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We shall consider a number of familjes of difference schemes for the soluticn of
a two-point boundary value problem in conservation form and deduce conditions on
their coefficients sufficient for uniform convergence., We shall alse show that the

well known Scharfetter-Gummel scheme for the continuity equations in semi-conductor
devices 13 a sember of cne of these families.

¥We shall consider the following problem
elp(xlul (x))' + (alx)u _(x))* - rix)u (x) = s(x) 0 < x <! (1
uC(O) = A . uc(1) = B
with the following conditions on the coefficients
P>p(x) >p >0 , p'{x) >0 (2)

alx} 2 g4 >0 . 9t <0 : r(x) 20 .
These conditions are sufficient Lo guarantee that there exists a wmaximum principle

for the problem from which we may deduce stability of the solution.

We remark that the derivation of meaningful sufflcient conditions for problems
in conservation form is more cifficult than in the non-conservative form. This arises
in part because schemes for suych problems should be of essentially 'centered®
difference form to preserve the conservation properties of the original equation. The
derivation of sufficient conditions on the other hand depends on casting the
difference equation in "upwinded" form so that the sclution of the reduced differgnce
equaticn is stable anad a good approximation to the solution of the reduced
differential equation. Thus, for convenience in deducing the sufficient conditions,
we transform (1) to the non-conservative form :

cur(x) + alxjul(x) - vlxju_(x) = £(x) , 0 < x < 1 (3)
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whera

- g{x) *+ ep!(x} . rlx) - q'(x) . 3{x)
a(x)-ﬂ—me_ ) n(x}-———m.r_ o fx) = 2 (4}

Note that in this form a{x) is a function of ¢ as well ag x. In this case, rewriting

in terms of t = x/¢ we see the first boundary layer equation is just

()
vee(t) + %7“- v (t) = 0

Thus the ep'(x)/p{x} term plays no part in determining the first boundary layer
function. We may thus prove the following generalisation of Lemma 2.4 of {4,

Lemma 1
Let ue(x) be the solution of (1),(2} then

uefx) = yv(x)} + z{x}

where vix) = e‘q(o)x/p((})e

2 £ C{1 + ¢miTlg-gxsipe, 1< < ke,

Let us now consider a difference Scheme for the modified problem (3):

+ h hy .0 hh _ . h

€D.D u, + aiD+ui - bjuy = £y (5)
h _ h .
Uy = A Uy = B

Sufficient conditions for this difference scheme to be uniformly convergent are given
by the following lemma.

Lemma 2
If a difference scheme has the form (5) where cI = ca; , a? , b? , f? are bounded and
satizsfy the conditions
+ h h h
€20 , a; 2a'>0 bi >0 (1)
H a? - a(xi) | < Ch (1I)
b ol - b(x) 1 con (111)
e - f(x,) ! < cn (IV)
i HS



and fer any given ¥ a.t. C <%

»
P
—

H
i

a; w a{a(0)o)! iAcnu(p)xie‘q(C)p/p(‘) + Cho(a(0)s) O <X <X (Va)

where 0 < ¢ < x,*Ch , w(p) i3 a polynomial in p and o(z) =

e%-1

and }ei-c:<Ch §_<_xi_<_1. {Vb)

then (5} is uniformly convergent of order h to the soluticn of (3),(4)},(2) for all

h < hy < Xe

Froof: This is a slight generalisation of the proofs in {2],{3]. We consider v(x) and
z(x) seperately and bound the truncaticn error due to each by

~gx, /4pe
C (h + min(1,p)e 1

We then use the maximum principle to obtain a bound on the error.

We would now like to formulate famillies of difference schemes for the original

problem (1), rather than (3), and deduce conditions on the coefficients of these
schemes sufficient for uniform convergence.

Consider first the following family of achemes

h, h h,hy _ hoh _ .h 5
cé(cipisui) + G(qiaui) ryvy = sy (6)
ho_ no_
ug = A ' uy = B

where

$2y = (Zy4qs2 = Zyo9/2)/0
2y = (Zygyyp T 2430072
For this family of schemes we have the following sufficient conditions.

Theorem 1

The following conditiona on the coefficients of (6) are sufficient for uniform

convergence of at least order 1.

{el) The scheme (&) is uniformly stable,
(e1I) pl - plx )i < Ch
tPiays2 =172 =~
(clIl) iqh - q{x )1 < Ch 16{ b gl{x.)j! < ¢ch
1-1/2 j-1/2/4 2 v 191Gy R
{elV) ieh . r{x,}! < Ch
i 147 =
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(c¥) ?s? - s(xi); £ Ch

h
°qy_
(eVIa) 9y 1e =~ —H2 | 5(q(0)e/p(0))!
- 2 h
Pioqs2
£ Coutodxy ¢ PLENALOI L angq(0rarpon) L 0 < x, < %

a8 before

where 0 < ¢ ﬁ_xi T Ch , @(e) is a polynomial in ¢ ang 9{z) =
‘ e~~1
and

{eVIb) lcui - €} < Ch , X £ x

Proef: Rewriting this scheme in the form (5) we obtain

h
+ P /2. n
°1 % e T TRy /R (xy)
Pioyys2
al = (eé(a,ph + uqh)/ (x.)
1 1Py 1/ /PLX,
h_ . h_ . h n_ .h
by = (r} dqi)/p(xi) £y = sy/plxy)

It is easily verified that the conditions of Lemma 2 are satisfied and hence the
scheme is uniformly convergent.

An alternative family of difference schemes for (1) is given by the fcllowing
formulation.

h, h h h h.h _ .h
Eoiﬁ(piéui) * Dc(qiui) = rgup =8y, 1T LN {n

The conditions for this formulation are the same except for (clIl) and ({(cVia) which
are replaced by :

h
(eI11) oy - alxg)icon , ipgla} - alx)1i < cn
h
Pqs 4
{eVia) ioi - — ~ o{q(0)a/p(0)}!
P2
& Coulp)x, e PERNARIe o chocaiororpion) |, o <x < ®
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Similarly we could propose a number of other formulations and deduce sufficient
conditions for uniform convergence. The family of schemes given by (&) is more
natural than that given by (7) since (cV¥la) and the requirement for stability imply

that ¢, should be a function of nq?/Zp? which is a more natural form than in the case
of (7).

A particular example of each family was given in Part II, Sect. § of [{1] and a

proof of uniform convergence was given for the member of family (7). The scheme of
type (6) is given by:

cﬁ(ﬁip(xi)ﬁu?) + 6(q(xi)uu?) - r(xi)u? = 8(xy) (8)
where
pa(xy)
Gi = Yicothii and Yi = 2—9-(_1*)”‘
O'Riordan and Stynes {5] deduced a scheme, for the case b{x) = 0, using the

finite element methed and showed that it is uniformly convergent of order hz. It can
be easily verified that tnis scheme alsc satisfies the conditions of Theorem 1.
Numerical results also verify that (8} is uniformly convergent of crder h whereas
this scheme is uniformiy order hz.

in Fig. ' and Fig. 2.

Grapha of the results for both schemes are given

Fig 1 Fig 2
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A Practical Application

It is well known that classical methods are unsatisfactory for the solution of
the continuity equations in semi-conductor devices, Using the formulation in terms

of electron densitles the equation after scaling and assuming zero recombination is:
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(n* ="' n)'=9 . (9)

Using this scaling Markowitz et al.[(6] have shown that the Poisson eguation is a

singularly perturbed equation with small parameter . of order 10°2. In this scaling
(assuming the interface is at x = Q)

Pevix) 1< catt enCix/d
Thus ¥'(x) in (9) is unboundedg as i approaches 0 and multiplying by x we get:

{(an* = gqn }' =20 . (10)

where q(x} = x¢'(x) is a bounded function. Thus the continuity equation 1is also a

singularly perturbed problem in conservation form.

The mathod used widely in the literature to solve this equation i3 known as the
Scharfetter-Gummel mathod and is given by:

5 4 -0 i LA N i
#1172 F where  Jisqs2 = - Dyvy nD, v, “hD,¥,
1 = e 1 - e
Now it is easily shown that this is equivaient to the scheme (8), with p{x) = 1 ang
r(x) = s(x) =z 0, provided we take the natural approximation for q{x) = A¢'{x)} that
is:
qh = q(x } o= A6%
i+1/72 = iv1/27 ~ i+vis2
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