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1 Nonoverlapping Cliques
What is the probability that there are ¢ 4-cliques (/) in a random graph G, ;7
Pr(X =t) = Pr(Xy+ Xy + -+ Xo = 1),c = (1)

and each X; is a unique combination of 4 vertices in the graph. Then
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If cliques were independent (didn’t overlap), we could use a simplified model where
we simply consider the probability of ¢ vertices being “cliques.” For this, we can
write a binomial distribution:

Pr(X =1) = (;‘)pt(l -

However, cliques can overlap, sharing vertices and edges, so the formulation is not
that simple. We will show, however, that if n is large, we can describe the distribution
as a Poisson distribution.

1.1 Poisson Distribution

The Poisson distribution describes the discrete probability that ¢ independent
events will occur in one unit of time, given an average event rate A. It is used in
queuing theory, to answer questions such as, How many customers might come to
the check-out line at the store in one hour?
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Prpoisson(t, A) = T’)\ >0,t >0 (1)

Lemma 1. The mean and variance for the Poisson distribution are both .

Lemma 2. The binomial distribution converges to the Poisson distribution when
n — oQ.



Proof. Let A\ = np. Note that np = E(m), the expected number of edges.

lim Pr(X =t)= lim (?) p'(1—p)t
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Corollary 1. If cliques are independent and n is large, the the Poisson distribution
describes the clique distribution where A = (Z) 5.

Proof. In the previous lecture, we demonstrated that for 4-cliques, EX = (Z) 5.
Combine Lemmas 1 and 2. O

2 Overlapping Cliques

X=X ANXoAN---NX,,, where X, are random variables.

Viewed differently, B = By + By + - -+ + B,;,, where B; are Bernoulli trials.
Consider: What is the probability that there are no cliques? According to the
inclusion-exclusion principle,

Pr(X =0)=Pr(X;=0AXa=0A--AX, =0)
=1-Y Pr(B;)
i=1

+ Y. Pr(BiAB)

i,j:1<i<j<m

— > Pr(B; A B; A By)
1,5,k:1<i<j<k<m

4+ (=)™ > Pr(B; ABj A+ A Big,)

Let S = > i Pr(Biji A Big A -+ A Bjy). Then we can rewrite

Pr(X=0)=1-8048@... 4 (=15



Lemma 3. If S is defined as above and A is a constant, then
(1) SM = EX =Y Pr(B;) = X
(2) For every fized r,

SO =N"B(Xn X Xir) — —~

!

We also claim that P(X = 0) = e~ (proven in the next section) and P(X = t);59 =
e*A)\t
t!

Proof sketch. Show that S = (z) 5.

nCy—1 nCy
SP= 3" N PrXi=1AX;=1)
i=1 j=i+l
nCy nCy
=1/2) Y PrX;=1nX;=1)
i=1 j=1,j7#1¢

=1/2) > Pr(X; =1|X; =1)Pr(X; =1)
i
=1/2> Pr(X;=1)Y Pr(X; =1]X; =1)

=1/2(1) " Y Pr(X; = 11X = 1)
j

Break down P(X; = 1|X; = 1) into the four cases: (1) no vertices are shared; (2)
one vertex is shared; (3) two vertices are shared; and (4) three vertices are shared.
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When n is large, we expect the first term to dominate. We should take a little care
with p, however. 0 < p < 1, so higher powers of p are smaller. If we assume that p is
at or above the threshold n=2/3, then we confirm that the first term dominates. So,

dim 5@ =1/2(1)° (1) "
= ;,where)\ = (Z)pﬁ

3 Proof for Pr(X =0) — e

Theorem 1. Fort =0:lim,_ o Pr(X =0) = e



Proof.
Pr(X=0)=1-8048@...4 (=15

We will find lower and upper bounds for Pr(X = 0) and then show that as n — oo,
the bounds become e~ £ ¢, for an arbitrarily small e.

PT(U E;) < Z Pr(E;) [Bonferroni’s inequality/
' i=1

=1

<> Pr(E) =Y Pr(EiNE;)---+(=1)* Y Pr(E;nE;jn-- N Ey)
i i<j i<j< <28

because the last term is positive. Similarly,
n

PT(U EZ) > ZPT(EZ)_Z PT(EZ'QE]‘) "'+(—1)2S+1 Z PT(EiﬂEjﬂ---ﬁEgs_H)
i=1 i i<j i<j<<2841

because the last term is negative. Using the earlier definition of S, we can rewrite
the inequalities:

Pr(U E)=1-81 482 ... 4 (—1)»s®)

i=1
2s+1 2s
S (=S < Pr(X =0) <Y (-1)"8"
r=1 r=1

Choose n such that 0 < r < 2s. Now, define two inequalities which will help us later:
(A) Since lim, ., S = 2
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‘S 7! < 2(2s+1)
(B) Since fozl(—l)”% =e ",
2s r
;0(—1)?% — e < o2

From (A), 80 < % + —2(2;+1)
Multiply both sides by (—1)" and sum for r = 0 to 2s. Note that for odd values of r,
we are changing the sign. So, the inequality for the sum only holds if the even terms

out-weigh the odd terms. We do not prove this, but we can observe that summing



from 0 to 2s, there is one more even term than odd term.

2s - 2s A" €
18 < 1)
2s 2s
AT €

ISR

= ! = 2(2s+1)

2s r
= _0(—1) F + 6/2
< (e_>‘ + 6/2) + €/2 [From inequality (B)]
—e Mt

So, the upper bound for Pr(X +0) is e 4 ¢, for arbitrarily small €. Presumably, a

similar proof can be used to show that the lower bound is e~ — €. O



