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ABSTRACT

It is shown in {19] that different types of routing schemes for circuit-switched trafiic
in a non-hierarchical network with uniform traffic intensity lead to different performance
trade-offs. it is also assumed in [19] that the network is symmaetric and the redirected traffic
on the links is Poisson. It is, however, not clear how the trade-offs would be effected by
using different traffic intensity on links, i.e., if nodes generate calls with different rates. This
paper analyzes the traffic behavior without assuming that the redirected traffic is necessarily
Poisson oi hat the network is sytnmetric. We examine a statistical model to obtain the
ezact limiting distribution and the end.to-end blocking probability of a single link, a group
of links and the entire network.

Keywords: circuit-switching, limiting distribution, networks, non-hierarchical, routing.

I INTRODUCTION

Alternate routing schemes have been widely used in hierarehical and non-hierarchical circuit-
switched networks (1}, {19), 8]. For nonhieratchical networks, it is known by Yum, T.G. and
Schwartz, M.[18] that there is a cut.off point for the traflic intensity {p) before which alternative
routing gives lower blocking probability than the direct routing for a given source-destination pair
in a symmetric network (18},[19}. Their analysis is based on the assumption that calls are gencrated
with the same arrival rate () and the same traffic intensity for each link, The call arrival process
were assumed to be Poisson and call holding time to be exponentially distributed with the same
parameters. Krupp(8) developed a mathematical inodel for symmetric and uniformly loaded net.
works with an alternate routing scheme. In his model, the blocking probability is considered as a
function of the external traffic load and a bistable blocking behavior was observed during overloads.
Later, Akinpelu {1} extended the analysis to nonsymmetric networks and similar instability results
were observed. Yum and Schwariz (18] compared different types of routing procedures for fully
connected networks. Their results showed that alternate routing performs better than nonalter-
nate (or direct) routing, if the network traffic is light. For heavy traffic, the direct routing performs
better as far as the end-to-end blocking probability of a particular link is concerned,

In this paper, we attempt to present an analytical model for the use of direct and alternate
routing schemes to compute the exact limiting distribution under various traffic load conditions

for both symmetric and asymmietric, fully and non-fully connected networks. We shal] show that
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there exist a cut-ofl surface for the blocking probability between direct and alternate routing, A
few natural questions arise when investigating direct and alternate routing for general networks.

+ Do such trade-offs always exist ?

¢ How sensitive is this surface, when the trafiic intensity is not the same for all nodes, le.,
nonuniform traflic gencrated by different nodes 7

¢ Ore would suspect the cut-off surface, when it exists, to be a more complicated function of
traffic intensities, eapecially when the network is '+ ot fully connected or asymmuetric. Also,
one might suspect that, {or different topologics, one could observe trade-off results which are
different from those doscribed in [19]. '

¢ What is the blocking probability and the cut-off surface for two specific nodes, and more
generally, what is the behavior of the joint blocking probability of a group of nodes or the
entire network 7

+ What does the cut-off surface look like when the links have different capacities 7

II. NETWORK MODEL AND STATISTICAL ASSUMPTIONS

First, we study the same network us in [19} but with a different approach. This approach is
based on the limiting joint distribution of the underling sMarkov process. We compared the di-
rect and alternate routing in terms of blocking probability for different types of traific. The tnain
assumption is that the arrival distributions are independent Poisson processes and holding time is
exponential,

For large number of nodes, the problem may become intractable when each link has many chan.
nels. Even for a small network, the number of possible states could by extremely large, depending
upon the topology of the netwark. We developed a set of algorithms to compute the set of all Pos-
sible valid states a network could attain, the state transitions, and the balance equations. Then we
used LINPACK soltware to solve these equations to compute the limiting blocking probability over
the specified group of nodes under different traffic patterns for both direct and alternate routing.

More precisely, let ny,- -, n; denote the switching nodes and ¢; be the link which directly
connects the nodes n; and n;. If the system is fully connected then there would be k(k - 1}/2 links
in the system, Otherwise, some of the links may be missing.

The main assumptions for the traffic is that the arrivals at each node and in each direction
are independent Poisson processes and the cail holding times (service times) are independent and
identically distributed exponential with parameter 4. These are standard assumptions in telephone
traffic modeling. We will assume that the redirected traffic takes negligible amount of time to find
an alternate connection, or to declare that the call is lost due to lack of availability of an end-to-end
connection, '

Direct routing scheme:

We assume that we have independent arrivals for the use of link &; where, 1 < 7,1, 7=1,2,...,k
At any time ¢, if a call arrives (either at node fn;, or ny to use the link £;) then the request will
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Figure I Configuration of fully cennected networks.

be granted if there is o free channel on the link. If there is no free channel, the eall is declared
lost. Thus the nodes in this protacol perform no redirection work. If the call is granted a channel,
it hoids the channel for a random duration which is exponentiaily distributed with parameter I
We assume that the arrival rate for the Poisson process to use the link Zij is Ay Clearly, the
limiting distribution of the number of busy channels at each link must exist. Lot Frifc) denote the
probability thau in the limit the ik Lij has ¢ channels busy, Thus, P;;(n)is the prabability that the
link is full. Since the arrival Processes are mutualiy independent, the joint limiting distribution is
the product of the marginal limiting distributions of each link, Thus, by the usual Erlang formula,
the limiting probability, that the link ¢ij has ¢;; channels busy, js:

I'iI Y
ijmviey Gl e PL /D

where, ¢;; € {0,1,...,n} and Pij = Ayfi . We will compare this distribution with the limiting
distribution of the alternate routing scheme,

Alternate routing scheme:

The independence of the link status is no longer valid due to the alternately routed traffic. The
situation is easily explained by considering the 3-node network. Further simplify the situation by
assuming n = 1. The state space of the system can be represented by the corners of 2 nnit cube.
Here the x-axis is the state of the link {12, the y-axis is the state of link Ly and the z-axis is the
state of link ¢33. These states are numbered as depicted in Figure 2. The corners represent the
ariginal eight states and the circles represent extra states representing the redirected traffic. This

i8 i8 a Markov process[15] as described in {11]. The comparison of these schemes is presented in the-
next section.

III. COMPARISON OF ROUTING SCHEMES

To avoid triviality, we assume that the network has no isolated node. The node in which the eall
is originated is calied the source node and the node in which the call is connected to is called the
destination node. If the direct link cornecting the source node to the destination is available then
the source node will try to send the information through the direct link. However, if the direct link
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Figure 2: Mustration of states and their mumbering,

is not available (either due to congestion or failure ) then the sonrce node may or may not reject the
request depending upon its routing scheme. In direct routing, the local routing algorithm rejects
any call onca the direct routa ls not available, In alternate routing, and in the absence of direct
link availability, the local routing algorithm tries to find the next available path leading 10 the
destination with minimum cost. By having this option, the system may utilize avaitable resources
better with less overal) blocking probabitity. However, the trade-off of this apparent gain is that
the longer the altornate route, the mare system resources it will use, and lence, il there are ton
many requests, the alternate traffic may occupy suflicient bandwidth to detract significantly from
the direct trafiic opportunitics. The direct routing scheme is very casy to study and the results are
well known {11]. In the following sections, we provide a method to compute the trde-off of using
dternate routing schieme and then compare the results with the direct routing.

This model provides a mechanism to compute the end-to-end blocking probability for a given
source-destination pair, a set of source-destination pairs, and the whole network. We study the
performance of the routing schemes for networks with small numbers of channels per link. One of
the encouraging observations is that the performance pattern of the two schemes did not change
when more channels were added to each link. This gives analytic evidence that one could study
a small prototype network of the same topology, rather than the actual network, havingaslarge
number of channels per link. The prototype network would have a smaller number of channels per
link, and hence a smaller number of balance equations. This approach is fairly generai and the
algorithma developed liere can, in principle, be used for any network.

For the sake of clarity of exposition, we present the analysis for 3 J-node network. Therefore,
most of the discussion will be restricted to this network, However, we should emphasize that the

method is general and can be applied 1o targer networks. ‘The Kolmogorov cquations of this net
work are given below,

The system of equations can be soived by hand with some effort and the solution was presented
in {11]. Ia this naner we look at the case where the links have two channels per link. Now it can be

85



shown that there are eighty five different states, [tis not easy to solve these equations by hand espa-
cially when the traffic rates p,y, pa and pay are different. We solved the system symbolically using
the MACSYMA symbolic algebra program developed at M1, for the case pig = pya = = .

(Arz+ Mat daa) P(0) = u(P(1)+ P(2) + P(3) + P(8)+ P(9) + (10
(A2 A+ Aoy + )P(1) = n( P4}y + P(6) + P{12)) + A2 P(0)
{P(

0
1
(A + Ao+ A + P2} = p{P5)+ PG} + P(13)) + A3 P(0)
(M Mot das+0P(3) = p(P(4) + P(5) + P(11)) 4 Ags P(0)
M3+ 20 P(4) = pP(T)+ AaP1) + 212 P(3)
(Avz + 1) P(5) #P(T) 4 AaP(2) + Ay P(3)
(Aaa + 20)P(6) = pP(T)+ AaP(1) + M2 P(2)
SP(TY = AaP(4) 4 A2 P(5) + Ags 1(6)
(Ma+p)P8) = al(13)
(A2 + )9 = uP(12)
(A} 2(10) = pb(11)

uP(11) = An(P10)+ P(3))
LulP(32) = Ma(P(9) + P(1))
2 M3} Al P(#
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We obtain the following blocking probability, for link £;5, using the alternative routing scheme,
When each link has only one channel

P+ 70 4 9p2

7 i . =
Pau(lyz traffic is blocked) = I P Ty arpn L

it is trivial to get the corresponding probability for the dircct routing scheme :

Luir(€y7 traflic is blocked) = =S,
14p
The inequality Pu, < Py, is equivalent to so]viné p? + p =2 < 0 which gives that the alternate
routing scheme performs better than the direct routing scheme if and only if p < 1. In fact, we
can find the cut-ofl surface in the more general case when the input traffic rates are different as
well, In this case we obtain the surface given in Figure 3. The values of pyp |, pyy, and pay which
lie below the surface arc the ones for which the alternate routing scheme performs better (i.e., has
smaller blocking probability) than the direct routing scheme and the situation is reversed above
the surface. For purposes of comparison with the more complicated case considered later, we also
include a contour plot of this surface in Figure 4,

Similarly, if we consider the probability that both links £y4, ¢4 trafficis being blocked, then for
the equal traffic rates we get

p4+6p3+GP2
PY+ 8+ 15p + 8p 4 2

[t is again trivial to get the corresponding probability for the direct routing scheme:

Pun(ly3 and &5 traffic is blocked) =

2
Paie( iz and €3 traffic is blocked) = (1—5«;) .
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Figure 3: Cutoll surface for 3-node network, with 1 channel per link

For this case we can casily show that for all values of p we have Py, < P, This should not be
surprising since we intuitively suspect that the alternative routing scheme will use up the empty
tinks quickly by allowing indirect traflic to utilize them and hence will provide poorer availability

for the direct traffic on the two links 12 and &y, In fact, this result remains true even when the
traffic input rates are different.

If we consider the situation that ne call is getting through anywhere {i.e., cach link in the
network s blocking traffic) then for the equal wrrival rates we have
Pl 4 5p7 e 3p?
P+ BpR + 1507 4 8p 27

It is again trivial to get the corresponding probability for the direct routing scheme to be

Pae(all traflic is blocked) =

3
Paiall traffic is blocked) = (-ﬂ--) .
l+p
Again we have Pyi. < Py, for all values of P as one would suspect, We can also show that this
phenomenon remains true even for the case whon the input traffic rates are not necessarily equal.
For the event that some traffic is being blocked somewhere in the network we have the proba-
bilities .
p* + Sp'] -+ l?p2
P+ 8pd + 15p2 4+ 8p 4+ 27
[t is again trivial to got the corresponding probability for the direct routing scheme to be

Pa(some Lradlic is tlocked) ==

1 \3
Pyir(some traflic is blocked) = 1 - (___,_.) .
V4 p
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Figure 4: Contour plot of cutoff surface for 3-node network, with i channel per link

Again, one would suspect that in this case the allernate routing scheme should outperforin ¢
direct routing scheme. This is indeed the case as one can eastly verify that Py, € Pa, for all valu.
of p. It fact, this remains true for all wmpat traflic rates pyy L pyaand pog.

Now wa examine the 3-node network when each link has two channels, As stated carlier, there
are cighty five different states the svstein can be in at any particular time. We again get simple
closed form formulae for the above probabilities in the case of equal input traffic rates. We list
these probabilities helow,

Pan(brz traffic is blocked) = (4374p2' + 196101p% 4 3888648p'% 1 41578849008 + 36101899817

+2031625506p'° + BATB035664p'° + 26845117248p'* + 65514770952,"

+1242492258100'% + 153692060688 + 211174905184
+187013165248p° + 1251967765760 + 127781299257
+20671133184p° + 4286960640p° + 410572800p%)/denom,

where,

denom = 4374p%' + 2018490 + 42721025'° + 5333104858 + 450282204p17 4 274826112616
+12640038840p'® + 15070169844p" + 1272141089843 + 288800718880p!2
+534772537264p"" + 2155003399360 + 1032607868416, + 1091325434240,%
FO03194620504p" 1 7065207802240 + 42531 7319872p° + 200206832512p1
+T6459769856p + 206105886720 -+ 3573227520 4 298598400

88 ;




and
, : . r’
Pair{tyq traflic is blocked) = W
Pa(f1z and &4y traflic is blocked) = (4374p%! + 187353p% + 3557682p'° + 40196736p'®
+304618050p'7 + 1649974458p'® + 6634270536p"°
+202767937800% + 47812703936p" + 87720931600,"°
+125594399840p' ! + 139930871648p° + 1201659266560
+78003245440p% + 3700144512057 + 12084585981°
+2422794240p% 4 223948800p%)/denom,

and

: 2
Paielyz and &y traffic is blocked) = (E’Tﬁiﬁ?) .

Pad{all traflic is blacked) = {(4374p% + 178605p%° + 3226716p'° + 34604982p'® + 248217102p"7
+1268323410p" + 4702605408p"* + 137081703120 + 30110627920p"*
+51102637360p'7 + 67496738992 + 68704838112y
+53318688064p° + 308097143045° + 12725077248p"
+3498038784° + 558627840p° + 37324800p*}/denom,

and

2 3
Pair(all teaffic is Llocked) = (m%w)
Pai(some traflic is blocked) = (4374p%" + 204849p% + 4219614 + 51380244p'®
' +417410946p'7 + 241327655401 + 10317600792p*

+3414040716p'* + 83216855968 + 160777520080p"?
+241780721536p"" + 282409938720p'° + 2535604035400°
+172300307712p8 + 85554180864 + 20257680384 ,°
+6161127040p* 4 597196800p")/denom,

and o

2
Paic(some traflic is blocked) = 1 — (,Zu———mf; -:p?)
For the case when the traflic arrival rates are different we can present the cut-off surface and
contour plot in Figures 5 and 6 respectively. These figures show that the direct routing scheme

does not perform as well as the alternate routing scheme for all those arrival rates which lie below

the surface and converse holds above the surface (as far as the blocking is concerned for a particular
node).

]

One should note that all the conclusions drawn from the network having one channel per link
remain valid for the network having two chaunels per link, The differences are only in terms of
order of maghnitude. In fact, as can be seen from the contour plots for the two cases, they are
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Figure 5: Cutolf surface for 3-node network, with 2 channels per jink

almost visually indistinguishable. Therefore, we do not present the results for the larger network

in detail. This is a useful observation which gives some credence to assuming that when 4 network -

has a large number of channels per link, then we can reduce this number for the analysiy purposes
and the conclusions could be projected to the original network.

The second observation is that the findings, for a network with small number of channels per
link, should also be visible in the same topology with larger number of channels. This 1 due to
the fact that as soon as the extra channels are oceupied then the two networks helave identicatly
for a short time period. It coyld be argued that the larger network may bave more complicated
performance attributes which may not be achievable, for the same network with smalier channel
capacities. We leave the exhaustive analysis of topic for further research.

IV. CONCLUSIONS

In this paper, we have introduced a new technique to compute the exact end-to-end blacking
probability of nonhierarchical networks. We have analyzed the traffic behavior without assuming
that the redirected traffic is necessarily Poisson or the network is symmetric. In conclusion we
surmise that

* One can obtain the exact limiting distribution (for the aiternate routing scheme) of thé
underlying Markov process for networks with sparse connectivity, provided one hias enough
computing facilities, When the network has a large number of links one may have o resort
to numerical methods,

¢ The trade-off surface between the two schemes may not always exist if one wants to study the
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Figure 6: Contour ploy of cutoff surface for 3-node network, with 2 channels per link

blocking probability belavior over a group of links. For instance, for the network studied in
this paper, the direct routing schome performs better (has lower blocking probability) than
the alternate routing scheme when we are mterested in the traflic of both links ¢, and £in
simultancously. The same conclusion holds when we want to see the traffic fow over all three
links, ‘Ouly when we restrict our attention to one link does there exist a trade-off surface.

When such a trade-off surface exists, it is a function of the traffic intensitios at different
links. For the examples presented here, this surface does not seem to be a very complicated
function. We studied some networks whick are not fully connected as well. these, results will
be presented clsewhera.

The channel capacity of links does not scem to plivy a major role in the analysis of network
performance as fur as the blocking probahilitios are concerned (at Jeast for the networks we
studied). It seems as il one can keep the topology of the network and reduce the channel
capacity and study the smaller network with e loss in generality.
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