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General background:
Assume X ∼ B(n, 1/2) then X =

∑n
i=1 Yi. Yi is Bernoulli trial.

E(Yi) = 1/2, var(Yi) = 1/4
E(X) = E[

∑n
i=1 Yi] = n · E[Yi] = n/2

1 Markov Inequality

P (X ≥ a) ≤ E[X]
a . X is a random variable and X ≥ 0

Proof. E[X] =
∑n

i=1 i · P (X = i)
=

∑

i<a i · P (X = i) +
∑

i≥a i · P (X = i)
≥

∑

i<a i · P (X = i) +
∑

i≥a a · P (X = i)
≥ 0 +

∑

i≥a i · P (X = i)
= a · P (X ≥ a)
If X ≥ 0 and X is integer and E[X] < 1 then we also have P (X > 0) ≤ E[X]

2 Chebyshev Inequality

P (|X − E[X]| ≥ a) ≤ var[X]
a2

Proof. P (|X − E[X]| ≥ a)
= P ((X − E(X))2 ≥ a2)

≤ E[X−E[X]]2

a2

≤ var[X]
a2

Corollary 1. P (|X − E[X]| ≥ a · δ(X)) ≤ 1/a2

(δ(X) =
√

var(X))

Corollary 2. P (|X − E[X]| ≥ aE[X]) ≤ var(X)
a2[E(X)]2

3 Three models of random graph

1. G(n, p) [probabilistic model]
2. G(n,m) [static model]
3. Dynamic model |V (G)| = n Initially no edge. At each new time point, randomly

add a new edge to graph.



4 Threshold function

G| = A =⇒ If adding any new edge into graph G then G ⇒ G′

G′| = A

Properties:

1. Connectivity
2. Giant Component θ(n)
3. kn

P (n) is called a threshold function if

1. r(n) << p(n), limn→+∞ P [G(n, r(n))| = A] = 0
2. r(n) >> p(n), limn→+∞ P [G(n, r(n))| = A] = 1

f(r) = P [G(n, r)| = A] when P (n) is a threshold function f(r) jumps from zero
to one around r = P (n)

In the dynamic model

1. The graph does not have property A when number of edges << (n
2 ) · P (n)

2. Almost always have property A when number of edges >> (n
2 ) · P (n)

P (Gn,p| = k4)
r(n) << P (n) P (Gn,r| = A) = 0 r(n) << P (n) P (Gn,r| = A) = 0

Let Y =number of K4 in a random graph Gn,p

E(Y ) = (n
4 )P 6

= n(n−1)(n−2)(n−3)
4×3×2×1 P 6

≈ n4 · p6

Let E(Y ) = 1 we have P = n−2/3, a threshold.

Next class we will talk about:
When n → ∞, r(n)

p(n) → 0 and P (Y ≥ 1) → 0
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