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Abstract

Data discretization is defined as a process of converting con-
tinuous data attribute values into a finite set of intervals with
minimal loss of information. In this paper, we prove that dis-
cretization methods based on informational theoretical com-
plexity and the methods based on statistical measures of data
dependency are asymptotically equivalent. Furthermore, we
define a notion of generalized entropy and prove that dis-
cretization methods based on MDLP, Gini Index, AIC, BIC,
and Pearson’s X2 and G? statistics are all derivable from
the generalized entropy function. We design a dynamic
programming algorithm that guarantees the best discretiza-
tion based on the generalized entropy notion. Furthermore,
we conducted an extensive performance evaluation of our
method for several publicly available data sets. Our results
show that our method delivers on the average 31% less clas-
sification errors than many previously known discretization
methods.

1 Introduction

Many real-world data mining tasks involve continuous at-
tributes. However, many of the existing data mining sys-
tems cannot handle such attributes. Furthermore, even if a
data mining task can handle a continuous attribute, its per-
formance can be significantly improved by replacing a con-
tinuous attribute with its discretized values. Data discretiza-
tion is defined as a process of converting continuous data
attribute values into a finite set of intervals and associating
with each interval some specific data value. There are no
restrictions on discrete values associated with a given data
interval except that these values must induce some ordering
on the discretized attribute domain. Discretization signifi-
cantly improves the quality of discovered knowledge [8, 30]
and also reduces the running time of various data mining
tasks such as association rule discovery, classification, and
prediction. Catlett in [8] reported ten fold performance im-
provement for domains with a large number of continuous
attributes with little or no loss of accuracy. However, any
discretization process generally leads to a loss of informa-
tion. Thus, the goal of the good discretization algorithm is
to minimize such information loss.

Discretization of continuous attributes has been exten-
sively studied [5, 8, 9, 10, 13, 15, 24, 25]. There are a wide
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variety of discretization methods starting with naive (often
referred to as unsupervised) methods such as equal-width
and equal-frequency [26], to much more sophisticated (of-
ten referred to as supervised) methods such as Entropy [15]
and Pearson’s X2 or Wilks’ G? statistics based discretiza-
tion algorithms [18, 5]. Unsupervised discretization methods
are not provided with class label information whereas super-
vised discretization methods are supplied with a class label
for each data item value. Liu er. al. [26] introduce a nice
categorization of a large number of existing discretization
methods.

In spite of the wealth of literature on discretization meth-
ods, there are very few attempts to analytically compare
them. Typically, researchers compare the performance of
different algorithms by providing experimental results of
running these algorithms on publicly available data sets. In
[13], Dougherty et al. compare discretization results ob-
tained by unsupervised discretization versus a supervised
method proposed by [19] and the entropy based method pro-
posed by [15]. They conclude that supervised methods are
better than unsupervised discretization method in that they
generate fewer classification errors. In [25], Kohavi and Sa-
hami report that the number of classification errors generated
by the discretization method of [15] is comparatively smaller
than the number of errors generated by the discretization al-
gorithm of [3]. They conclude that entropy based discretiza-
tion methods are usually better than other supervised dis-
cretization algorithms.

Recently, many researchers have concentrated on the gen-
eration of new discretization algorithms [38, 24, 5, 6]. The
goal of the CAIM algorithm [24] is to find the minimum
number of intervals that minimize the loss between class-
attribute interdependency. Boulle [5] has proposed a new
discretization method called K hiops, which uses Pearson’s
X? statistic to merge consecutive intervals in order to im-
prove the global dependence measure. MODL is another
latest discretization method proposed by Boulle [5]. This
method builds an optimal criteria based on a Bayesian
model. A dynamic programming approach and a greedy
heuristic approach are developed to find the optimal crite-
ria. Finally, Yang and Webb have studied discretization for
naive-Bayes classifiers [38]. They have proposed a couple of
methods, such as proportional k-interval discretization and
equal size discretization, to manage the discretization bias
and variance. All these algorithms have shown certain ad-

IEEE
183 computer
psoue

ty



Intervals Class 1 | Class 2 Class J || Row Sum
S1 c11 c12 c1j Ny
So Cc21 C22 caJy N>
St cr1 cr2 cry Ny
Column Sum M Mo M, N (Total)

Table 1: Notations for Contingency Table C'

vantages, such as improving classification accuracy and/or
complexity.

Several fundamental questions of discretization, however,
remain to be answered. How these different methods are
related to each other and how different or how similar are
they? Is there an objective function which can measure
the goodness of different approaches? If so, how would this
function look like? In this paper we provide a set of positive
results toward answering these questions.

1.1 Problem Statement

For the purpose of discretization, the entire dataset is pro-
jected onto the targeted continuous attribute. The result of
such a projection is a two dimensional contingency table,
C with I rows and J columns. Each row corresponds to
either a point in the continuous domain, or an initial data in-
terval. We treat each row as an atomic unit which cannot
be further subdivided. Each column corresponds to a dif-
ferent class and we assume that the dataset has a total of J
classes. A cell ¢;; represents the number of points with j-th
class label falling in the i-th point (or interval) in the targeted
continuous domain. Table 1 lists the basic notations for the
contingency table C.

In the most straightforward way, each continuous point (or
initial data interval) corresponds to a row of a contingency
table. Generally, in the initially given set of intervals each
interval contains points from different classes and thus, c;;
may be more than zero for several columns in the same row.

The goal of a discretization method is to find another con-
tingency table, C’, with I’ << I, where each row in the
new table C” is the combination of several consecutive rows
in the original C table, and each row in the original table is
covered by exactly one row in the new table.

The quality of the discretization function is measured by
a goodness function, which depends on two parameters.
The first parameter (termed cost(data)) reflects the number
of classification errors generated by the discretization func-
tion, whereas the second one (termed penalty(model)) is
the complexity of the discretization which reflects the num-
ber of discretization intervals generated by the discretization
function. Clearly, the more discretization intervals created,
the fewer the number of classification errors, and thus the
cost of the data is lower. That is, if one is interested only in
minimizing the number of classification errors, the best dis-
cretization function would generate I intervals — the number
of data points in the initial contingency table. Conversely, if
one is only interested in minimizing the number of intervals
(and therefore reducing the penalty of the model), then the
best discretization function would generate a single interval

by merging all data points into one interval. Thus, finding
the best discretization is to find the best trade-off between
the cost(data) and the penalty(model).

1.2 Our Contribution
Our results can be summarized as follows:

1. We demonstrate a somewhat unexpected connection
between discretization methods based on information
theoretical complexity, on one hand, and the methods
which are based on statistical measures of the data
dependency of the contingency table, such as Pear-
son’s X2 or G2 statistics on the other hand. Namely,
we prove that each goodness function defined in [15,
16, 5, 23, 27, 4] is a combination of G? defined by
Wilks’ statistic [1] and degrees of freedom of the con-
tingency table multiplied by a function that is bounded
by O(logN), where N is the number of data samples in
the contingency table.

2. We define a notion of generalized entropy and intro-
duce a notion of generalized goodness function. We
prove that goodness functions for discretization meth-
ods based on MDLP, Gini Index, AIC, BIC, Pearson’s
X2, and G? statistic are all derivable from the general-
ized goodness function.

3. We design a dynamic programming algorithm that guar-
antees the best discretization based on a generalized
goodness function.

4. We conduct an extensive performance evaluation of our
discretization method and demonstrate that our method
on the average outperforms by 31% the prior discretiza-
tion methods for all publicly available data sets we
tried.

2 Goodness Functions

In this section we introduce a list of goodness functions
which are used to evaluate different discretization for numer-
ical attributes. These goodness functions intend to measure
three different qualities of a contingency table: the informa-
tion complexity, the fitness of statistical models, and the con-
fidence level for statistical independence tests .
Information Theoretical Approach and MDLP: In the in-
formation theoretical approach, we treat discretization of
a single continuous attribute as a 1-dimension classifica-
tion problem. The Minimal Description Length Principle
(MDLP) is a commonly used approach for choosing the best
classification model [31, 18]. It considers two factors: how
good the discretization fit the data, and the penalty for the
discretization which is based on the complexity of discretiza-
tion. Formally, MDLP associates a cost with each discretiza-
tion, which has the following form:

cost(model) = cost(datalmodel) + penalty(model)
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where both terms correspond to these two factors, respec-
tively. Intuitively, when a classification error increases, the
penalty decreases and vice versa.

To facilitate our discussion, let H(.S;) be the entropy [12]
of interval S; and H (S, - - -, S1+) be the total entropy for the
I’ intervals:

J .,
=L Nl

I
N;
H(Sl>"'7SI’ ZW

Given this, the cost of discretization based on MDLP can be
expressed as follows:

CostyprLp = N X H(Sl,' . ‘,S[/) +

(I' = 1logs—— +I’(J— 1)logaJ 6))

I —
The first term corresponds to cost(data|model), which are
the cost to transfer the labels of each continuous point, and
the rest corresponds to penalty(model), which describes the
coding book of labels and necessary delimiters. The detailed
derivation is given in the technical report [22]. Note that
similar formulation has been used in Fayyad and Irani’s En-
tropy approach for choosing the best cut point for discretiza-
tion [15].

To facilitate the comparison with other cost functions, we
formally define a goodness function of a MDLP based dis-
cretization method applied to contingency table C' to be the
difference between the cost of C°, which is the resulting ta-
ble after merging all the rows of C' into a single row, and the
cost of C'. We will also use natural log instead of the logs
function. Formally, we denote the goodness function based
on MDLP as GF]WDLP-

GFuprp(C) = Costyprp(CP) — Costarprp(C)
=N X H(Slu ~~US]/)—N>< H(Sl,'”,S]/) —
N
where, 57 U --- U Sy is the merged interval of Sy, - -, Sy.

Note that for a discretization problem, any discretization
method shares the same C°. Thus, the least cost of trans-
ferring a contingency table corresponds to the maximum of
the goodness function.

Statistical Model Selection (AIC and BIC): A different
way to look at a contingency table is to assume that all data
points are generated from certain distributions (models) with
unknown parameters. Given a distribution, the maximal like-
lihood principle (MLP) can help us to find the best param-
eters to fit the data [16]. However, to provide a better data
fitting, more expensive models (including more parameters)
are needed. Statistical model selection tries to find the right
balance between the complexity of a model corresponding to
the number of parameters, and the fitness of the data to the
selected model, which corresponds to the likelihood of the
data being generated by the given model.

For choosing the best discretization model, two criteria
are often used: the Akaike information criterion (AIC) and
Bayesian information criterion (BIC) [16].

Costarc = 2S5, +2(I’ x (J—1))
Costgrc =28+ (I' x (J —1))logN

3
)

where, S, = El 1 23 | Cijlog R is the log-likelihood
for the corresponding discretization. Generally speaking, the
first term corresponds to the fitness of the data given the dis-
cretization model, and the second term corresponds to the
complexity of the model. Clearly, since BIC takes into ac-
count the size of the training set NV, the penalty of the model
is higher than the one in the AIC by a factor of logN/2.

For the same reason as MDLP, we denote the goodness
function of a given contingency table based on AIC and
BIC as follows:

GFA[C(C)
GFBlc(C)

= COStA[c(CO) —
= Costglc(co) —

Costarc (C)
Costgrc (C)

&)
(6)

Confidence Level from Independence Tests: Another way
to treat discretization is to merge intervals so that the rows
(intervals) and columns (classes) of the entire contingency
table become more statistically dependent. In other words,
the goodness function of a contingency table measures its
statistical quality in terms of independence tests. Two statis-
tics, Pearson’s X? and Wilks’ G2, are commonly used for
such purpose [1]:

(M

_ (Ci'*mi,‘)Q
= QZZculogN]M N

i=1 j=1

®)

where, m;; = N(N;/N)(M;/N) is the expected frequen-
cies. It is well known that both Pearson’s X 2 and Wilks’ G2
statistics have an asymptotic x? distribution with degrees of
freedom df = (I’ — 1)(J — 1), where I’ is the total number
of rows [1].

Consider a null hypothesis Hy (the rows and columns are
statistically independent) against an alternative hypothesis
H,. We can obtain the confidence level of the statistical test
to reject the independence hypothesis (Hy). Given this, we
use the confidence level as our goodness function to compare
different discretization methods that use X2 and G? statis-
tics.

Our goodness functions are formally defined as

GFx:(C) = Fy (X?) ©9)
GFg2(C) = Fya, (G?) (10)

where, Fng is the cumulative x? distribution function. We
note that 1 — Fx?lf (-) is essentially the P-value of the afore-
mentioned statistical independence test [7]. The lower the
P-value (or equivalently, the higher the goodness), with more
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confidence we can reject the independence hypothesis (H).
Finally, we note that the confidence interval together with
X? has been used in Khiops [5], and G? has been used in
[37] and is referred to as class-attributes interdependency in-
formation.

3 Equivalence of Goodness Functions

In this section, we analytically compare different discretiza-
tion goodness functions introduced in Section 2. In particu-
lar, we find some rather surprising connection between these
seemingly quite different approaches: the information theo-
retical complexity , the statistical fitness, and the statistical
independence tests. We basically prove that all these func-
tions can be expressed in a uniform format as follows:
GF = G? — df x f(G*,N,I,J) a1
where, df is a degree of freedom of the contingency table,
N is the number of data points, I is the number of data
rows in the contingency table, J is the number of class la-
bels and f is bounded by O(logN). The first term G? corre-
sponds to the cost of the data given a discretization model
(cost(data|model)), and the second corresponds to the
penalty or the complexity of the model (penalty(model)).
To derive this expression, we first derive an expression
for the cost of the data for different goodness functions dis-
cussed in section 2 (Subsection 3.1). This is achieved by ex-
pressing GZ statistics through information entropy (Theorem
2). Then, using a Wallace’s result [35, 36] on approximat-
ing %2 distribution with a normal distribution, we transform
the goodness function based on statistical independence tests
into the format of Formula 11. Further, a detailed analysis
of function f reveals a deeper relationship shared by these
different goodness functions (Subsection 3.3).

3.1 Unifying the Cost of Data to G>

In the following, we establish the relationship among en-
tropy, log-likelihood and G2. This is the first step for an
analytical comparison of goodness functions based on the
information theoretical, the statistical model selection, and
the statistical independence test approaches. Due to the lack
of space, the proofs of Theorem 1 and 2 can be found in the
technical report [22].

First, it is easy to see that for a given contingency table,
the cost of the data transfer (cost(data|model), a key term
in the information theoretical approach) is equivalent to the
log likelihood Sy, (used in the statistical model selection ap-
proach) as the following theorem asserts.

Theorem 1 For a given contingency table C « j, the cost of
data transfer (costy(data|model)) is equal to the log likeli-
hood Sy, i.e.

g
N x H(Sh"',Sp) = SL = —ZZCU‘ZOQ%

i=1 j=1

The next theorem establishes a relationship between en-
tropy criteria and the likelihood independence testing statis-
tics G2. This is the key to discover the connection between
the information theoretical and the statistical independence
test approaches.

Theorem 2 Let C be a contingency table. Then

G?/2=NxH(S;U---USp) — N x H(Sy,---,S5)

Consequently, we rewrite the goodness functions

GFyvprp, GFare and GEgrce as follows.

GFuprp =

—2(I' = 1)(J' — DlogJ (12)

N
2 !
G -2 1)log[/ —
GFarc =G> —(I'=1)(J - 1) (13)
GFpic = G?* — (I' = 1)(J — 1)logN/2 (14)

For the rest of the paper we use the above formulas for
GFuprp, GFarc and GFpjc.

It has long been known that they are asymptotically equiv-
alent. The next theorem provides tool to connect the infor-
mation theoretical approach and the statistical independence
test approach based on Pearson’s chi-square (X 2) statistic.

Theorem 3 [1] Let N be the total number of data values in
the contingency table T of I x J dimensions. If the rows
(columns) of contingency table are independent, then proba-
bility of X? - G? = 0 converges to one as N — .

In the following, we mainly focus on the asymptotic prop-
erties shared by X2 and G? based cost functions. Thus, our
further discussions on G2 can also be applied to X 2.

Note that Theorem 1 and 2 basically establish the basis
for Formula 11 of goodness functions based on the infor-
mation theoretical approach and statistical model selection
approaches. Even though Theorems 2 and 3 relate the in-
formation theoretical approach (based on entropy) to the sta-
tistical independence test approach (based on G? and X2), it
is still unclear how to compare them directly since the good-
ness function of the former one is based on the total cost of
transferring the data and the goodness function of the latter
one is the confidence level for a hypothesis test. Subsec-
tion 3.2 presents our approach on tackling this issue.

3.2 Unifying Statistical Independence Tests

In order to compare the quality of different goodness func-
tions, we introduce a notion of equivalent goodness func-
tions. Intuitively, the equivalence between goodness func-
tions means that these functions rank different discretization
of the same contingency table identically.
Definition 1 Let C' be a contingency table and GFy(C),
GF>(C) be two different goodness functions. GFy and GF
are equivalent if and only if for any two contingency ta-
bles Cl and 02, GFl(Cl) < GFl(CQ) < GFQ(Cl) <
GFy(Cy)

Using the equivalence notion, we transform goodness
functions to different scales and/or to different formats. In
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the sequel, we apply this notion to compare seemingly dif-
ferent goodness functions.

The relationship between the G2 and the confidence level
is rather complicated. It is clearly not a simple one-to-one
mapping as the same G2 may correspond to very different
confidence level depending on degrees of freedom of the
x?2 distribution and, vice versa the same confidence level
may correspond to very different G2 values. Interestingly
enough, such many-to-many mapping actually holds the key
for the aforementioned transformation. Intuitively, we have
to transform the confidence interval to a scale of entropy or
G? parameterized by the degree of freedom for the x? distri-
bution.

Our proposed transformation is as follows.

Definition 2 Ler u(t) be the normal deviate of the chi-
square distributed variable t [21]. That is, the following

equality holds :
D(u(t))

where, inf is the x? distribution function with df degrees

FX(Zlf (t) =

of freedom, and ® is the normal distribution function. For a
given contingency table C, which has the log likelihood ratio
G?, we define

GFl. = u(G?) (15)

as a new goodness function for C.

The next theorem establishes the equivalence between a
goodness functions GFg2 and GF,,
Theorem 4 The goodness function GFl. = u(G?) is
equivalent to the goodness function GFg2 = Fxﬁf (G?).
Proof: Assuming we have two contingency tables C; and
C> with degree of freedom df; and df, respectively. Their
respective G2 statistics are denoted as G2 and G3. Clearly,
we have

Fxfl (Gz)

f1

®(u(GY)) <

F (Gz) =

@(( 3) =
u(GY) < u(G3)

This basically establishes the equivalence of these two good-
ness functions. O

The newly introduced goodness function GFY,, is rather
complicated and it is hard to find for it a closed form ex-
pression. In the following, we use a theorem from Wallace
[35, 36] to derive an asymptotically accurate closed form ex-
pression for a simple variant of GF,..
Theorem 5 [35, 36] For all t > df, all df > .37, and with
w(t) = [t — df — df log(t/df)]z,

0 < w(t) < u(t) < w(t)+ .60df 3

Note that if u(G?) > 0, then, u?(G?) is equivalent to
u(G?). Here, we limit our attention only to the case when
G? > df, which is the condition for Theorem 5. This con-
dition implies that u(G?) > 0. ! We show that under some

'If w(G?) < 0, it becomes very hard to reject the hypothesis that the
entire table is statistically independent. Here, we basically focus on the
cases where this hypothesis is likely to be reject.

conditions, u2(G?) can be approximated as w?(G?).

0.36 w(G?)
G? G*) <w*(G%) + ——+1.2
(6%) < (G*) < w?(G) + 127
| < u?(G?) <14 0.36 N 1.2
W) T TR @) < df W@V
Ifdf — coandw(t) >> 0, then
0.36 1.2
@ xa e
u?(G?)
Therefore, () —1
Thus, we can have the following goodness function:
GZ
GFle = u?(G?) = G* — df (1 + log(=7)) (16)

daf

Similarly, function GF )’( ', is obtained from G‘Fg2 by re-
placing in the GF{,, expression G? with X2. Formulas 12,
13, 14 and 16 indicate that all goodness functions intro-
duced in section 2 can be (asymptotically) expressed in the
same closed form (Formula 11). Specifically, all of them
can be decomposed into two parts. The first part contains
G?, which corresponds to the cost of transferring the data
using information theoretical view. The second part is a lin-
ear function of degrees of freedom, and can be treated as the
penalty of the model using the same view.

3.3 Penalty Analysis

In this section, we perform a detailed analysis of the relation-
ship between penalty functions of these different goodness
functions . Our analysis reveals a deeper similarity shared
by these functions and at the same time reveals differences
between them.

Simply put, the penalties of these goodness functions are
essentially bounded by two extremes. On the lower end,
which is represented by AIC, the penalty is on the order
of degree of freedom, O(df). On the higher end, which is
represented by BIC, the penalty is O(dflogN).

Penalty of GF’, (Formula 16): The penalty of our new
goodness function GF/, = u?(G?) is between O(df) and
O(dflogN). The lower bound is achieved, provided that G2
being strictly higher than df (G? > df). Lemma 1 gives the
upper bound (The proof is in the technical report [22]).
Lemma 1 G? is bounded by 2NlogJ (G? < 2NlogJ).

In the following, we consider two cases for the penalty
GFl.. = u*(G?). Note that these two cases corresponding
to the lower bound and upper bound of G2, respectively.

1. if G2 = ¢; x df, where ¢; > 1, the penalty of this
goodness function is (1 + logey )df, which is O(df ).

2. if G2 = ¢y x NlogJ, where c; < 2 and co >>
0, the penalty of the goodness function is (1 +
log(caNlogJ/df)).

The second case is further subdivided into two subcases.
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1. If N/df ~ N/(IJ) = c, where c is some constant, the
penalty is O(df ).

2. If N — oo and N/df =~ N/(IJ) — oo, the penalty is
df (1+log(caNlogJ/df) =~ df (14+logN/df)

Penalty of GFy;prp (Formula 12): The penalty function
f derived in the goodness function based on the information
theoretical approach can be written as

df
J—1"71-

Here, we again consider two cases:

log

+ dflogJ = df(logjjfl/(J —1) +logJ)

1. If N/(I — 1) = ¢, where c is some constant, we have
the penalty of MDLP is O(df).

2. If N >> Iand N — oo, we have the penalty of MDLP
is O(dflogN).

Note that in the first case, the contingency table is very sparse
(N/(IJ)is small). In the second case, the contingency table
is very dense (N/(I.J) is very large).

To summarize, the penalty can be represented in a generic
form as df x f(G?, N, I,J) (Formula 11). This function f
is bounded by O(logN). Finally, we observe that different
penalty clearly results in different discretization. The higher
penalty in the goodness function results in the less number
of intervals in the discretization results. For instance, we can
state the following theorem.

Theorem 6 Given an initial contingency table C with
logN > 2 (the condition for the penalty of BIC' is higher
than the penalty of AIC), let Ia;c be the number of in-
tervals of the discretization generated by using GFarc and
Ip1c be the number of intervals of the discretization gener-
ated by using GFpic. Then Ia;¢c > Ipic.

Note that this is essentially a direct application of the
well-known facts from statistical machine learning research:
higher penalty will result in more concise models [16].

Finally, we note that several well-known discretiza-
tion algorithms based on local independence test include
ChiMerge [23] and Chi2 [27], etc. Specifically, for consecu-
tive intervals, these algorithms perform a statistical indepen-
dence test based on Pearson’s X2 or G2. If they could not
reject the independence hypothesis for those intervals, they
merge them into one row. A simple analysis in [22] suggests
that the local merge condition essentially shares the penalty
in the same order of magnitude as GF4;¢. Interested read-
ers can refer [22] for detailed discussion.

4 Parametrized Goodness Function

The goodness functions discussed so far are either entropy
or x? or G2 statistics based. In this section we introduce
a new goodness function which is based on gini index [4].
Gini index based goodness function is strikingly different
from goodness functions introduced so far. In this section
we show that a newly introduced goodness function G F iy,
along with the goodness functions discussed in section 2 are
all can be derived from a generalized notion of entropy [29].

~ df (logN) T

4.1 Gini Based Goodness Function

Let S; be a row in contingency table C. Gini index of row
S; is defined as follows [4]:

. Cij Cij

Gini(8;) ; i 1 Ni}
and Costaini (C) = Y1) Ni x Gini(S;)
The penalty of the model based on gini index can be approx-
imated as 21’ — 1 (see detailed derivation in the technical
report [22]). The basic idea is to apply a generalized MDLP
principle in such a way so that the cost of transferring the
data (cost(data|model)) and the cost of transferring the cod-
ing book as well as necessary delimiters (penalty(model))
are treated as the complexity measure. Therefore, the gini
index can be utilized to provide such a measure. Thus, the
goodness function based on gini index is as follows:

GFyini( Sy Lo’ —1) (17)
g SN =N
4.2 Generalized Entropy

In this subsection, we introduce a notion of generalized en-
tropy, which is used to uniformly represent a variety of com-
plexity measures, including both information entropy and
gini index by assigning different values to the parameters of
the generalized entropy expression. Thus, it serves as the ba-
sis to derive the parameterized goodness function which rep-
resents all the aforementioned goodness functions, such as
GF]\]DLP, GFA]C], GFB]C, GFsz, and GF(ﬂ'm, in a closed
form.

Definition 3 [32, 29] For a given interval S;, the general-
ized entropy is defined as

Z%l— (52)%1/8.8 > 0
j=1""

When § = 1, we can see that

J
c; ci
Hy(Si) =) N] [1— ﬁ]} = gini(S;)
j=1 ¢
When 6 — 0,
Hp—o(S Z c“l C” = H(S))

Let Crx s be a contingency table., We define the general-
ized entropy for C' as follows.

Hﬂ(sl’ '751)
i=1
J e )
(s10--us) = Y0 - (515
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4.3 Parameterized Goodness Function

Based on the discussion in Section 3, we derive that different
goodness functions basically can be decomposed into two
parts. The first part is for G2, which corresponds to the in-
formation theoretical difference between the contingency ta-
ble under consideration and the marginal distribution along
classes. The second part is the penalty which counts the
difference of complexity for the model between the con-
tingency table under consideration and the one-row contin-
gency table. The different goodness functions essentially
have different penalties ranging from O(df) to O(dflogN).
In the following, we propose a parameterized goodness
function which treats all the aforementioned goodness func-
tions in a uniform way.
Definition 4 Given two parameters, o and [3, where 0 <
B < 1and 0 < a, the parameterized goodness function for
contingency table C' is represented as

1/
GFap(C) =N x Hg(S1U---USp) = > Ni x Hp(S:)
i=1

—ax (I'= 1) = D[ = ()°)/8 (9)

By adjusting different parameter values, we show how
goodness functions defined in section 2 can be obtained from
the parametrized goodness function. We consider several
cases:

l.Let f = Land a = 2(N — 1)/(N(J — 1)).
GFyn-1)/(NT-1))1 = GFying.

2. Let o = 1/logN and 8 — 0. Then GFjogng—0 =
GFajc.

Then

3. Leta=1/2and 3 — 0. Then GF} /5 5.0 = GFpic.

4. Let const, — 0 and N >> I.
GFCG”St,ﬂHO = G2 - O(dflogN) = GFMDLP .

5. Let « const, B8 0, and G?
O(Nlog!]),N/(I(]) — oo. Then GFcansi,ﬂHO =
G? — O(dflogN) = GFl. = GFY.,.

Then

—

The parameterized goodness function not only allows us
to represent the existing goodness functions in a closed uni-
form form, but, more importantly, it provides a new way
to understand and handle discretization. First, the parame-
terized approach provides a flexible framework to access a
large collection (potentially infinite) of goodness functions.
Any valid pair of « and [ corresponds to a potential good-
ness function. Note that this treatment is in the same spirit
of regularization theory developed in the statistical machine
learning field [17, 34].

Secondly, finding the best discretization for different data
mining tasks for a given dataset is transformed into a param-
eter selection problem. However, it is an open problem how
we may automatically select the parameters without running
the targeted data mining task. In other words, can we ana-
Iytically determine the best discretization for different data
mining tasks for a given dataset? This problem is beyond

the scope of this paper and we plan to investigate it in future
work.

Finally, the unification of goodness functions allows to
develop efficient algorithms to discretize the continuous at-
tributes with respect to different parameters in a uniform
way. This is the topic of the next subsection.

4.4 Dynamic Programming for Discretization

This section presents a dynamic programming approach to
find the best discretization function to maximize the param-
eterized goodness function. Note that the dynamic program-
ming has been used in discretization before [14]. How-
ever, the existing approaches do not have a global good-
ness function to optimize, and almost all of them have to
require the knowledge of targeted number of intervals. In
other words, the user has to define the number of intervals
for discretization. Thus, the existing approaches can not be
directly applied to discretization for maximizing the param-
eterized goodness function.

In the following, we introduce our dynamic programming
approach for discretization. To facilitate our discussion, we
use GF for GF, g, and we simplify the GF formula as fol-
lows. Since a given table C, N x Hg(S; U---U St) (the
first term in GF, Formula 18) is fixed, we define

F(C) =N x Hg(S1U---USp) — GF(C) =

,
DO x H(S:) +ox (1= 1) = Dt = () )3

Clearly, the minimization of the new function F' is equiv-
alent to maximizing GF. In the following, we will focus
on finding the best discretization to minimize F'. First, we
define a sub-contingency table of C' as C[i : i + k] =
{Si,- ~~,Si+1€}, and let CO[Z T+ k} =S U--USitk
be the merged column sum for the sub-contingency table
Cli : i+k]. Thus, the new function F of the row C°[i : i+k]
is:

i+k
F(Clizi+ k)= (D N;) x Hg(Si U+ U Siyx)
=1

Let C be the input contingency table for discretization.
Let Opt(i,i+ k) be the minimum of the F' function from the
partial contingency table from row ¢ to ¢ + k,k > 1. The
optimum which corresponds to the best discretization can be
calculated recursively as follows:

Opt(i,i + k) = min(F(C°[i : i + k]),
mi’nlglgk,l(Opt(Li + l) + Opt(i +1+1,i4+ /C) +

ax (7= DL~ (/9

where k > 0 and Opt(i,i) = F(C°[i : 1]). Given this, we
can apply the dynamic programming to find the discretiza-
tion with the minimum of the goodness function, which are
described in Algorithm 1. The complexity of the algorithm
is O(I3), where I is the number of intervals of the input con-
tingency table C'.
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Algorithm 1 Discretization(Contingency Table C« ;)
fori=1to Ido
for j = i downto 1 do
Opt(j,i) = F(C°]j : i)
fork=jtoi—1do
Opt(j,1) = min(Opt(j,7), Opt(j, k)+
Opt(k + 1,i) + a(J — D[1 - (£)71/8)
end for
end for
end for
return Opt(1,1)

Table 2: Summary of dataset

Dataset Instances | Continuous | Nominal
Feature Feature

anneal 898 6 32
australian 690 6 8
diabetes 768 8 0

glass 214 9 0

heart 270 13 0
hepatitis 155 6 13
hypothyroid 3168 7 18

iris 150 4 0

labor 57 8 8

liver 345 6 0
sick-euthyroid | 3163 7 18
vehicle 846 18 0

5 Experimental Results

The major goal of our experimental evaluation is to demon-
strate that the dynamic programming approach with appro-
priate parameters can significantly reduce the classification
errors compared with the existing discretization approaches.

We chose 12 datasets from the UCI machine learning
repository [39]. Most of the datasets have been used
in the previous experimental evaluation for discretization
study [13, 26]. Table 2 describes the size and the number
of continuous and nominal features of each dataset.

We apply discretization as a preprocessing step for two
well-known classification methods: the C4.5 decision tree
and Naive Bayes classifier [16]. For comparison purpose,
we apply four discretization methods: equal-width (EQW),
equal-frequency (EQF), Entropy [15], and ChiMerge [23].
The first two are unsupervised approaches and the last two
are supervised approaches. We set the number of discretiza-
tion intervals to be 10 for the first two. All their implemen-
tations are from Weka 3 [40].

Our dynamic programming approach for discretization
(referred to as Unification in the experimental results) de-
pends on two parameters, « and 5. How to analytically de-
termine the best parameters which can result in the mini-
mal classification error is still an open question and beyond
the scope of this paper. Here, we apply an experimental-
validation approach to choose the optimal parameters o and

(. For a given dataset and the data mining task, we create
a 10 x 10 uniform grid for 0 < o < land 0 < f < 1
In addition, we use a value 10~ 5 to replace 0 for 3 since
it cannot be equal to 0. Then we apply the dynamic pro-
gramming at each grid point to discretize the dataset. We
score each point using the mean classification error based on
a five-trial five-fold cross-validation on the discretized data.
Figure 1(a) shows the surface of the classification error rate
of C'4.5 running on the discretized iris dataset [39] using the
unification approach with parameters from the 10 x 10 grid
points. Figure 1(b) illustrates the surface of the classification
error rate of Naive Bayes classifier running on the discretized
glass dataset [39]. Clearly, we can see that different o and
[ parameters can result in very different classification error
rates. Given this, we choose the o and 3 pair which achieves
the minimal classification error rate as the selected unifica-
tion parameters for discretization. For instance, in these two
figures, we choose a = 0.3 and 8 = 0.3 as the parameters
to discretize iris for C'4.5, and choose @ = 0.4 and § = 0.1
to discretize glass for Naive Bayes classifier. Note that the
objective of using five trials instead of only one is to choose
parameters in a more robust fashion to avoid outliers.

Finally, for each of the discretization method (our Unifi-
cation method with the best predicated parameter), we run
a five-trial five-fold cross-validation, and report their mean
and standard deviation of the cross-validation. Note that here
each trial will re-shuffle the dataset and is different from the
trials in the parameter selection process.

Table 3 and Table 4 show the experimental results for C4.5
and Naive Bayes Classifier, respectively. In the left part of
each table, we show the mean classification error and stan-
dard deviation using different discretization methods (the
first one, Continuous corresponding to no-discretization).
The right part of each table shows the percentage differences
between two leading discretization approaches, Entropy and
ChiMerge, with our new approach Unification. The last
column chooses the minimal classification errors from all
five existing approaches to compare with the unification ap-
proach.

We can see that the unification approach performs signif-
icantly better than the existing approaches. First, based on
the average classification error for all the 12 datasets, the
unification is the best among all these approaches (14.45%
error rate for C4.5 and 10.60% for Naive Bayes classifier).
For C4.5, it reduces the error rate on an average of 19.40%
compared with Entropy, and reduces the error rate on aver-
age of 26.65% compared with ChiMerge. For Naive Bayes
classifier, it reduces the error rate on an average of 58.74%
compared with Entropy, and reduces the error rate on an av-
erage of 20.82% compared with ChiMerge. The overall im-
provement is on an average of 31% in terms of classification
error rate. Finally, in 9 out of 12 datasets for C4.5, the unifi-
cation approach shows better or equal performance with the
best existing approach. In other 3 datasets, the performance
are fairly close to the minimal error rate as well. For Naive
Bayes classifier, the unification method perform the best in
10 out of 12 datasets and the second for the other 2 datasets.
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(a) Iris+C4.5

f
(b) glass+Naive Bayes classifier

Figure 1: The surface of classification error rate using parameters from 10 x 10 grid

Table 3: C4.5 Results

Dataset

Experimental results 5x5 validation

Comparision with Unification

Continuous  EQW EQF Entropy ChiMerge Unification | Entropy ChiMerge Min
anneal 8.62+2.16 9.84+2.07 9.40+£1.95 8.58+£1.49 7.32£1.19 7.33£1.40 17.05 -0.14 -0.14
australian 14.34£2.55 15.10£2.99 12.83+3.51 13.70+2.94 14.64+£3.11  12.46£2.78 | 9.95 17.50 297
diabetes 26.074£3.07 25.84£2.83 26.02+3.11 22.75+3.13 26.05£3.02 22.34+2.35 | 1.84 16.61 1.84
glass 33.44+6.33  44.29+6.09 42.05+4.78 26.72+7.52 27.23£5.39  25.15+4.64 | 6.24 8.27 6.24
heart 20.30£5.18  21.42+£5.21 22.01+£4.62  16.52+4.01 20.60£5.30  16.52+4.01 | 0.00 24.70 0.00
hepatitis 18.60£5.85 16.92+4.96 15.884+5.06 19.361+5.38 17.81£5.19  15.36£5.03 | 26.04 15.95 3.39
hypothyroid 0.78+0.26 2.69+0.54 1.73+0.39 0.76£0.30 1.69+0.48 0.76+0.30 0.00 122.37 0.00
iris 5.60£3.33 4.00£2.98 6.01£2.04 5.46£3.28 3.34+3.13 3.06£3.43 78.43 9.15 9.15
labor 15.77£7.75 28.84+£7.06 28.05+£6.76 14.37+10.84 9.09+8.10 9.82+9.33 46.33 -7.43 =743
liver 34.54+5.05 39.18+5.44  42.77+5.60 36.80+5.23 34.324£3.72  30.54+4.93 | 20.50 12.38 12.38
sick-euthyroid | 2.0940.53 3.94+0.62  4.96+0.67 2.49+0.64 4.114+0.86 2.09+0.52 19.14 96.65 0.00
vehicle 27.64+£3.41 30.62+2.50 34.51+3.10 30.00+1.94 29.03£3.51 27.97+£3.53 | 7.26 3.79 -1.18
Average 17.32 20.22 20.52 16.46 16.27 14.45 19.40 26.65 2.27

Table 4: Naive Bayes Results

Dataset Experimental results 5x5 validation Comparisons with Unification

Continuous  EQW EQF Entropy ChiMerge Unification | Entropy ChiMerge Min
anneal 20+2.15 6.1£1.55 3.07£1.4 3.67£1.45 2.36£1.25 2.18£1.15 68.35 8.26 8.26
australian 22.55+2.6 14.81+£3 13.48+2.7 14.29+3.1 10.52£2.25 10.11£1.95 | 41.28 4.00 4.00
diabetes 24.45+2.85 24.40+3.6 25.36+3.8 22.03£2.75 15.26£2.35 13.13£2.6 67.82 16.26 16.26
glass 53.74+7 42.06+5.6 28.59+£5.35 25.8+4 20+4.6 13.36+4.45 | 93.04 49.64 49.64
heart 16£5.7 15.70£3.3 16.96+2.7 16.3£4.55 12.885+3.45 12.74£3.05 | 27.94 1.14 1.14
hepatitis 16.12+5.6 16.12+£4.05  17.42+5.7 14.32£3.95 9.93£3.35 10.32£3.9 38.76 -3.73 -3.73
hypothyroid 2.11£0.45 2.99+0.45 2.835+£0.75 1.36+0.5 1.23+0.5 0.99+0.45 37.37 24.75 24.75
iris 4.26+4.15 5.243.65 7.33+£4.55 5.73+4.55 4.93+4.15 2.8£3.95 104.64  76.07 52.32
labor 8.03+£6.25 8.48+8.7 9.4249.65 6.36£6.85 5.3£5.35 2.88+4.4 120.83 84.03 84.03
liver 44.87+7.6 36.23+3.8 37.97+5.2 36.81£5.3 20.465+4.25 20.23+4.15 | 81.96 1.16 1.16
sick-euthyroid | 15.63+2.15 6.375+0.85 5.855+1.05 3.8+0.8 3.32+0.65 3.26+0.7 16.56 1.84 1.84
vehicle 55.05+3.1 39.52+3.2 37.28+2.6 37.49+43.5 30.47+2.95 35.274£2.9 6.31 -13.60 -13.60
Average 23.57 18.17 17.13 15.66 11.39 10.61 58.74 20.82 18.84
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6 Conclusions

In this paper we introduced a generalized goodness function
to evaluate the quality of a discretization method. We have
shown that seemingly disparate goodness functions based on
entropy, AIC, BIC, Pearson’s X2, Wilks’ G2, and Gini in-
dex are all derivable from our generalized goodness function.
Furthermore, the choice of different parameters for the gen-
eralized goodness function explains why there is a wide va-
riety of discretization methods. Indeed, difficulties in com-
paring different discretization methods were widely known.
Our results provide a theoretical foundation in understanding
these difficulties and offer rationale as to why evaluation of
different discretization methods for an arbitrary contingency
table is difficult. We have designed a dynamic program-
ming algorithm that for given set of parameters of a gener-
alized goodness function provides an optimal discretization
which achieves the minimum of the generalized goodness
function. We have conducted an extensive performance tests
for a set of publicly available data sets. Our experimental re-
sults demonstrate that our discretization method consistently
outperforms the existing discretization metods on the aver-
age by 31%. These results clearly validate our approach and
open a new way of tackling discretization problems.
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