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Abstract. Clique-width of graphs is a major new concept with respect
to efficiency of graph algorithms; it is known that every algorithmic
problem expressible in a certain kind of Monadic Second Order Logic
called LinEMSOL(τ1,L) by Courcelle, Makowsky and Rotics, is solvable
in linear time on any graph class with bounded clique-width for which
a k-expression for the input graph can be constructed in linear time.
The concept of clique-width extends the one of treewidth since bounded
treewidth implies bounded clique-width.
We give a complete classification of all graph classes defined by forbidden
one-vertex extensions of the P4 with respect to their clique-width. Our
results extend and improve recently published structural and complexity
results in a systematic way.

1 Introduction

Recently, in connection with graph grammars, Courcelle, Engelfriet and Rozen-
berg in [15] introduced the concept of clique-width of a graph which has attracted
much attention due to the fact that, in [16], Courcelle, Makowsky and Rotics
have shown that every graph problem definable in LinEMSOL(τ1,L) (a variant
of Monadic Second Order Logic) is linear-time solvable on graphs with bounded
clique-width if a k-expression describing the input graph is given. The problems
Vertex Cover, Maximum Weight Stable Set (MWS), Maximum Weight Clique,
Steiner Tree and Domination are examples of LinEMSOL(τ1,L) definable prob-
lems. Note that every class of bounded treewidth has bounded clique-width as
well (see [17].

It is known that the class of P4-free graphs (also called cographs) is exactly
the class of graphs having clique-width at most 2, and a 2-expression can be
found in linear time along the cotree of a cograph. Due to the basic importance
of cographs, it is of interest to consider graph classes defined by forbidden one-
vertex extensions of a P4 - see Figure 1 - which are natural generalizations of
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cographs. The aim of this paper is to investigate the structure and to classify
the clique-width of all these graph classes in a systematic way. This is also
motivated by known examples such as the (P5,co-P5,bull)-free graphs studied by
Fouquet in [20] (see Theorem 16) and the (P5,co-P5,chair)-free graphs studied by
Fouquet and Giakoumakis in [21] (see Theorem 13). Moreover, there are papers
such as [29, 34] dealing with (chair,co-P,gem)-free graphs and [24] dealing with
(P5,P,gem)-free graphs where it is shown that the MWS problem can be solved
in polynomial time on these classes. Our results imply bounded clique-width
and linear time for the MWS problem and any other LinEMSOL(τ1,L) definable
problem for these classes as well as for many other examples. This also continues
research done in [2–5, 8–11].

Due to space limitations, all proofs in this extended abstract are omitted;
they are contained in the full version of the paper.

Throughout this paper, let G = (V,E) be a finite undirected graph without
self-loops and multiple edges and let |V | = n, |E| = m. The edges between two
disjoint vertex sets X,Y form a join, denoted by 1© (co-join, denoted by 0©) if
for all pairs x ∈ X, y ∈ Y , xy ∈ E (xy /∈ E) holds. A vertex z ∈ V distinguishes
vertices x, y ∈ V if zx ∈ E and zy /∈ E. A vertex set M ⊆ V is a module if no
vertex from V \M distinguishes two vertices from M , i.e., every vertex v ∈ V \M
has either a join or a co-join to M . A module is trivial if it is either the empty
set, a one-vertex set or the entire vertex set V . Nontrivial modules are called
homogeneous sets. A graph is prime if it contains only trivial modules. The notion
of modules plays a crucial role in the modular (or substitution) decomposition
of graphs (and other discrete structures) which is of basic importance for the
design of efficient algorithms - see e.g. [32] for modular decomposition of discrete
structures and its algorithmic use.

For U ⊆ V let G(U) denote the subgraph of G induced by U . Throughout
this paper, all subgraphs are understood to be induced subgraphs. A vertex
set U ⊆ V is stable (or independent) in G if the vertices in U are pairwise
nonadjacent. Let co-G = G = (V,E) denote the complement graph of G. A
vertex set U ⊆ V is a clique in G if U is a stable set in G.

For k ≥ 1, let Pk denote a chordless path with k vertices and k − 1 edges,
and for k ≥ 3, let Ck denote a chordless cycle with k vertices and k edges. A
hole is a Ck, k ≥ 5. Note that the P4 is the smallest nontrivial prime graph and
the complement of a P4 is a P4 itself.

See Figure 1 for the definition of the chair, P , bull, gem and their comple-
ments. Note that the complement of a bull is a bull itself. The diamond is the
K4 − e, i.e., a four vertex clique minus one edge.

Let F denote a set of graphs. A graph G is F-free if none of its induced
subgraphs is in F . There are many papers on the structure and algorithmic
use of prime F-free graphs for F being a set of P4 extensions; see e.g. [20–22,
25, 26, 28, 2, 4, 3, 11]. A graph is a split graph if G is partitionable into a clique
and a stable set. It is known [19] that G is a split graph if and only if it is a
(2K2,C4,C5)-free graph.
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Fig. 1. All one-vertex extensions of a P4

In what follows, we need the following classes of (prime) graphs:

– G is a thin spider if its vertex set is partitionable into a clique C and a stable
set S with |C| = |S| or |C| = |S|+ 1 such that the edges between C and S
are a matching and at most one vertex in C is not covered by the matching
(an unmatched vertex is called the head of the spider).

– A graph is a thick spider if it is the complement of a thin spider.
– G is matched co-bipartite if its vertex set is partitionable into two cliques
C1, C2 with |C1| = |C2| or |C1| = |C2| − 1 such that the edges between C1
and C2 are a matching and at most one vertex in C1 and C2 is not covered
by the matching.

– G is co-matched bipartite if G is the complement graph of a matched co-
bipartite graph.

– A bipartite graph B = (X,Y,E) is a chain graph [33] if for all vertices
from X (Y ), their neighborhoods in Y (X) are linearly ordered. If moreover,
|X| = |Y | and for all vertices from X (Y ), their neighborhoods in Y (X)
have size 1, 2, . . . , |Y | (1, 2, . . . , |X|) then these graphs are prime.

– G is a co-bipartite chain graph if it is the complement of a bipartite chain
graph.

– G is an enhanced co-bipartite chain graph if it is partitionable into a co-
bipartite chain graph with cliques C1, C2 and three additional vertices a, b, c
(a and c optional) such that N(a) = C1 ∪ C2, N(b) = C1, and N(c) = C2,
and there are no other edges in G.

– G is an enhanced bipartite chain graph if it is the complement of an enhanced
co-bipartite chain graph.
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2 Cographs, Clique-Width and Expressibility of Problems

The P4-free graphs (also called cographs) play a fundamental role in graph de-
composition; see [14] for linear time recognition of cographs, [12–14] for more
information on P4-free graphs and [7] for a survey on this graph class and related
ones. For a cograph G, either G or its complement is disconnected, and the cotree
of G expresses how the graph is recursively generated from single vertices by re-
peatedly applying join and co-join operations. The cotree representation allows
to solve various NP-hard problems in linear time when restricted to cographs,
among them the problems Maximum Weight Stable Set and Maximum Weight
Clique. Note that the cographs are those graphs whose modular decomposition
tree contains only join and co-join nodes as internal nodes.

Based on the following operations on vertex-labeled graphs, namely

– creation of a vertex labeled by integer l,
– disjoint union (i.e., co-join),
– join between all vertices with label i and all vertices with label j for i �= j,

and
– relabeling vertices of label i by label j,

the notion of clique-width cwd(G) of a graph G is defined in [15] as the
minimum number of labels which are necessary to generate G by using these
operations. Cographs are exactly the graphs whose clique-width is at most two.

A k-expression for a graph G of clique-width k describes the recursive gen-
eration of G by repeatedly applying these operations using at most k different
labels.

Proposition 1 ([16, 17]) The clique-width of a graph G is the maximum of
the clique-width of its prime subgraphs, and the clique-width of the complement
graph G is at most twice the clique-width of G.

Recently, the concept of clique-width of a graph attracted much attention
since it gives a unified approach to the efficient solution of many algorithmic
graph problems on graph classes of bounded clique-width via the expressibility
of the problems in terms of logical expressions.

In [16], it is shown that every problem definable in a certain kind of Monadic
Second Order Logic, called LinEMSOL(τ1,L) in [16], is linear-time solvable on
any graph class with bounded clique-width for which a k-expression can be
constructed in linear time.

Hereby, in [16], it is mentioned that, roughly speaking, MSOL(τ1) is Monadic
Second Order Logic with quantification over subsets of vertices but not of edges;
MSOL(τ1,L) is the restriction of MSOL(τ1) with the addition of labels added
to the vertices, and LinEMSOL(τ1,L) is the restriction of MSOL(τ1,L) which
allows to search for sets of vertices which are optimal with respect to some
linear evaluation functions.

The problems Vertex Cover, Maximum Weight Stable Set, Maximum Weight
Clique, Steiner Tree and Domination are examples of LinEMSOL(τ1,L) definable
problems.
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Theorem 1 ([16]) Let C be a class of graphs of clique-width at most k such that
there is an O(f(|E|, |V |)) algorithm, which for each graph G in C, constructs a
k-expression defining it. Then for every LinEMSOL(τ1,L) problem on C, there
is an algorithm solving this problem in time O(f(|E|, |V |)).

As an application, it was shown in [16] that P4-sparse graphs and some
variants of them have bounded clique-width. Hereby, a graph is P4-sparse if no
set of five vertices in G induces at least two distinct P4’s [25, 26]. From the
definition, it is obvious that a graph is P4-sparse if and only if it contains no C5,
P5, P5, P , P , chair, co-chair (see Figure 1). See [11] for a systematic investigation
of superclasses of P4-sparse graphs.

In [25], it was shown that the prime P4-sparse graphs are the spiders (which
were called turtles in [25]), and according to Proposition 1 and the fact that the
clique-width of thin spiders is at most 4 (which is easy to see), it follows that
P4-sparse graphs have bounded clique-width.

Recently, variants of P4-sparse graphs attracted much attention because of
their applications in areas such as scheduling, clustering and computational se-
mantics. Moreover, all these classes are natural generalizations of cographs.

It is straightforward to see that the clique-width of matched co-bipartite (co-
matched bipartite) graphs, bipartite chain (co-bipartite chain) graphs as well as
the clique-width of induced paths and cycles is at most 4, and corresponding
k-expressions can be determined in linear time. Distance-hereditary graphs are
the (house,hole,domino,gem)-free graphs - see [1, 7]. In [23], Golumbic and Rotics
have shown that their clique width is at most 3 and corresponding k-expressions
can be determined in linear time.

3 Further Tools

Lemma 1 ([27]) If a prime graph contains an induced C4 (induced 2K2) then
it contains an induced co-P5 or A or domino (induced P5 or co-A or co-domino).

� ���� � ��� ������ �

Fig. 2. The A and domino and their complements

The proof of Lemma 1 can be extended in a straightforward way to the case
of a diamond instead of a C4. For this purpose let us call d-A the graph resulting
from an A graph by adding an additional diagonal edge in the C4, and d-domino
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Fig. 3. The d-A and d-domino and their complements

the graph resulting from a domino graph by adding an additional diagonal edge
in one of the C4’s - see Figure 3.

Lemma 2 If a prime graph contains an induced diamond (co-diamond) then it
contains an induced gem or d-A or d-domino (co-gem or co-d-A or co-d-domino).

Theorem 2 ([2]) Prime (P5,diamond)-free graphs are either matched co-
bipartite or a thin spider or an enhanced bipartite chain graph or have at most
9 vertices.

For a structure description of (P5,gem)-free graphs see [4] where the following
Lemma is shown:

Lemma 3 ([4]) Prime (P5,gem)-free graphs containing a co-domino are
matched co-bipartite.

Theorem 3 ([9]) If G is a prime (diamond,co-diamond)-free graph then G or
G is either a matched co-bipartite graph or G has at most 9 vertices.

Lemma 4 ([3]) Prime chair-free bipartite graphs are co-matched bipartite, a
path, or a cycle.

Lemma 5 ([10]) Prime chair-free split graphs are spiders.

Lemma 6 ([3, 18]) Prime (bull, chair)-free graphs containing a co-diamond
are either co-matched bipartite or a cycle or a path.

Lemma 7 Prime co-gem-free bipartite graphs are co-matched bipartite.

Lemma 8 Prime (co-diamond,gem)-free graphs containing a diamond have at
most 11 vertices.

4 Structure and Clique-Width Results

Figure 4 contains all combinations of three forbidden P4 extensions (enumerated
according to Figure 1). Each class together with its complement class occurs
only once; we take the lexicographically smaller class; for example, the (P5,co-
P5,gem)-free graphs are the (2,9,10)-free graphs, and its complement class is the
class of (P5,co-P5,co-gem)-free graphs, i.e., the (1,2,9)-free graphs; in Figure 4,
only the class (1,2,9) occurs.
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Fig. 4. All combinations of three forbidden P4 extensions; + (−) denotes bounded
(unbounded) clique-width

Theorem 4 ((1,2,9)) If G is a prime (P5,co-P5,gem)-free graph then G is
distance-hereditary or a C5.

The subsequent Theorems 5 and 6 are a simple consequence of Lemma 2.

Theorem 5 ((1,2,10),(1,4,10)) If G is a prime (P5,gem,co-gem)-free or (gem,
co-P, co-gem)-free graph then G is (diamond,co-diamond)-free.

Theorem 6 ((1,3,9),(1,7,9),(1,8,9)) If G is a prime (P5,gem,co-chair)-free
or (P5,gem,bull)-free or (P5,gem,chair)-free graph then G is (P5,diamond)-free.

Thus, the structure of the classes considered in Theorems 5 and 6 is described
in Theorems 2, 3 respectively.

Theorem 7 ((1,3,10)) If G is a prime (co-gem,chair,gem)-free graph then G
or G is a matched co-bipartite graph or G has at most 11 vertices.
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Theorem 8 ((1,4,9)) If G is a prime (P5,P ,gem)-free graph then G is a
matched co-bipartite graph or a distance-hereditary graph or a C5 .

Theorem 9 ((1,5,8), [8]) If G is a prime (chair, co-P, gem)-free graph then
G fulfills one of the following conditions:

(i) G is an induced path Pk, k ≥ 4, or an induced cycle Ck, k ≥ 5;
(ii) G is a thin spider;

(iii) G is a co-matched bipartite graph;
(iv) G has at most 11 vertices.

The next theorem is partially based on the structure of (P5, gem)-free graphs
described in [4]:

Theorem 10 ([5]) The clique width of (P5, gem)-free graphs is at most 9.

Thus, according to Theorem 10, the classes (1,5,9) and (1,6,9) have bounded
clique-width as well; however, their structure is more complicated than the pre-
vious examples and we do not know any linear time algorithm for determining
k-expressions for these graphs.

Theorem 11 ([6]) The clique-width of (gem,co-gem)-free graphs is at most 24.

The proof of Theorem 11 is technically very involved and does not give any
simpler structure description for the subclasses (1,6,10), (1,7,10), (1,6,7,10); we
do not know any linear time algorithm for determining k-expressions for these
graphs.

Theorem 12 ((1,7,8)) If G is a prime (bull,chair,gem)-free graph then G ful-
fills one of the following conditions:

(i) G or G is an induced path Pk, k ≥ 4, or an induced cycle Ck, k ≥ 5;
(ii) G or G is a co-matched bipartite graph;

(iii) G has at most 11 vertices.

Theorem 13 ((2,3,9), [21]) If G is a prime (P5,P5,chair)-free graph then G
is either a co-bipartite chain graph or a spider or C5.

Theorem 14 ((2,5,8), [11]) If G is a prime (chair,co-P,house)-free graph then
G fulfills one of the following conditions:

(i) G is an induced path Pk, k ≥ 4, or an induced cycle Ck, k ≥ 5;
(ii) G is a co-matched bipartite graph;

(iii) G is a spider.

Theorem 15 ((2,7,8), [3]) If G is a prime (P5,bull,chair)-free graph then G
is either a co-matched bipartite graph or an induced path or cycle or G is
(P5,diamond)-free.
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Fig. 5. Essential classes for all combinations of forbidden 1-vertex P4 extensions; +
(−) denotes bounded (unbounded) clique-width

Theorem 16 ((2,7,9), [20]) If G is a prime (P5,P5,bull)-free graph then G or
G is a bipartite chain graph or a C5.

Theorem 17 ((3,7,8), [3]) If G is a prime (bull,chair,co-chair)-free graph then
G or G is either a co-matched bipartite graph or an induced path or cycle.

Corollary 1 Every LinEMSOL(τ1,L) definable problem is solvable in linear time
on all graph classes of bounded clique-width (i.e. not indicated with − in Fig-
ure 4), except the classes (1,5,9), (1,6,9), (1,6,10), (1,7,10), (1,6,7,10).

Makowsky and Rotics have shown in [31] that the following grid types have
unbounded clique-width:

– the Fn grid (whose complements are (1,2,3,4,6,8)-free);
– the Hn,q grid (whose complements are (1,2,3,4,5,6,7)-free)

Moreover, they show that split graphs have unbounded clique width. This
implies unbounded clique-width for all classes with − in Figure 4 and in Figure 5.

Let F denote the 10 one-vertex extensions of the P4 (see Figure 1). For
F ′ ⊆ F , there are 1024 classes of F ′-free graphs. Figure 5 shows all inclusion-
minimal classes of unbounded clique-width and all inclusion-maximal classes of
bounded clique-width. As before, we consider the class of F ′-free graphs together
with its complement class, the co-F ′-free graphs, and mention only the lexico-
graphically smaller class. Note that any subclass of bounded clique-width has
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bounded clique-width as well, whereas any superclass of unbounded clique-width
has unbounded clique-width as well. Obviously, a graph with at least 5 vertices
is a cograph if and only if it contains none of the 10 possible one-vertex exten-
sions of a P4. For |F ′| ∈ {9, 8}, all these classes have bounded clique-width. For
|F ′| = 7 there is exactly one inclusion-minimal class (together with its comple-
ment class) of unbounded clique-width namely (1,2,3,4,5,6,7) (enumeration with
respect to Figure 1), and similarly for |F ′| = 6 and |F ′| = 5. For |F ′| = 4 there
is exactly one inclusion-maximal class of bounded clique-width namely (3,4,5,8).
For |F ′| = 3, the inclusion-maximal classes of bounded clique-width are (1,5,8),
(1,7,8), (2,3,9), (2,5,8), (2,7,8), (2,7,9), (3,7,8). For |F ′| = 2, the only classes
of bounded clique-width are (1,9) and (1,10), and for |F ′| = 1, all classes have
unbounded clique-width.
Open problem.

1. Is there a linear time algorithm for determining a k-expression with constant
k for the classes (1,9), (1,5,9), (1,6,9), (1,10), (1,6,10), (1,7,10), (1,6,7,10)?

Acknowledgement

The authors thank Van Bang Le for helpful discussions.

References

1. H.-J. Bandelt, H.M. Mulder, Distance-hereditary graphs, J. Combin. Theory
(B) 41 (1986) 182-208
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6. A. Brandstädt, H.-O. Le, R. Mosca, (Gem,co-gem)-free graphs have bounded
clique-width, Manuscript 2002
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10. A. Brandstädt, R. Mosca, On the Structure and Stability Number of P5- and
Co-Chair-Free Graphs, Manuscript 2001; accepted for Discrete Applied Math.
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