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ABSTRACT
Data cube construction is a commonly used operation in data ware-
houses. Because of the volume of data that is stored and analyzed
in a data warehouse and the amount of computation involved in
data cube construction, it is natural to consider parallel machines
for this operation. Also, for both sequential and parallel data cube
construction, effectively using the main memory is an important
challenge.

In our prior work, we have developed parallel algorithms for this
problem. In this paper, we show how sequential and parallel data
cube construction algorithms can be further scaled to handle larger
problems, when the memory requirements could be a constraint.
This is done by tiling the input and output arrays on each node.
We address the challenges in using tiling while still maintaining
the other desired properties of a data cube construction algorithm,
which are, using minimal parents, and achieving maximal cache
and memory reuse. We present a parallel algorithm that combines
tiling with interprocessor communication.

Our experimental results show the following. First, tiling helps
in scaling data cube construction in both sequential and parallel
environments. Second, choosing tiling parameters as per our theo-
retical results does result in better performance.

1. INTRODUCTION
Analysis on large datasets is increasingly guiding business deci-

sions. Retail chains, insurance companies, and telecommunication
companies are some of the examples of organizations that have cre-
ated very large datasets for their decision support systems. A sys-
tem storing and managing such datasets is typically referred to as
a data warehouse and the analysis performed is referred to as On
Line Analytical Processing (OLAP) [1].

Computing multiple related group-bys and aggregates is one of
the core operations in OLAP applications [1]. Jim Gray has pro-
posed the cube operator, which computes group-by aggregations
over all possible subsets of the specified dimensions [6]. When
datasets are stored as (possibly sparse) arrays, data cube construc-
tion involves computing aggregates for all values across all pos-
sible subsets of dimensions. If the original (or initial) dataset is
an n-dimensional array, the data cube includes � �� m-dimensional
arrays, for � � � � � . Developing sequential algorithms for
constructing data cubes is a well-studied problem [10, 9, 11, 12].

Data cube construction is a compute and data intensive prob-
lem. Therefore, it is natural to use parallel computers for data cube
construction. Recently, many parallel algorithms for data cube con-
struction have been proposed [3, 4, 5, 8].

Both the input and output datasets for data cube construction can
be extremely large. The problem of scaling data cube construction
for large input datasets has been addressed by the early work in

this area [12]. The basic idea to is to divide the input dataset into
chunks, read one chunk at a time, and update corresponding output
values. However, only limited effort has been put on scaling data
cube construction for large output datasets. In practice, data cubes
are constructed starting from an array that is both sparse and high-
dimensional. This can result in output sizes that are larger than the
input size. For example, the first level of data cube construction
starting from a (potentially sparse) � �

dataset results in � dense
arrays of size � � 	 


. Depending upon the relative values of � , � ,
and the sparsity of the input array, the output at the first level can
easily be larger than the size of the input array.

This paper develops a general approach for scaling data cube
construction. We tile input and output arrays and only one tile of
an output array is typically allocated and updated at any given time.
Using tiling, however, involves a number of challenges. In this
paper, we present algorithms and analysis addressing the following:

� How do we incorporate tiling of output arrays in a sequen-
tial data cube construction, while preserving other desirable
properties, i.e., using minimal parents and maximizing cache
and memory reuse ?

� Given a memory constraint, how do we tile to both meet
the memory constraint and minimize the overhead associated
with tiling, i.e., the cost of rereading and rewriting tiles ?

� How do we develop a parallel algorithm that combines tiling
with interprocessor communication, while minimizing both
communication volume and tiling overhead ?

We have implemented and evaluated our algorithms. The main
observations from our experiments are as follows. First, tiling helps
scaling data cube construction in both sequential and parallel envi-
ronment. Second, choosing tiling parameters as per our theoretical
results does result in better performance.

2. DATA CUBE CONSTRUCTION
This section further elaborates the issues and challenges in data

cube construction. Before that, we also give some general motiva-
tion for data cube construction.

Organizations often find it convenient to express facts as ele-
ments of a (possibly sparse) multidimensional array. For example,
a retail chain may store sales information using a three-dimensional
dataset, with item, branch, and time being the three dimensions. An
element of the array depicts the quantity of the particular item sold,
at the particular branch, and during the particular time-period.

In data warehouses, typical queries can be viewed as group-by
operations on a multidimensional dataset. For example, a user may
be interested in finding sales of a particular item at a particular
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Figure 1: Lattice for data cube construction. Edges with ar-
rows show the minimal spanning tree when � � � � � � � � � � �

branch over a long duration of time, or all sales of all items at all
branches for a given time-period. The former involves perform-
ing an aggregation along the time dimension, whereas the latter
involves aggregations along the item and the branch dimensions.

To provide fast response to the users, a data warehouse computes
aggregated values for all combinations of values. If the original
dataset is � dimensional, this implies computing and storing � � �
m-dimensional arrays, for � � � � � . � � � is the standard
combinatorics function, which is defined as

� � � � � � � � � � � � 	 	 	 � � � � � 
 � �
� � � � � � � � 	 	 	 � �

For simplicity, assume that the original dataset is three-dimensional.
Let the three dimensions be � , � , and � . The sizes along these di-
mensions are � � � , � � � , � � � , respectively. Without loss of generality,
we assume that � � � � � � � � � � � . We denote the original array
by ABC. Then, data cube construction involves computing arrays
AB, BC, AC, A, B, C, and a scalar value all. As an example, the
array AB has the size � � � � � � � .

Some of the major issues in data cube construction are as fol-
lows.
Cache and Memory Reuse: Consider the computation of AB, AC,
and BC. These three arrays need to be computed from the initial ar-
ray ABC. When the array ABC is disk-resident, performance is sig-
nificantly improved if each portion of the array is read only once.
After reading a portion or chunk of the array, corresponding por-
tions of AB, AC, and BC can be updated simultaneously. Even
if the array ABC is in main memory, better cache reuse is facili-
tated by updating portions of AB, AC, and BC simultaneously. The
same issue applies at later stages in data cube construction, e.g., in
computing A and B from AB.
Using minimal parents: In our example, the arrays AB, BC, and
AC need to be computed from ABC, by aggregating values along
the dimensions C, A, and B, respectively. However, the array A can
be computed from either AB or AC, by aggregating along dimen-
sions B or C. Because � � � � � � � , it requires less computation to
compute A from AB. Therefore, AB is referred to as the minimal
parent of A.

A lattice can be used to denote the options available for comput-
ing each array within the cube. This lattice is shown in Figure 1.
A data cube construction algorithm chooses a spanning tree of the
lattice shown in the figure. The overall computation involved in the
construction of the cube is minimized if each array is constructed
from the minimal parent. Thus, the selection of a minimal span-
ning tree with minimal parents for each node is one of the impor-
tant considerations in the design of a sequential (or parallel) data
cube construction algorithm.
Memory Management: In data cube construction, not only the in-
put datasets are large, but the output produced can be large also.
Consider the data cube construction using the minimal spanning
tree shown in Figure 1. Sufficient main memory may not be avail-
able to hold the arrays AB, AC, BC, A, B, and C at all times. If a
portion of the array AB is written to the disk, it may have to be read
again for computing A and B. However, if a portion of the array BC
is written back, it may not have to be read again.

Another important issue is as follows. To ensure maximal cache
and memory resue, we need to update AB, AC, and BC, simultane-
ously. However, if sufficient memory is not available to hold these
three arrays in memory at the same time, we need to allocate and
update portions of these arrays. Managing this can be quite chal-
lenging.

Some of these issues are addressed by a new data structure, ag-
gregation tree which we introduce in the next section.

3. SPANNING TREES FOR CUBE
CONSTRUCTION

This section introduces a data structure that we refer to as the
aggregation tree. An aggregation tree is parameterized with the
ordering of the dimensions. For every unique ordering between
the dimensions, the corresponding aggregation tree represents a
spanning tree of the data cube lattice we described in the previ-
ous section. Aggregation tree has the property that it bounds the
total memory requirements for the data cube construction process.

To introduce the aggregation tree, we initially review prefix tree,
which is a well-known data structure [2].

Consider a set � � � � � 
 � 	 	 	 � � � . Let � � � � be the power set
of � .

DEFINITION 1. � � � � is a lattice � � � � � such that:

	 The set of nodes � is identical to the power set � � � � .

	 The set of edges � denotes the immediate superset relation-
ship between elements of the power set, i.e, if � � � � � � and� � � � � � , � � � � � � � , and

� �� � , then � � � � � � � .

The lattice � � � � is also referred to as the prefix lattice. The lat-
tice we have shown earlier in Figure 1 is a complement of the prefix
lattice, and is referred to as the data cube lattice.

A prefix tree � � � � is a spanning tree of the prefix lattice � � � � .
It is defined as follows:

DEFINITION 2. Given a set � � � � � 
 � 	 	 	 � � � , a prefix tree
� � � � is defined as follows:

(a) � is the root of the tree.

(b) The set of nodes of the tree is identical to the power set � � � � .

(c) A node
� � 
 � � � � 	 	 	 � � � � , where � � � , and � � � 
 �� � � 	 	 	 � � � � � , has � � � � children. These children,

ordered from left to the right are,
� � 
 � � � � 	 	 	 � � � � � � � � 


� � � 	 	 	 � � � 
 � � � � 	 	 	 � � � � � � � � .
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Figure 2: Prefix Lattice (a), Prefix Tree (b), and Aggregation Tree (c) for n = 3

Construct Cube � � � � � � � � � � � � �
�

�
Evaluate � � � � � � � � � � � � � �

� �
�

Evaluate � � �
�

Compute all children of �
For-each children � from right to left

If � has no children
Write-back to the disk

Else Evaluate � � �
Write-back � to the disk�

Figure 3: Sequential Data Cube Construction Using the Aggre-
gation Tree

Given a prefix tree � � � � , the corresponding aggregation tree
� � � � is constructed by complementing every node in � � � � with
respect to the set � . Formally,

DEFINITION 3. Given a set � � � � � 	 � 
 
 
 � � � and the prefix
tree � � � � as defined earlier, an aggregation tree � � � � is defined
as follows:

(a) If � is a node in � � � � , then there is a node � 	 in � � � � , such that
� 	 � � � � .

(b) If a node � has a child 
 in � � � � , then the node � 	 in � � � � has
a child 
 	 .

Figure 2 shows the prefix lattice, prefix tree and the aggregation
tree for � � 
 .

Since an aggregation tree is a spanning tree of the data cube lat-
tice, it can be used for data cube construction. We next present an
algorithm that uses the aggregation tree and has minimally bounded
memory requirements.

Figure 3 shows this sequential algorithm. Suppose we are com-
puting data cube over � dimensions which are denoted by � � � � � � 
 
 
 � � � .
The data cube construction algorithm starts by invoking the func-
tion Evaluate for the root of the aggregation tree.

When the function Evaluate is invoked for a node � , all children
of � in the aggregation tree are evaluated. This ensures maximal
cache and memory reuse, since no portion of the input dataset or
an intermediate result needs to be processed more than once. Af-
ter computing all children of a node, the algorithm progresses in a
depth-first fashion, starting with the right-most child. An array is
written back to the disk only if it is not going to be used for com-
puting another result. Thus, the only disk traffic in this algorithm is
the reading of the original input array, and writing each output (or
computed) array once. Moreover, each array is written once in its
entirety. Therefore, frequent accesses to the disks are not required.

The depth-first traversal, starting from the right-most child in the
aggregation tree, creates a bound on the total memory requirements
for storing the intermediate results. Consider data cube construc-
tion starting from a three dimensional array ABC, where the sizes
of the three dimensions are � � � , � � � , and � � � , respectively. After
the three children of the root of the aggregation tree are computed,
the memory requirements for holding them in main memory are
 � � � � � � � � � � � � � � � � � � � � � � � � . The design of the
aggregation tree and our algorithm ensure that the total memory
requirements for holding output arrays during the entire data cube
construction process are bounded by



. The reason is as follows.

Suppose the ordering between the three dimensions is � � � � � . Af-
ter the first step, BC can be written back. Then, the node AC is used
for computing the array C. Since � � � � � � � � � � � , the memory re-
quirements do not increase above the factor



. After computing

C, both AC and C can be written back. Then, A and B are comput-
ing from AB. Since � � � � � � � � � � � and � � � � � � � � � � � , the total
memory requirements again do not increase beyond



. This result

generalizes to an arbitrary number of dimensions [8].
As we had stated in the previous section, one challenging situa-

tion arises when sufficient memory is not available to hold AB, AC,
and BC in memory at any given time. To handle this, we need to
allocate and update portions (or tiles) of these arrays at any given
time. Since the aggregation tree based approach minimally bounds
the memory requirements without tiling, we believe it gives us a
good basis for developing tiling approach.

4. PARALLEL ALGORITHM WITHOUT TILING
In the previous section, we introduced the aggregation tree based
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Construct Cube � � � � � � � � � � � � �
�

�
Evaluate � � � � � � � � � � � � � �

� �
on each processor�

Evaluate � � �
�

Locally aggregate all children of �
Forall children � from right to left

Let � 	 � � � � � � � � � � � � � � � � � �
If the processor is the lead processor along � � � � � � � � � � �

Communicate with other processors to finalize portion of �
If � has no children

Write-back the portion to the disk
Else Evaluate � � �

Write-back � to the disk�

Figure 4: Parallel Data Cube Construction Without Tiling

sequential data cube construction algorithm. In this section, we
develop and analyze a parallel version of this algorithm. In the
next section, we show how tiling can be applied to both sequential
and parallel algorithms.

Consider a n-dimensional initial array from which the data cube
will be constructed. Suppose we will be using a distributed mem-
ory parallel machine with � � processors. Through out this paper,
we will assume that the number of processors used is a power of 2.
This assumption corresponds well to the parallel processing con-
figurations used in practice and has been widely used in parallel
algorithms and partitioning literature.

We partition the dimension 
 � along �
� �

processors, such that� �� � � 	 � � 
 . Each processor is given a unique label
� � � � � � � � � � � � � �

such that � � � � � �
� �

� � . Since
� �� � � 	 � � 
 , it is easy to

verify that there are � � unique labels. A processor with the label � �
is given the � � �� portion along the dimension 
 � .

A processor with the label � � � � is considered one of the lead
processors along the dimension 
 � . There are � � � �

� �
lead proces-

sors along the dimension 
 � . The significance of a lead processor
is as follows. If we aggregate along a dimension, then the results
are stored in the lead processors along that dimension.

The parallel algorithm is presented in Figure 4.
We explain this algorithm with the help of an example. Con-

sider data cube construction with � � � and 
 � � . Let 	 � � 	 � �
	 
 � � , i.e., each of the three dimensions is partitioned along 2 pro-
cessors. Initially, all 8 processors process the portions of 
 � 
 � 
 

they own to compute partial results for each of 
 � 
 �

, 
 � 
 
 , and

 � 
 
 .

Next, consider a processor with the label
� � � � � � � 
 � . This pro-

cessor communicates with the corresponding processor
� � � � � � � 
 �

to compute the final values for the
�� � � portion of the array 
 � 
 
 .

Similarly, a processor with the label
� � � � � � � 
 � communicates with

the corresponding processor
� � � � � � � 
 � to get the final value for the�� � � portion of the array 
 � 
 
 .

Consider the computation of 
 � from 
 � 
 
 . Only 4 of the 8
processors, i.e., the ones with a label

� � � � � � � 
 � , perform this com-
putation. These 4 processors process the portion of 
 � 
 
 they own
to compute partial result for 
 � . Then, 2 of the processors with
the label

� � � � � � � � communicate with the corresponding processor� � � � � � � � to each compute the final values for the half portion of
the array 
 � . Computation of 
 �

and 
 
 from 
 � 
 
 proceeds in
a similar fashion.

A detailed analysis of the impact of data distribution on the com-

munication volume is presented in our earlier work [8].

5. TILING-BASED APPROACH FOR SCALE
DATA CUBE CONSTRUCTION

The sequential and parallel algorithm we have presented so far
assume that sufficient memory is available to store all arrays at the
first level in memory. In general, this assumption may not hold
true. In this section, we present sequential and parallel algorithms
that use tiling to scale data cube construction.

5.1 Sequential Tiling-Based Algorithm
Let the initial multidimensional array from which a data cube is

constructed be denoted by 
 � 
 � � � � 
 � . We tile this array, divid-
ing each dimension 
 � into � � tiles, creating a total of � �� � � � �
tiles. Suppose we are computing a partial or complete data cube
using a given aggregation tree. Consider any node � of the tree


 � � � � � 
 � � � � , where � � � � � � and � 	 � . Let the parent
of this node in the tree be 
 � � � � � � 
 � �� , where

� � 	 � � � � � � 	 � � � � � � 
 � � � � � � � � � � 	 � �
Thus, the node � is computed from its parent by aggregating along
the dimension

�
.

The array 
 � � � � � 
 � � � � computed at the node � comprises
� � � � � � � � � � � � tiles. For scaling the computations of views, we can
separately read and write these portions from and to disks. A par-
ticular tile of this array is denoted by a tuple 	 
 � � � � � � 
 � � � � � ,
where � � 
 � � � � � � .

Dividing each array into tiles adds a new complexity to the pro-
cess of computing these arrays. A given tile 	 
 � � � � � � � 
 � � � � �
of the node � is computed using � � different tiles of its parent. This
is because the dimension

�
, which is aggregated along to compute

� from its parent, is divided into � � tiles. Since the different tiles
comprising the parent array of � can be allocated in the memory
only one at a time, a tile of the node � may have to be computed
in � � phases. In each of these phases, one tile of the parent of � is
processed and the corresponding elements in � are updated.

Note that a node can have multiple children in the tree. To ensure
high memory and cache reuse, when a tile of an array is brought
into memory, we update the corresponding tiles of all children of
that node. Since these children are computed by aggregating along
different dimensions, it is not possible to read all tiles that are used
to compute one tile of a child node consecutively. As a result, a tile
of a node being computed may have to be written and reread from
the disks as it is computed from multiple tiles of its parent node.

To facilitate correct computations using tiling, we associate a ta-
ble with each node of the tree. For the node � described above,
this table is an array with � � � dimensions,

� � � � � � �  � � � � � � � � � � � � � � ! � � � � � � � � � � � � � � " . An element � � � � � � 	

 � � � � � � � 
 � � � � � 
 has a value between 0 and � � and denotes the
status of the tile 	 
 � � � � � � � 
 � � � � � . A value of 0 means that
this tile is currently uninitialized. A value

�
, � 	 � � � � means

that the elements of this tile have been updated using
�

tiles of the
parent node. If the value is � � , then the elements in this tile have
received their final values. In this case, we say that the tile is ex-
pandable, because it can now be used for starting the computation
of its children nodes.

The tiling-based algorithm is presented in Figure 5. We assume
that the original array is indexed in such a way that each tile can
be retrieved easily. In the algorithm,


 � 
 � � � � � � � � � 
 
 is the tile
of 
 which can be updated using the tile � of � , where � is a
given node, � is a tile of this node and 
 is a child of this node.# � $ % & � � � � � � � 
 is the number of tiles of the parent of � along the
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Construct Views( � � � � � � � �
�

)�
Foreach tile � of this node

Expand tile( � � � � � �
�

, � )�

Expand tile(Node � , Tile � )�
Foreach child � of � in the tree

�
� � � � � � � � � � � � � � � �

�
� � � � 	 � � � � � �

++
If � � � � 	 � � � � � � � � 


Allocate and initialize the tile � �
Else

Read the tile � � from disk if required�
Foreach chunk of the tile �

�
Read the chunk
Foreach child � of �

Perform aggregation operations on the tile � � � � � � � � � � � � �
�

�
Foreach child � of �

�
� � � � � � � � � � � � � � � �

�
If � � � � � 	 � � � � � � � � � � � 
 � � � � � � � �

� �
Expand tile( � � � � )

Else
Write-back the tile � � to disk if required�

If � is not root
Write-back � to disk�

Figure 5: A Tiling-Based Algorithm for Constructing Data
Cube

dimension that is aggregated to compute � , where � is a non-root
node.

The function Expand tile takes a tile and a node of the tree, and
computes or updates the appropriate portions of the descendants of
the tree. Given a node � and a tile � , we find the tiles of the chil-
dren of � that can be updated using the function

	 � � � � 
 � � � � � � � � .
We then use the � � � 
 � data structure to determine the status of the
tiles of children. If they have not yet been initialized, we allocate
space and initialize them. If they have been updated previously,
they may have to be read from the disks. Once a chunk corre-
sponding to a parent node is brought into memory and cache, all
children are updated together.

We next check if the corresponding tile of a child node has been
completely updated (i.e. if � � � � � � 
 � � � � � � � � � 	 
 � � � 
 � � � � � � ).
If so, we expand its children before writing it back to the disks.

Thus, our algorithm ensures that once a tile is in memory, we
update all its children simultaneously, and further expand upon the
children if possible. In the process, however, a tile of child node
may have to be written back and read multiple times. We prefer
to ensure high memory and disk reuse of the parent tiles to some
possible extent for two important reasons. First, the sizes of arrays
decrease as we go down the tree, so it is preferable to write back
and read lower level nodes in the tree. Second, if the original array
is partitioned along only a few dimensions,

� � 	 
 � � � 
 � � will have
the value of one for many nodes in the tree. In this case, the node
being computed will not need to be written back and read multiple
times.

5.2 Using Tiling in Parallel Data Cube Con-
struction

While applying our tiling-based algorithm to parallel construc-
tion of data cubes, we should note that we have two kinds of par-

titions of a node in the aggregation tree. The first is due to the
data distribution among multiple processors. Since each processor
has a portion of the original array, interprocessor communication
is needed to get final values of this node. The second is due to
tiling. The portion on each processor is divided into several tiles
and the final values can not be obtained until all tiles of the node
are aggregated.

The existence of these two different kinds of partitions adds com-
plexity in deciding whether or not a node is ready for computing its
children. For example, consider constructing a data cube from an
original four-dimensional array � � � � � � � 
 on 8 processors. The
aggregation tree is shown in Figure 6. Using the terminology used
in the previous section, we do a three-dimensional partition for the
original array, which means dimensions � � � � � � � 
 are partitioned
along two processors. Then on each processor, we divide the

�
� � �

portion of the array on this processor into 4 tiles by tiling along di-
mensions � � and � 
 in half respectively. According to the tiling-
based algorithm we introduced above, after computing each tile of
the node � � � � � 
 , the tile becomes expandable since � � � � � 
 is
obtained by aggregating along dimension � �

and � �
is not tiled.

But it is not the case since � �
is partitioned along two processors

and we have to do the interprocessor communication to get the fi-
nal values of � � � � � 
 before we can compute its child. Therefore,
we can not apply the tiling-based algorithm directly to parallel data
cube construction on multiple processors.

A solution to this problem is to apply tiling-based algorithm only
to the children of the root node in the aggregation tree. For the
computation of other nodes, we follow a similar process as we had
presented in the previous section. Considering that the dominant
part of computation is at the first level for multidimensional data
cube construction, we believe that tiling all nodes at the first level
can reduce memory requirements. For simplicity, we use Level One
Parallel Algorithm for the computation of lower levels nodes in the
aggregation tree. The complete algorithm is shown in Figure 7. In
this algorithm, � � � � stands for a tile of values of child � . Other
notations have the same meaning as in Figures 5 and 4.

Compared with the sequential tiling-based algorithm in Figure 5,
we apply the sequential tiling-based algorithm only to the children
of the root node. In addition, we do not expand the node even when

� � � � � 
 � � � � � � � � � 	 
 � � � 
 � � � � � . (Actually, we do not check
whether � � � � � 
 � � � � � � � � � 	 
 � � � 
 � � � � � at all.) We write
back every � � � 	 � � � � 
 � � � � � � � � � �

�
� � � � � to the disk and

after all tiles are processed, each child has � � � � �
� � � � tiles of values,

where
�

is the dimension along which the child is computed by
aggregating its parent, � � is the number of tiles of dimension

�
and

� � � � �
� is the total number of tiles of the original array.

As we have mentioned earlier, we can not get the final values of
children of the root node until we do interprocessor communica-
tion. Therefore, we follow a similar procedure as in Level One Par-
allel Algorithm to finalize each tile of values of the children. The
difference is that we first do the required interprocessor communi-
cation to get the final values of the child, and then we aggregate
its children. Note that we do not use optimized Level One Paral-
lel Algorithm since memory requirement is our key consideration
here.

We use the same example we mentioned at the beginning of this
section to describe how this algorithm works for parallel data cube
construction. We consider three-dimensional partition of the orig-
inal array, which means dimensions � � � � � � � 
 are partitioned
along two processors. Then on each processor, we divide the

�
� � �

portion of array on this processor into 4 tiles by tiling along dimen-
sions � � and � 
 in half respectively.

After processing all 4 tiles of � � � � � � � 
 , each child of � � � � � � � 
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D1D2   D1D3   D2D3 D1D4   D2D4 D3D4

D3 D4

All

D1     D2

D1D2D3D4

Figure 6: Aggregation Tree for Four-dimensional Data Cube Construction

Construct Cube � � � � � � � � � �
�

�
Foreach tile � of the root node � � � � � � � � � on each processor

�
Foreach child � of � � � � � � � � � in the tree

�
� � � � � � � � � � � � � � � � � � � �

� � � �
�

� � � � � � � � � � �
++

If � � � � � � � � � � � � � 	
Allocate and initialize the tile � �

Else
Read the tile � � from disk if required�

Foreach chunk of the tile �
�

Read the chunk
Foreach child � of � � � � � � � � �Perform aggregation operations on the tile � � � � � � � � � � � � � � � � �

� � � �
�

�
Write-back the tile � � � � � � � � � � � � � � � � �

� � � �
�

to disk if required�
Foreach child � of � � � � � � � � � from right to left

Foreach tile � � of �
�

Read � � � � from disk if required
Evaluate � � � � � �

on each processor�
�

Evaluate � �
�

�
Let � � � � � � � � � � � � � � � � � � � �
If the processor is the lead processor along � � � � � � � � � � �

Communicate with other processors to finalize portion of � if required
If � has no children

Write-back the portion to disk if required
Else

Locally aggregate all children of �
Foreach child 	 from right to left

Evaluate � 	 �
Write-back � to disk if required�

Figure 7: A Tiling-Based Algorithm for Parallel Data Cube
Construction

has tiles of values stored on each processor. For instance, 
 � 
 � 
 �
and 
 � 
 � 
 � each has 4 tiles of values, 
 � 
 � 
 � and 
 � 
 � 
 �
each has 2 tiles of values. We then consider each tile of 
 � 
 � 
 � .
Since 
 � 
 � 
 � is computed by aggregating along dimension 
 �
which is not partitioned, we do not need to do interprocessor com-
munication and each processor already has a tile of final values of


 � 
 � 
 � . 
 � 
 � 
 � also has no child, therefore, it is done and can
be written back to the disks.

We now consider the first of the 4 tiles of 
 � 
 � 
 � . Since 
 �
is

partitioned in half, interprocessor communication is needed to get
the final values of the tile of 
 � 
 � 
 � . The communication process
is the same as in the parallel algorithm we presented originally. Af-
ter final values are obtained on lead processors, we compute 
 � 
 �
from final values of this tile of 
 � 
 � 
 � . Since there is no need to
communicate for 
 � 
 � and 
 � 
 � has no child, we are done with
the first tile of 
 � 
 � 
 � . For the other three tiles of 
 � 
 � 
 � , we
follow the same procedure as above.

The computation of each tile of 
 � 
 � 
 � and 
 � 
 � 
 � can be
proceeded in a similar fashion, except that we must pay attention
to the fact that some offsprings of 
 � 
 � 
 � and 
 � 
 � 
 � , such as


 � 
 � , 
 � 
 � , 
 � 
 �
and 
 � , also need interprocessor communi-

cation to get final values.
Note that the number of tiles of each child below the first level

in the aggregation tree is decided by the number of tiles of its par-
ent. For example, since 
 � 
 � 
 � has 4 tiles of values, 
 � 
 � also
has 4 tiles of values. In contrast, each offspring of 
 � 
 � 
 � and


 � 
 � 
 � has only 2 tiles. The number of tiles of children at the
first level is determined by � � 
 � �

� �
� � , as we have stated earlier.

In a related technical report [7], we have derived closed-form
expressions for tiling overhead.

6. EXPERIMENTAL RESULTS
We have implemented the algorithms we have presented in this

paper. In this section, we present a series of experimental results
evaluating our algorithms and validating the associated theoretical
results (presented in a related technical report [7]). Specifically, we
had the following two main goals:

� Evaluating how tiling helps scale sequential and parallel data
cube construction and the impact the number of tiles has on
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execution time.

� Evaluating how the choice of tiling parameters impacts exe-
cution time.

6.1 Scaling Data Cube Construction
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Figure 8: Scaling Sequential Data Cube Construction with
Tiling (8 dimensional datasets)

We now present results showing how tiling helps scale data cube
construction in both sequential and parallel environments.

Our experiments for sequential execution were conducted on a
machine with 1 GB memory. We used 4 8-dimensional datasets,
which were dense arrays with sizes

� � � � � � ,
� �

� � �
�
,

� � � � � �
,� �

� � � � , respectively. As each element requires 4 bytes, the sizes
of these datasets are .5, 1, 2, and 4 GB, respectively. Without the
use of tiling, the total memory required for the first level of the tree
is 416 MB, 768 MB, 1.4 GB, and 2.5 GB, respectively.

The execution time with 1, 2, 4, and 8 tiles for these 4 datasets are
presented in Figure 8. For the .5 GB and 1 GB datasets, sufficient
memory was available to execute the algorithm without tiling (or
using a single tile). The execution time for these datasets remains
approximately the same with the use of 1, 2, 4, or 8 tiles. As all
data can fit in main memory, the read and write operations for tiles
only involve accessing main memory buffers, and therefore, use of
large number of tiles does not result in a slow down.

A more interesting trend is noted with the 2 GB dataset. The use
of 2 or 4 tiles results in lower execution time than the use of 1 or
8 tiles. With only 1 tile, memory thrashing causes the overhead.
With the use of 8 tiles, the high tiling overhead causes the slow
down. As the total memory requirements are large, read and write
operations for tiles now require disk accesses. Therefore, the use
of larger number of tiles is not desirable.

With the 4 GB dataset, the code cannot even be executed with
the use of a single tile. The lowest execution time is seen with
the use of 4 tiles. Memory thrashing and tiling overheads are the
reasons for slow down with 2 and 8 tiles, respectively. Note, how-
ever, because the execution times are dominated by computation,
the relative differences are never very large.

We repeated a similar experiment for parallel data cube construc-
tion, using a 8 node cluster. We used four 9-dimensional datasets
whose size were 4 GB, 8 GB, 16 GB, and 32 GB, respectively. Af-
ter data partitioning, the size of the array portion on each node was
.5 GB, 1 GB, 2 GB, and 4 GB, respectively, similar to the previous
experiment. The results are presented in Figure 9 and are similar to
the previous set of results. Note that there is some increase in per
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Figure 9: Scaling Parallel Data Cube Construction with Tiling
(9 dimensional datasets on 8 nodes)

node memory requirements, because memory is needed for com-
munication buffers. Therefore, with the largest dataset, a minimum
of 4 tiles are required to complete execution.

Another observation from Figures 8 and 9 is as follows. As we
experiment with larger input datasets, the execution time remains
proportional to the amount of computation on each node. Thus, the
use of tiling and parallelism helps scale data cube construction.

6.2 Impact of Tiling Parameters
In this sub-section, we focus on the evaluation of the theoretical

results on tiling overhead.
Our first experiment was done on a single processor machine.

We experimented on a � � � � � � � � � � � � � � �
dataset with two

different levels of sparsity 25% and 5%. We assume that the main
memory is not sufficient and divide the dataset into 8 tiles. There
are three possible tiling parameters, (0 1 1 1), (0 0 1 2) and (0
0 0 3). We refer these three options as three-dimensional, two-
dimensional and one- dimensional tiling, respectively. The results
are shown in Figure 10. The versions involving tiling are compared
with a version that does not involve tiling.
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Figure 10: Impact of Tiling Parameters on Tiling Overhead,
� � � �

dataset, 1 Processor

We have two observations from these experimental results. First,
even as the sparsity is varied, tiling on multiple dimensions has
less tiling overhead, which is consistent with our theoretical re-
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sults. Second, for the same dataset, less sparsity means more tiling
overhead due to the smaller computation volume involved in each
tile. In our experiments, compared with the tiling-based algorithm
with the best tiling parameter (0 1 1 1), the sequential algorithm
without tiling is slowed down by 8.41% and 15.92% on 25% and
5% datasets, respectively.

We also evaluated the performance of applying tiling-based al-
gorithm to parallel data cube construction. The experiment was
conducted on a � �

�
� � �

�
� � �

�
� � �

�
dataset with two different

levels of sparsity 25% and 5%. We assume that after data distribu-
tion among processors, we still need to partition the portion of the
original array on each processor into 4 tiles. Figure 11 shows that
given a data distribution, using tiling parameters obtained through
the algorithm of choosing tiling parameters can reduce the tiling
overhead. The best case with tiling parameter (1 0 0 1) outperforms
the case (0 0 0 2) by 4.62% and 6.14% on 25% and 5% datasets, re-
spectively. Note that the execution times of the two cases with tiling
parameters (1 0 0 1) and (0 0 1 1) are quite close to each other. This
is because these two cases both involve two-dimensional tiling.
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Figure 11: Evaluation of Tiling in a Parallel Environment

7. RELATED WORK
Since Jim Gray [6] proposed the data cube operator, techniques

for data cube construction have been extensively studied for both
relational databases [10, 9] and multi-dimensional datasets [12,
11]. Our work belongs to the latter group. Zhao et. al [12] use
MMST (Minimum Memory Spanning Tree) with optimal dimen-
sion order to reduce memory requirements in sequential data cube
construction. However, their method requires frequent write oper-
ation to the disks. In comparison, our approach of tiling does not
require frequent write operations, and can flexibly work with dif-
ferent amounts of available memory. Tam [11] uses MNST (Mini-
mum Number Spanning Tree) to reduce computing cost, with ideas
some-what similar to our prefix tree. Again, this method also re-
quires frequent writing back to disks. Also, the MMST and MNST
approaches have not been parallelized so far.

Many researchers have developed parallel algorithms for data
cube construction. Goil et. al [4, 5] did the initial work on par-
allelizing data cube construction starting from multidimensional
arrays. Recently, Dehne et. al [3] have studied the problem of
parallelizing data cube. They focus on a shared-disk model where
all processors access data from a common set of disks. None of
these efforts have considered combining tiling and parallelization.

8. CONCLUSIONS
In this paper, we have shown how sequential and parallel data

cube construction algorithms can be further scaled to handle larger
problems. This is done by tiling the input and output arrays on each
node. We have addressed the challenges in using tiling while still
maintaining the other desired properties of a data cube construc-
tion algorithm, which are, using minimal parents, and achieving
maximal cache and memory reuse. We have presented a parallel
algorithm that combines tiling with interprocessor communication.
In a related technical report [7], we also present a closed form ex-
pression for tiling overhead, and have shown how tiling parameters
can be chosen to minimize this overhead.

Our experimental results show the following. First, tiling helps
in scaling data cube construction in both sequential and parallel
environments. Second, choosing tiling parameters as per our theo-
retical results does result in better performance.
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