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Probability

Definition 1: Probability Space (Q, F, P)
Q — sample space: all possible results.
Example: roll a six sided die, resultsis Q={123456}
F —power set of Q: set of all subsets.
F=2°
IF| = 210l
Example: {[1 {1} {2} {3} ... {6} {12} {13} ... {26} ... {66} {111} {112} ... {123456}}
P — probability function: maps a subset of the sample space to a probability
F - R

Definition 2: P: F -~ R
Eisanevent, EOF
A) 0SP(E)<1
B) P(Q)=1
C) P(E, O E))=P(E) + P(E,) iff E; n E;=101
PE\OE,UE;...UE,)=P(E)+P(E,)+P(E)+...+PE)UTE n E;=0 Ui#

Lemma 1: P((E\ U E,) = P(E)) + P(E,) = P(E1 n E»)
Proof:

Note that E1 = E1 — (E1 n Ez) + (El N Ez)

Thus...
P(El) = P(El — (E1 n Ez)) + P(E1 n Ez) and
P(Ez) = P(Ez — (E1 n Ez)) + P(E1 n Ez)
P(E1 ] Ez) = P(E1 — (E1 N Ez)) + P(Ez — (E1 N Ez)) + P(E1 n Ez))

and
P(E, 0 E) — P(E)) — P(E) = P(E)) + P(E) — P(E; n E»)

Definition 3: Conditional Probability
Events 4, B F
P(4 | B) — Probability of event 4 given event B is true

p(a| B)= PN B)
P(B)
P(A 0 Ayn .0 A)= P(A)IP(A, | A)OP(A4, | A 0 A)D.OP(A, | A0 A0 .0 4,)
P(An 4y)
P(A0 Ayn 4y)

Definition 4: Random Variables
Choose an event from the sample space Q. A random variable X is an “observation.”
X: Q-5 R
Discrete, either a finite number of possibilities or countable infinite.
X=a is {yUQ | X(y)=a} “asetin Q in which the random value is a”

Example: roll a six-sided die twice, sum the results



Q= {1-1, 1-2, 1-3, 1-4, 1-5, 1-6, 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 3-1,
4-1,4-2,4-3,4-4, 4-5, 4-6, 5-1, 5-2, 5-3, 5-4, 5-5, 5
Q| =36

Each event has )45 probability.

X=4is {13, 22, 31}

P(X:4) = %6 = %2

P(X=2) = Vs (1-1}

PX=7)= %s = Ji {1-6,2-5,3-4,4-3,5-2, 6-1}

Definition 5: Independent events
X and Y are independent iff [ x,y P((X=x)n (Y=y)) = P(X=x) [(P(Y=y)

Definition 6: Expectation
The expectation of a random variable X is

E(X)= Z iOP(X = i)

IR(X)

Example: Pick 10 cards. What is the expected number of red cards? (10 x.5=15)

Lemma 2: Linearity of Expectation
Given events Xi, X, ..., Xi (mutually exclusive)
E(Xi+ Xot ...+ X) = EWX) + E(X) + ... + E(X))

Example:

X: cardis a spade = & = .25

Y: cardisaking= 3 =.077

P(XnY) = P(King of spaces) = 5 =.019 = 5 X5

Thus, X and Y are mutually exclusive.
Counterexample:

X: cardis a face card = 2 = .23

Y: cardisaking= 3 =.077

PXnY)# 5

Thus, X and Y are not mutually exclusive.
Prove E(X + Y) = E(X) + E(Y)

(X]=1 1Y]=]
E(X+7Y)= (it HP(X+Y)= it j)
it JIR(X+Y)
= @i+ HPX=i0Y=j)
i+ jIR(X+Y)
=y [ilP(x=i0Y= j)+ jIP(X=i0Y = j)
it JIR(X+Y)
z Z Dz ilP(X=i0Y=j)+ Z Z JIP(X =i0Y =)
OR(X) jOR(Y) OR(X) jIR(Y)
= E(X)+ E(Y)

Definition 7: Variance of a random variable X
Var(X) = E(X - E(X))* E(X) is the mean of the data



=E(X* - 2XE(X) + (E(X)))
= E()) - EQX E(X)) + E(E(Y))
= E(X?) - 2E(NEX) + (E(X))
Thus Var(X) = E(X - E(X))? = E(X?) — (B(X))®

Standard deviation: ¢ (X)= 4/ Var(X)

Definition 8: Covariance of two random variables X, Y
Note the similarity between Covariance and Variance. Variance is the covariance of a variable with
itself.
Cov(X,) = E(X-E(X))QY-E(Y))
= B(XTY — XTE(Y) — YIE(X) + ECOE(Y))
= BE(XTY) — E(XTE(Y)) — E(YIE(X) + E(X) [E(Y))
= E(XTY) - EQOIE(Y) + EQOE(T) + ECOBCT)

= E(XTY) - EQOE(Y)
Lemma 3: Var(X+Y) = Var(X) + Var(Y) + 2[Cov(X,Y)
Proof:
Var(X+Y)  =E(X+Y - E(X+Y))?

= E((X+Y) - 2(X+Y)E(X+Y) + (E((X+Y)))

= E((X*Y)’) - (E(X+Y))’

= E(X?) + 2E(XLY) + E(Y?) — (E(X+Y))?

= E(X?) + 2E(XTY) + E(Y?) — (E(X) + E(Y))?

= B(X?) + 2E(XTY) + E(¥) — (B(X)? + 2E(X)E(Y) +E(Y)*

= (BE(X*) — (E(X))* + (E(Y?) - (E(Y))” + (2E(XTY) - 2E(X)E(Y))
= Var(X) + Var(Y) + 2[Cov(X,Y)

Lemma 4: Events X,Y are independent — E(XI¥) = E(X) LE(Y)
Cov(X,))=0
Var(X+Y) = Var(X) + Var(Y)

Example: Bernoulli distribution
_Ol:tails p
H2:heads I-p

P(Y=1)
P(Y=0)

p
l-p

E(Y)=p

Var(Y) = E(Y*) — (E(Y))’

Toss a coin n times: Y1, Y, ... ¥,
X is the number of 1°s.
X=Y1+Y2+... Yn
EXX)=E(Y1+Y>.+...7,)

P2 b= e )

E(X)= Z kOP(x = k)



Var(X)=Var(Y1+ >+ ... Y,)=np
= Var(Y)) + Var(}>) + ... Var(Y,)
= np(1-p)
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