hajiaghayi [14]. They
proved that all apex-minor-free graphs have linear local treewidth.

3 Main Result

Many optimization problems can be solved efficiently for graphs of bounded
treewidth by formulating the problem in a logical language, called Monadic Sec-
ond Order Logic (abbr. MSOL). It is known that problems which can be expressed
in this way can be solved in linear time for graphs with bounded treewidth [4]. We
need such a result for the sparsest partial t-spanner problem.

Lemma 1. Let k and t be positive integers. Let also G be a graph of treewidth
at most k, and let A ⊆ E(G). The sparsest partial t-spanner problem can
be solved by a linear-time algorithm (the constant which is used in the bound of
the running time depends only on k and t) if a corresponding tree decomposition
of G is given.

Proof. The sparsest partial t-spanner problem can formulated in MSOL as
follows. We ask for a a subgraph S of G (i.e. a subset of edges) with the fol-
lowing property: for every edge (x, y) ∈ A distS(x, y) ≤ t. This property
is expressible in MSOL because distS(x, y) ≤ t means that there are edges
(v0, v1), (v1, v2), . . . , (vl−1, vl) ∈ E(S) for some l ≤ t such that x = v0 and y = vl.
Then the claim follows from the well known results of Arnborg et al.[4]. ��

It should be noted also that the dynamic-programming algorithm for the case A =
E(G) was given by Makowsky and Rotics [26]. The algorithm of Makowsky and
Rotics can be easily adapted to solve the problem for arbitrarily choice of A.

Let u be a vertex of a graph G. For i ≥ 0 we denote by Li the i-th level
of breadth first search, i.e. the set of vertices at distance i from u. We call
the partition of the vertex set V (G) L(G, u) = {L0, L1, . . . , Lr} breadth first
search (BFS) decomposition of G. We assume for convenience that for BFS
decomposition L(G, u) Li = ∅ for i < 0 or i > r, and we use further negative
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indices and indices that are more than r. It can be easily seen that the BFS
decomposition can be constructed by the breadth first search in a linear time.

Let G be a graph with BFS decomposition L(G, u) = (L0, L1, . . . , Lr), and t
be a positive integer. Suppose that i ≤ j are integers. For i ≤ j we define

Gij = G[
j⋃

k=i

Lk].

Graph Gij is shown on Fig. 1.

u

Li−�t/2�

Li

Lj

Lj+�t/2�
A


t/2�


t/2�

Fig. 1. Graphs Gij and G′
ij

The following result is due to Demaine and Hajiaghayi [14] (see also the work
of Eppstein [23]),

Lemma 2 ([14]). Let G be an apex-minor-free graph. Then tw(Gij) = O(j−i).

Denote by G′
ij = Gi−�t/2�,j+�t/2� (see Fig. 1), and let A = E(Gij). Let S be a

t-spanner of G and S′ be the subgraph of S induced by V (G′
ij). We need the

following claim.

Lemma 3. S′ is a partial t-spanner for A in G′
ij .

Proof. Let (x, y) ∈ A. Note that x, y ∈ V (Gij). Since S is a t-spanner for G, we
have that there is a x, y-path P in S of length at most t. Suppose that some
vertex v of this path does not belong to G′. Then v ∈ Ll for some l < i−
t/2� or
l > j+
t/2�. By the definition of the BFS decomposition distG(x, v) > 
t/2� and
distG(y, v) > 
t/2�. But then P has length at least distG(x, v) + distG(v, y) ≥
2
t/2� + 2 > t. So, all vertices of P are vertices of G′

ij , and this path is a path
in S′. ��
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Now we are ready to describe our algorithm. Let t, k be positive integers,
t < k. For a given apex-minor-free graph G the BFS decomposition L(G, u) =
(L0, L1, . . . , Lr) is constructed for some vertex u.

If r ≤ k then a t-spanner S of G is constructed directly. We use the fact that
tw(G) = O(k) and, for example, use Bodlaender’s Algorithm [8] to construct in
linear time a suitable tree decomposition of G. Then, by Lemma 1, a sparsest
t-spanner of G can be found in linear time.

u
i k − 1 k − 1

G′
i

Fig. 2. Graphs G′
j

Suppose now that r > k. We consequently construct t-spanners Si of G for
i = 1, 2, . . . , k − 1 as follows. Let

Ji = {j ∈ {2 − k, 3 − k, . . . , r − 1} : j ≡ i ( mod k − 1)}.

For every j ∈ Ji we consider graph G′
j = Gj−�t/2�,j+k+�t/2�−1 and set of

edges Aj = E(Gj,j+k−1). In other words, we ”cover” graph G by graphs
G′

i−(k−1), G
′
i, G

′
i+(k−1), . . . , and two consecutive graphs ”overlap” by 2
t/2� + 1

levels in the BFS decomposition (see Fig. 2). The union of all sets Aj is the set
E(G). By Lemma 2, tw(G′

j) = O(k+ t). For every graph G′
j we construct a spars-

est partial t-spanner Sij for Aj in G′
j by making use of Lemma 1. We define

Si =
⋃

j∈Ji

Sij .

Finally, we choose among graphs S1, S2, . . . , Sk−1 the graph with the minimum
number of edges and denote it by S.

The following theorem describes properties of the graph S.

Theorem 1. Let S be the subgraph of an apex-minor-free graph G, obtained by
the algorithm described above. Then the following holds

1. S is a t-spanner of G.
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2. For every t and k > t, S can be constructed by a linear-time algorithm.
3. S has at most (1 + t+1

k−1 )OPT(G) edges, where OPT(G) is the number of
edges in the solution of the sparsest t-spanner problem on G.

Proof. 1. Every Si is a t-spanner of G. Indeed, for every (x, y) ∈ E(G), there is
j ∈ Ji such that (x, y) ∈ Aj , and distSi(x, y) ≤ distSij (x, y) ≤ t.

2. The second claim yields by Lemmata 1 and 2.
3. If k ≥ r then the claim is obvious. Let k < r and let T be a t-spanner of

G with the minimum number of edges, m = |E(T )| = OPT(G). Assume that
i ∈ {1, 2, . . . , k − 1} and j ∈ Ji. Let Tj = T [V (G′

j)]. By Lemma 3, Tj is a partial
t-spanner for the set Aj in Tj. Then

|E(Tj)| ≥ |E(Sij)|,

and

|E(Si)| ≤
∑

j∈Ji

|E(Tj)|

= m +
∑

j∈Ji

|E(T ) ∩ E(Gj−�t/2�,j+�t/2�)|.

We have only to note that

|E(S)| = min
1≤i≤k−1

|E(Si)|

≤ m + min
1≤i≤k−1

∑

j∈Ji

|E(T ) ∩ E(Gj−�t/2�,j+�t/2�)|

≤ m + min
1≤i≤k−1

∑

j∈Ji

|E(Gj−�t/2�,j+�t/2�)|

≤ (1 +
t + 1
k − 1

)m. ��

Finally, we have the following corollary.

Corollary 1. For every t ≥ 1, the sparsest t-spanner problem admits a
PTAS with linear running time for the class of apex-minor-free graphs (and,
hence, for the planar graphs and for the graphs with bounded genus).

Note that, since the proof of Lemma 1 was not constructive, we can not claim
that we have a very efficient algorithm. It would be interesting to find a more
efficient solution to the problem at least for the class of planar graphs by utilizing
the dynamic programming technique, the planarity of the graph and the specifics
of the problem. For the planar graphs, the initial problem on G will be reduced
to a subproblem of constructing a sparsest partial t-spanner for a subgraph of
G with bounded outerplanarity.
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