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Partial Differential Equations (PDEs) have dominated image processing research re-
cently. The three main reasons for their success are: first, their ability to transform a
segmentation modeling problem into a partial differential equation framework and their
ability to embed and integrate different regularizers into these models; second, their
ability to solve PDEs in the level set framework using finite difference methods; and
third, their easy extension to a higher dimensional space.

This paper is an attempt to survey and understand the power of PDEs to incor-
porate into geometric deformable models for segmentation of objects in 2D and 3D in
still and motion imagery. The paper first presents PDEs and their solutions applied
to image diffusion. The main concentration of this paper is to demonstrate the usage
of regularizers in PDEs and level set framework to achieve the image segmentation in
still and motion imagery. Lastly, we cover miscellaneous applications such as: mathe-
matical morphology, computation of missing boundaries for shape recovery and low pass
filtering, all under the PDE framework. The paper concludes with the merits and the
demerits of PDEs and level set-based framework for segmentation modeling. The paper
presents a variety of examples covering both synthetic and real world images.

Keywords: Partial Differential Equations (PDEs); level sets; deformable models; medi-
cal imaging; filtering; low level vision; regularization; segmentation; motion estimation;
topology; shapes.
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1. Introduction

Partial Differential Equations (PDEs)a have recently dominated the fields of com-
puter vision, image processing and applied mathematics for the following reasons:
their ability to transform a segmentation modeling problem into a PDE framework;
their ability to embed and integrate regularizers into these models; their ability to
solve PDEs using finite difference methods (FDM); their ability to link between
PDEs and the level set framework for implementing finite difference methods; their
ability to extend the PDE framework from 2D to 3D or even higher dimensions;
their ability to control the degree of PDE in the image processing domain; their
ability to provide solutions in a fast, stable and closed form; and lastly, their ability
to interactively handle image segmentation in the PDE framework.

Application of PDE has recently become more prominent in the biomedical and
non-biomedical imaging fields (see Suri et al.,1–7 Haker,8 Chambolle9 and Morel
et al.10) for shape recovery and the recently published book by Sapiro.11 This is
because the role of shape recovery has always been a critical component in 2D
and 3D medical and non-medical imagery. This assists largely in medical therapy
and object detection/tracking in industrial applications, respectively (see the recent
book by Suri et al.4 and the references therein and also see Weickert et al.12,13 and
the references therein). Shape recovery of medical organs in medical images is more
difficult compared to other imaging fields. This is primarily due to the large shape
variability, structure complexity, different kinds of artifacts and restrictive body
scanning methods. With PDE-based segmentation techniques, it has been possible
to integrate low level vision techniques to make the segmentation system robust,
reliable, fast, closed-form and accurate. This paper revisits the application of PDE
in the field of computer vision and image processing and demonstrates the ability
to model segmentation in PDE and the level set framework. Before discussing PDE
techniques in detail, we will first discuss the different kinds of PDE applications.

Figure 1 shows the classification tree of non-coupled and coupled PDE appli-
cations. Even though the applications are very large in number, we have narrowed
them down for the CVGIP (Computer Vision, Graphics and Image Processing) do-
main only. Although the tree shows applications such as image smoothing/filtering,
image segmentation, optic flow, mathematical morphology, image matching and
coupled PDEs, the main focus of this paper is on modeling segmentation using
non-coupled and coupled PDEs in the level set framework by fusing geometric
regularizers (also known as geometric deformable models). Thus, under the class
of geometric segmentation techniques PDEs have become almost an integral part
of deformable modeling (see the segmentation classification paper by Suri et al.5

and all the references therein. In Ref. 5 the three major techniques of segmen-
tation were discussed: region-based, boundary-based and the fusion of region and
boundary-based. Boundary-based techniques were further classified into parametric

aWhenever PDE is seen in this paper, it means that it is a PDE-based method.
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Fig. 1. Classification of PDE treee of non-coupled and coupled PDE applications applied to
Computer Vision, Image Processing and Computer Graphics.

and geometric. Similarly, the fusion of region and boundary-based techniques were
also further classified into parametric and geometric). The deformation class of seg-
mentation is so naturally handled in the level set framework that PDE and the
level set framework go side-by-side in achieving the objectives of segmentation.
PDE-based techniques have recently replaced finite element models (FEM) and
finite difference methods (FDM), only because FEM and FDM are expensive in
time and tedious to use in the design phases. PDE-based techniques are also less
sensitive to complex structures and are extremely accurate. Having discussed the
advantages of PDE in segmentation modeling and the broad classification tree for
PDE applications, we will now classify the geometric deformable models and see
their relationship to PDEs and level sets along with conclusions and a discussion
on where this may lead to in the future.

Referring back to Fig. 1, geometric deformable models (GDMs) are classified
broadly into two classes: first, GDM without regularizers and second, GDM with
regularizers. The first core class of segmentation based on the PDE/level set frame-
work is GDM without regularizers. These are techniques where the propagation
force, i.e., the force which navigates the propagation front inwards and outwards,
does not utilize the region-based strategy for its computation. These forces are con-
stant and do not change. Sometimes they are also called “level set stoppers.” Earlier
research called these “leakage prevention” techniques because they tried to prevent
any bleeding of boundaries during propagation. These are further classified into
five different kinds, depending upon the design of the stopping force: (1) gradient-
based stopping force; (2) edge-based stopping force; (3) area-minimization-based
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stopping force; (4) curvature-dependent stopping force; and (5) application-driven
level sets. The curvature-dependent class has four sub-classes: (1) plain curvature-
based; (2) mean curvature flow (MCF) with directionality-based; (3) bubbles; and
(4) morphing. Plain curvature based techniques are those which are driven solely
by the curvature that is computed using differential geometry. Mean curvature flow
with directionality-based techniques are those which use the combination of Eu-
clidean curvature and direction together to achieve the deformation process. Such
techniques are good for tiny, occluded and twisted objects like blood vessels. Bub-
bles are a set of seeds, or fourth order shocks, which grow, shrink, merge, split,
disappear and deform under the influence of image information such as edges and
gradients to segment objects in images and volumes. Morphing techniques are those
which undergo shape deformation from one initial shape to the target shape, driven
by the combination of signed distance at coordinate transformation and the gra-
dient of the signed distance transform functions. This transformation captures the
similarity between user-defined shape and target shape.

The second core class of PDE-based segmentation techniques uses regularizers
or level sets that derive the propagation force using statistical means such as region-
based strategy. This is further classified into four types, depending upon the design
of propagation force. They are: (1) fuzzy clustering-based; (2) classification based
on Bayesian statistics; (3) shape-based; and (4) constrained coupled level sets where
the propagation force is derived from Bayesian strategies.

This paper will survey and discuss the role of regularizers in PDEs and the level
set framework. We will take a few sample representation techniques from Suri et al.6

where regularizers are designed and used in the PDE and the level set framework,
but details on GDM with/without regularizers can be seen explictly in the paper
by Suri et al.6 Thus, the fundamental differences between this paper and Ref. 6
are: (1) this paper focuses on PDEs and level sets for segmentation modeling, while
Ref. 6 focused on different kinds of level set methods. (2) This paper shows applica-
tions of PDE in the area of CVGIP for still and motion imagery, while Ref. 6 showed
applications of level sets for static 2D and 3D medical imagery only. (3) This paper
covers a wide variety of PDE applications such as image smoothing, coupled PDE,
low pass filtering and miscellaneous applications such as mathematical morphology,
missing shape recovery from partial information. In contrast, Ref. 6 focused on the
“optimization techniques” based on the fast marching method, narrow banding and
adaptive level sets. In other words, Ref. 6 was a detailed version on the growth of
level sets and was a good tutorial for researchers who wished to design medical
image segmentation techniques in 2D and 3D based just on level sets. Having dis-
cussed the previous work in the area of PDE and level sets, we will next discuss
the goals of this paper.

The goals of this paper are the following: (1) to understand the role of PDE in
different image processing applications, particularly in segmentation for still and
motion imagery; (2) to understand the relationship between PDE, level sets and
regularizers; (3) to understand how one can derive the image segmentation process
by fusing the regional-based PDE information with boundary-based PDE models,
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which is the crux of this paper; (4) to discuss the state-of-the-art research published
in the area of PDE applications in relation to image processing, computer graphics
and numerical algorithms; and (5) to present state-of-the-art ready references for
readers interested in further exploring into the field of image segmentation using
PDE and summarizing the state-of-the-art work done by major research groups such
as: Osher and Sethian (UCLA, University of California, Los Angeles, CA, USA),
Faugeras and Deriche (INRIA, Institut National de Recherche en Informatique
et Automatique, Sophia-Antipolis, France), Kimmel (Technion, Israel Institute of
Technology, Haifa, Israel), Sapiro and Tannenbaum (UM, University of Minnesota,
Minneapolis, MN, USA), Malladi (LBL, Lawrence Berkeley Labs., Berkeley, CA,
USA), Paragios (Siemens, Siemens Corporate Research, Siemens Medical Systems,
Inc., Iselin, NJ, USA), Suri (Marconi, Marconi Medical Systems, Inc., Cleveland,
OH, USA), Vemuri (UF, University of Florida, Gainesville, FL, USA) and Zhang
(UW, University of Wisconsin, Milwaukee, WI, USA). Also note that this paper
does not discuss: (1) PDE-based approaches to vector-valued, i.e., color images or
hyper-stack images or multi-band images; (2) coupled PDE approaches to image
processing. These topics are beyond the scope of this paper.

The remaining sections of this paper are as follows. Section 2 presents the funda-
mentals on level sets, curve evolution and the Eikonal Equation. Image smoothing
and the anisotropic diffusion method based on PDE are covered in Sec. 3. Segmen-
tation in still imagery via PDE in the level set framework is covered in Sec. 4.
Segmentation in motion imagery using PDE and the level set framework is dis-
cussed in Sec. 5. Miscellaneous applications of PDEs in mathematical morphology,
surface smoothing and missing shape recovery are covered in Sec. 6. Finally, this
paper concludes in Sec. 7 by discussing the advantages and the disadvantages of
segmentation modeling via geometric deformable models (GDM), PDE and level
sets along with conclusions and future work.

2. Level Set Concepts: Curve Evolution and Eikonal Equation

The level set framework has provided one of the beds which implements the PDE.
The concept of level sets was introduced by Osher and Sethian,48 which bubbled
out from the Ph.D. Thesis of Sethian.49 The diversity of applications of level sets
has reached into several fields of engineering. Although this paper will not go in
depth on level sets, it will cover the fundamental equation of the level sets. Before
discussing the level set equation, we present a list of authors who have covered the
level sets in the following fields: (1) geometry: (see Angenent et al.,50 Chopp51,52

and Sethian53), (2) grid generation: (see Sethian54), (3) fluid mechanics (see Mulder
et al.,55 Sethian,81 Sussman et al.56), (4) combustion: (see Rhee et al.57), (5) solidi-
fication: (see Sethian et al.82), (6) device fabrication: (see Adalsteinsson et al.58),
(7) deformation modeling : (see Whitaker et al.59–61), (8) object tracking/image
sequence analysis in images: (see the recent work by Paragios et al.62,63 and Korn-
probst et al.64), (9) stereo vision: (see the recent work by Faugeras and his coworkers
at INRIA65), (10) mathematical morphology: (see Sapiro et al.,66 Arehart et al.,67
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Catte et al.68 and Sochen et al.69), (11) color image segmentation : (see Sapiro83) and
(12) 2D and 3D medical image processing: (see the works by Malladi et al.,70–74

Gray-Matter/White-Matter (GM/WM) boundary estimation by Gomes et al.,79

GM/WM boundary estimation with fuzzy models by Suri,1,84 GM/WM thickness
estimation by Zeng et al.,85 leakage prevention in fast level sets using fuzzy models
by Suri,2 also a survey article on brain segmentation by Suri et al.5 and a recent
article for cell segmentation by Sarti et al.86). For a detailed review of some of the
above mentioned applications, the reader must see Sethian.87,88 Although both of
these publications cover a good collection of the level set applications, with the ad-
vancement of image processing technology, these publications are behind the latest
trends. Recently, Suri et al.6 wrote another extensive survey on level sets and their
applications. Having stated the applications of level sets, next the fundamental
equation of curve evolution will be covered.

2.1. The fundamental equation of curve evolution

Since this paper uses level sets as the framework, this sub-section first presents the
derivation of the fundamental equation of level sets, known as “curve evolution.”
Let Γ(t) be the closed interface or front propagating along its normal direction (see
Fig. 2). This closed interface Γ(t): [0,∞)→RN , is either to be a curve in 2D space
or a surface in 3D space. The main idea is to represent the front Γ(t) as the zero
level set of a higher dimensional function φ.

Fig. 2. Front propoagation of the zero level set. Filled circles in figures (A), (B) and (C) show
the position of the zero level curve as the front propagates. These three projected circled are seen
in the bottom drawing.
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Let φ(x, t = 0), where x ∈ RN is defined by φ(x, t = 0) = d, where d is the
signed distance from position x to Γ(0) and the plus (minus) sign is chosen if
the point x is outside (inside) the initial front Γ(0). Thus, an initial function is:
φ(x, t = 0) = RN → R with the property: Γ(t = 0) = (x|φ(x, t = 0) = 0). The goal
now is to produce an equation for the evolving function φ(x, t) so that φ always
remains zero on the propagating interface. Let x(t), t ∈ [0,∞) be the path of a
point on the propagation front (see Fig. 2), i.e. x(t = 0) is a point on the initial
front Γ(t = 0) and xt = V (x(t)) with the vector xt normal to the front at x(t). Since
the evolving function φ is always zero on the propagating front, thus φ(x(t), t) = 0.
By the chain rule:

φt +
N∑
i=1

φxixit = 0 , (1)

where xi is the ith component of x. Since

N∑
i=1

φxixit = (φx1
, φx2

, φx3
, . . . , φx

N
) · (x1t

, x2t
, x3t

, . . . , xNt )

= V (x(t))|∇φ| , (2)

thus, using Eqs. (1) and (2), the final curve evolution equation is given as:

∂φ

∂t
= V (κ)|∇φ| , (3)

where φ is the level set function and V (κ) is the speed with which the front (or zero
level curve) propagates. This fundamental equation describes the time evolution of
the level set function (φ) in such a way that the zero level curve of this evolving
function is always identified with the propagating interface. The term “level set
function” will interchangeably be used with the term “flow field” or simply “field”
during the course of this paper. The above equation is also called an Eulerian
representation of evolution due to the work of Osher and Sethian.48 Equation (3)
for the 2D and 3D cases is generalized as: ∂φ/∂t = Vκ(x, y)|∇φ| and ∂φ/∂t =
Vκ(x, y, z)|∇φ|, respectively, where Vκ(x, y) and Vκ(x, y, z) are curvature dependent
speed functions in 2D and 3D, respectively.

Three Analogies of the Curve Evolution Equation: First, the above mentioned
equations can be compared with the Euclidean geometric heat equation (see
Grayson80), given as: ∂C/∂t = κN , where κ is the curvature and N is the in-
ward unit normal and C is the curve coordinates. Second, Eq. (3) is also called the
curvature motion equation, since the rate of change of the length of the curve is a
function of ∂C/∂t. Third, the above equations can be written in terms of differen-
tial geometry using divergence as: ∂φ/∂t = ∇ · (∇φ/|∇φ|)|∇φ|, where geometrical
properties such as normal curvature (N ) and mean curvature (H) are given as:
N = ∇φ/|∇φ| and H = ∇ · (∇φ/|∇φ|). Note the above equation remains the fun-
damental form but recently, Faugeras and his coworkers from INRIA (see Gomes
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et al.79) modified Eq. (3) into the “preserving distance function” as:

∂φ

∂t
= V (x)(x− φ∇φ) , (4)

where x is the vector of x and y coordinates, φ is the signed distance function. The
main characteristic of this equation is that φ and V are orthogonal to each other
(see details by Gomes et al.79).

2.1.1. The Eikonal Equation and its mathematical solution

In this sub-section, we present the mathematical solution for solving the level set
function with unity speed. Such a method is needed to compute the “signed distance
transform” when the raw contour crossed the background grid. Consider a case of
a “front” moving with a velocity V = V (x, y), such that V is greater than zero.
Using Osher–Sethian’s48 level set equation, consider a monotonically advancing
front which represents in the form: φt = V (x, y)‖∇φ‖, where φt is the rate of
change of the level set and ∇φ is the gradient of φ. Let T (x, y) be the time at which
the front crosses the grid point (x, y). In this time, the surface T (x, y) satisfies the
equation: ‖∇T ‖ ·V = 1. By approximation, the solution to the Eikonal Equation is:

[max(max(D−xT, 0),−min(D+xT, 0))]2

+ [max(max(D−yT, 0),−min(D+yT, 0))]2 =
1

V 2
xy

, (5)

where V 2
xy is the square of the speed at location (x, y) and D−xT , D+xT , D−yT

and D+yT are the backward and forward differences in time, given as:

D+xT =
T (x + 1, y)− T (x, y)

2
and D−xT =

T (x, y)− T (x− 1, y)
2

,

D+yT =
T (x, y + 1)− T (x, y)

2
and D−yT =

T (x, y)− T (x, y − 1)
2

.

(6)

There are efficient schemes for solving the Eikonal Eq. (3). For details, see Sethian,89

Cao et al.90 and Chen et al.91 Having discussed the fundamentals of level sets,
curve evolution and the Eikonal Equation, we will now discuss the PDE and level
set application for image denoising.

3. Diffusion Imaging: Image Smoothing and Restoration Via PDE

The presence of noise in images is unavoidable. This could be introduced by the im-
age formation process in MR, CT, X-ray or PET images, or image recording or even
an image transmission process. Several methods such as morphological smoothing,
linear, non-linear, geometric have been presented in noise removal and smoothing,
but this paper focuses on “noise removal” or “noise diffusion” using PDE. This has
been used for quite some time but recently, robust techniques for image smooth-
ing have been developed (see Perona et al.,19,20 Gerig et al.,21 Alvarez et al.,22,23
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Kimia et al.,26,27 Sapiro et al.,29 Caselles et al.,34 Weickert,35 Black et al.,36 Ar-
ridge et al.,37 Bajla et al.,38 Olver et al.,39 Scherzer et al.,40 Romeny et al.41,43 and
Nielsen et al.42). This section covers these articles in the following way. The fun-
damental diffusion equation is given in Sec. 3.1. Section 3.2 presents multi-channel
anisotropic diffusion imaging. Tensor non-linear anisotropic diffusion is discussed
in Sec. 3.3. Anisotropic diffusion based on PDE and the Tukey/Huber weight func-
tion is discussed in Sec. 3.4. Image denoising using the curve evolution approach
is presented in Sec. 3.5. Image denoising and histogram modification using PDE is
presented in Sec. 3.6. Finally, the section concludes with non-linear image denoising
in Sec. 3.7.

3.1. Perona Malik Anisotropic image Diffusion via PDE

(Perona)

One of the first papers on diffusion was from Perona and Malik,19 called Perona–
Malik Anisotropic Diffusion (PMAD) (also called edge-based diffusion). PMADs
idea was based on one of the earlier papers by Witkin.18 Perona et al.19 gave the
fundamental PDE-based diffusion equation for image smoothing as:

It = div(Dt(x, y)∇I) , (7)

where “div” was the divergence (also defined as It = ∇ · (Dt(x, y)∇I)) operator, It
was the rate of change of image I, Dt(x, y) was the diffusion constant at location
(x, y) at time t and ∇I was the gradient of the image I. Applying the divergence
operator, the PDE diffusion equation was re-writtten as:

It = Dt(x, y)∆I +∇Dt(x, y) · ∇I , (8)

where ∆I was the Laplacian operator, ∇Dt(x, y) was the gradient of the diffusion
constant at location (x, y) for time t. The diffusion constant was the key factor in the
smoothing process. Perona et al. gave two expressions for the diffusion constants:
Dt(x, y) = exp[−(‖∇It‖/K)2] and Dt(x, y) = 1/[1+(‖∇It‖/K)2], where ‖∇It‖ was
the absolute value of the gradient of the image I at time t and K was a constant
which was either manipulated manually for some fixed value or computed using
a “noise estimator” as described by Canny.24 Using the finite difference method,
Eq. (8) was discretized to:

It+1(x, y) = It(x, y) + λ{Dte(x, y)[I(x + 1, y)− I(x, y)]

+Dtw(x, y)[I(x − 1, y)− I(x, y)] +Dtn(x, y)[I(x, y − 1)− I(x, y)]

+Dts(x, y)[(I(x, y + 1)− I(x, y)]} , (9)

where Dtn(x, y), Dts(x, y), Dte(x, y) and Dtw(x, y) were the finite difference diffusion
constants for time t in four different directions (north, south, east and west) given
the central location (x, y). The values of these constants were chosen either expo-
nentially or as a ratio as discussed above. To see the performance of the PMAD,
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Fig. 3. Two petal flower with Gaussian noise added and PMAD applied to it. Top row (left
to right): Noisy images with 20, 10, 5, 3 and 1 db. Bottom row (left to right): PMAD-PDE
diffusion results from the above noisy images. The diffusion constant used was: Dt(x, y) = 1/[1 +
(‖∇It‖/K)2], where K was chosen as ten, the time step as one and the total number of iterations
were 200.

Fig. 4. This flower image has a larger set of petals compared to Fig. 3 and convolutions. Top
row (left to right): Noisy images with 20, 10, 5, 3, 1 and 1 db. Bottom row (left to right): PMAD-
PDE diffusion results from the above noisy images. The diffusion constant used was: Dt(x, y) =
1/[1 + (‖∇It‖/K)2], where K was chosen as ten, the time step as one and the total iterations
were 200. Note, the last image (right most) in the bottom row is the result due to Pollak et al.’s
IDM.25 The number of iterations used was 500.

we took three sets of examples. In case one, we took a simple two petal flower
image, then added the Gaussian noise and finally applied the PMAD over it. The
results of the input/ouput operation can be seen in Fig. 3. We took a more com-
plex image of a flower image with eight petals, added the same Gaussian noise and
applied the PMAD over it. The results can be seen in Fig. 4. In the same figure,
we compare the PMAD with Pollak et al.’s inverse diffusion method (IDM). Pollak
et al.25 proposed a diffusion method which was different from PMAD in two re-
spects: first, discontinuing the inverse flow function and second, merging the regions
during diffusion. The first feature made the diffusion stable. Every local maximum
was decreased and every local minimum was increased. The second feature made
the algorithm fast and unique. In the third example, we applied the PMAD and
Pollak et al.’s IDM over noisy functional MRI data of the brain. The results can be
seen in Fig. 5. Recently, Perona20 also defined the angular or orientational diffusion
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Fig. 5. Noisy fMRI images with PMAD and Pollak et al.’s IDM applied to them. Left: fMARI
noisy brain axial slice. Middle: PMAD-PDE diffusion results. The diffusion constant used was:

Dt(x, y) = 1/[1 + (‖∇It‖/K)2], where K was chosen as ten, the time step as 0.1 and the total
iterations were 200. Right: Pollak et al.’s IDM with time step 0.1 and number of iterations 500.
As seen in this figure, Pollak et al.’s method does the best in removing the noise and highlighting
the gray matter/white matter interface (for details on the importance of WM/GM interface, see
Suri et al.5

based on the magnetic concept of attracting objects. This research is out of the
scope of this paper.

Pros and cons of PMAD using PDE. The main advantage of the PMAD was
its relatively low execution time and a good starting point on scale-space and
anisotropic diffusion for image denoising. The following were the weaknesses of this
method. First, the PMAD method brought blurring at small discontinuities and
has a property of sharpening edges (see Gerig et al.21). Second, the PMAD method
did not incorporate convergence criteria (see Gerig et al.21). Third, the method was
not robust at handling large amounts of noise. The method did not preserve the
discontinuities between regions. Fourth, the method needed to adjust tuning con-
stants such as K and lastly, the method did not take into account inhomogeneity
in data sampling.

3.2. Multi-Channel Anisotropic image Diffusion via PDE (Gerig)

Recently, Gerig et al.21 developed the non-linear diffusion system for smoothing or
noise reduction in MR brain images. This method was called multi-channel since
the processing involved three different kinds of scans: T1-, T2- and PD-weighted
MR data sets. It was named “coupled” since the diffusion coefficient was cou-
pled between two different MR data sets. Keeping PMAD’s diffusion in mind, the
multi-channel anisotropic image diffusion was given as:

∂I1(x, y, t)
∂t

∂I2(x, y, t)
∂t

 =

(
div(Dc(x, y, t)∇It1)

div(Dc(x, y, t)∇It2)

)
, (10)
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where the coupled diffusion coefficient Dc was computed from multi-channel data
sets I1 and I2. ∂I1/∂t and ∂I2/∂t were the rate of change of multi-channel images.
The coupled diffusion was given as: Dtc(x, y, t) = exp[−(‖(∇It1)

2 + (∇It2)
2‖/K)2]

and Dtc(x, y, t) = 1/[1+(‖(∇It1)
2 +(∇It2)

2‖/K)2], where ‖(∇It1)
2 +(∇It2)

2‖ was the
absolute value of the gradient of the multi-channel images I1 and I2 and K was a
constant as used by PMAD. Note, if discontinuities were detected in both channels,
then the combined diffusion coefficient was larger than any single component and
the significance of local estimations was increased. On the other hand, if a disconti-
nuity was detected only in one of the channels, the combined coefficient responded
to the discontinuity and halted the diffusion.

Pros and cons of Multi-Channel Anisotropic Diffusion. This technique had
two major advantages. First, it showed efficient noise reduction in homogeneous
regions and also preserved the object contours, boundaries between different tissues
and small structures such as vessels. Second, filtered images appeared clearer and
boundaries were better defined, leading to an improved differentiation of adjacent
regions of similar intensity characteristics. The following were the major weaknesses
of this technique. First, the paper did not show how the PDE flow behaved and how
the convergence would get affected if the “coupled PDE diffusion” was computed.
Second, the number of iterations in the smoothing process was selected by visual
comparison. Thus, the convergence to steady-state and stopping criteria were fuzzy.
Third, there was no discussion on the computation time for 3D filtering for non-
isotropic volumes (a volume whose three dimensions are not same); and lastly,
selection of the parameter K was not automatic.

3.3. Tensor Non-linear Anisotropic Diffusion via PDE (Weickert)

To combat the problems of PMAD, Weickert35 proposed a truly anisotropic diffu-
sion, called Tensor Non-linear Anisotropic Diffusion (TNAD) and was mathemati-
cally given as:

∂I(x, y, t)
∂t

= div[D(∇I)∇I] , (11)

where D was the diffusion tensor having eigenvectors e1 and e2 and defined in a way
such that: e1‖∇I︸ ︷︷ ︸ and e2 ⊥ ∇I︸ ︷︷ ︸. Weickert suggested choosing the eigenvalues λ1 and

λ2 such that: λ1 = g(‖∇I‖) and λ2 = 1. The sample results of this technique can
be seen in Fig. 6 (see Weickert et al.121). Details on this method can be seen in the
book by Weickert.35 Other authors who worked in non-linear anisotropic diffusion
were: Schnörr14,15 and Catte et al.16,17

Pros and cons of Tensor Non-linear Anisotropic Diffusion. Besides being
robust, the method was applied to a variety of images. The method did not take
into consideration, however, the inhomogeneity in data sampling.
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Fig. 6. Tensor image diffusion on a 3D ultrasound image. Left: Rendering of a 3D ultrasound
data set of a ten-week old human fetus. Right: Rendering after denoising by Tensor Non-linear
Anisotropic Diffusion (TNAD) filtering (see Weickert et al.121). Courtesy of Professor Weickert,
Computer Vision, Graphics and Pattern Recognition Group, Department of Mathematics and
Computer Science, University of Mannheim, Mannheim, Germany.

3.4. Anisotropic diffusion using the Tukey/Huber weight function

(Black)

Black et al.36 recently showed a comparative study between Perona–Malik
Anisotropic Diffusion (PMAD) based on a combination of PDE and Tukey’s bi-
weight estimator, known as Black et al.’s Robust Anisotropic Diffusion (BRAD).
In this image smoothing process (estimating piecewise constant), the goal was to
minimize I that satisfied:

min
I

∑
s∈I

∑
p∈ηs

ρ(Ip − Is, σ) , (12)

where s was the pixel location, p took one of the four neighbours and ηs was the set
of four neighbours of s. ρ was the error norm function (called a robust estimator,
see Meer et al.44) and σ was the scale parameter. The relationship between ρ and
PMAD was expressed as: If PMAD was given by the function g(x), where g(x) =
1/1 + (x/K)2, then g(x) = ρ′/x, the derivative of the error norm function. Black
et al. used Tukey’s Biweight and the Huber min-max function for error norm. This
Tukey function was given as: ρ(x, σ) = (x2/σ2 − x4/σ4 + x6/3σ6), if |x| ≤ σ and
ρ(x, σ) = 1/3, if |x| > σ. The Huber’s min-max for error norm was ρ(x, σ) =
(x2/2σ + σ/2), if |x| ≤ σ or |x|, if |x| > σ. Note that σ was computed as: σ =
1.4×median (‖∇I−medI(‖∇I‖)‖). Black et al. used gradient descent for solving the
image smoothing minimization problem. Thus the discrete solution of BRAD was:

It+1
s = Its +

λ

ηs

∑
p∈ηs

ρ′(Ip − Its, σ) , (13)

where ρ′ was the derivative of error norm, σ. The whole idea of bringing the robust
statistics was to remove outliers and preserve shape boundaries. Thus BRAD =
PMAD + Huber/Tukey′s Robust estimator. Figure 7 compares Perona–Malik’s
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Fig. 7. Comparison of the Perona–Malik function and Tukey function after 100 and 500 iterations.
Results of Perona–Malik PDE and Black et al.’s Tukey method. Left most: PMAD with number
of iterations set to 100. Left middle: Tukey function with number of iterations set to 100. Right
middle: PMAD with number of iterations set to 500 iterations. Right most: Tukey function with
number of iterations set to 500. (Courtesy of Professor Sapiro, Department of Electrical and
Computer Engineering, University of Minnesota, Minneapolis, MN. Source: Black et al.36

Anisotropic Diffusion (PMAD) with Black et al.’s Tukey function (BRAD). This
figure shows the results for 100 and 500 iterations. As you can see, the results of
Tukey are far superior compared to PMAD. Also at infinity, the PMAD will make
the image go flat and the Tukey will not.b Readers interested in the application of
Huber’s weight function in medical application can see the detailed work by Suri,
Haralick and Sheehan.45 Here, the goal was to remove the outlier longitudinal axes
of the Left Ventricle (LV) for ruled surface estimation to model the movement of
the LV of the heart.

Pros and cons of anisotropic diffusion based on robust statistics. The fol-
lowing were the main advantages of the BRAD method. In comparision to PMAD,
BRAD was more robust. The method was also stable for a large number of itera-
tions and the image did not get flat when t was infinity. The major disadvantage
of the system was that it did not show how to compute σ for the design of Huber’s
weight function. Secondly, the system did not discuss the timing issues.

3.5. Image denoising using PDE and curve evolution (Sarti)

Recently, Sarti et al.86 presented an image denoising method based on the curve
evolution concept. Before we discuss what Sarti et al. did, we will present the
fundamental equation presented by Kichenassamy et al.75 and Yezzi et al.76 They
presented the curve evolution model by introducing an extra stopping term. This
was expressed mathematically as:

∂φ

∂t
= c(x)(κ + V0)|∇φ|+ (∇c · ∇φ)︸ ︷︷ ︸ . (14)

Note that (∇c ·∇φ) denoted the projection of an attractive force vector on the nor-
mal to the curve. This force was realized as the gradient of a potential field c. This
potential field c for the 2D and 3D case was given as: c(x, y) = −|∇(Gσ ⊗ I(x, y))|

bPersonal communication with Professor Sapiro.
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and c(x, y, z) = −|∇(Gσ ⊗ I(x, y, z))|, respectively, where ∇ was the gradient op-
erator, Gσ ⊗ I(x, y) and Gσ ⊗ I(x, y, z) were the Gaussian convolution operations,
respectively. Note that Eq. (14) is similar to Eq. (7) given by Malladi et al. in
Ref. 78. Malladi et al. called the equation as an additional constraint on the surface
motion φt. Rewriting Eq. (7) of Malladi et al.78 as:

φt + c(x)(εκ + V0)|∇φ| − β(∇c · ∇φ) = 0 , (15)

where β was the edge strength constant, V0 was a constant (= 1 as used by Malladi
et al.), κ was the curvature dependent speed, ε was the constant term controlling
the curvature dependent speed and (∇c·∇φ) was the same as defined above. Having
presented the level set equation in terms of speed functions and constants, Sarti
et al.’s method changed the above equation by removing the constant propaga-
tion force V0 and simply solved the remaining equation for image denoising. The
smoothing worked in the following way. If |∇(G ∗ I0(x))| was large, the flow was
slow and the exact location of the edge was retained. If |∇(G ∗ I0(x))| was small,
then the flow tended to be fast, thereby increasing the smoothing process. The
filtering model was reduced to mean curvature flow when c(x) was an equation
to unity. Thus, the data consistency term c(x) served as an edge indicator. The
convolution operation simply eliminated the influence of spurious noise. Sarti et al.
thus solved Eq. (14) iteratively and progressively smoothed it over time. The edge
indicator function c became smoother and smoother over time and depended less
and less on the spurious noise. Note that the minimal size of the detail was related
to the size of the Gaussian kernel, which acted like a scale parameter. The variance
of Gσ(x) was taken as 1/[Cσ exp−(|x|2/4σ)] which corresponded to the dimension
of the smallest structure that had to be preserved. The sharpening of the edge
information was due to the hyperbolic term (∇c · ∇φ).

Pros and cons of image denoising using PDE and curve evolution. The
main merits of the system were its simple extension from the basic curve evolution
method and the ability to sharpen the image edges due to its hyperbolic term
(∇c · ∇φ). The drawbacks of the system were the following. First, there was not
much discussion on the scale-space parameter, the variance of Gσ(x), which was one
of the critical pieces in the image denoising. Second, there was not much discussion
on the stopping method for the PDE. Since constant force played a critical role as
will be seen ahead as a “regularizer force” in segmentation modeling, we feel that
constant force could have been used more efficiently rather than plain removal in
the image denoising process.

3.6. Image denoising and histogram modification using PDE

(Sapiro)

A description on diffusion would be incomplete if references from Sapiro were
missed. Recently, Sapiro et al.28–30 developed the ensemble of two different algo-
rithms in one PDE. This method used histogram modification (or histogram
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equalization) and image denoising in one PDE. This was called edge preserva-
tion anisotropic diffusion. The idea was to smooth the image only in the direction
parallel to the edges, achieving this via curvature flows. This was done using the
following flow equation:

∂φ

∂t
=

1
1 + ‖∇(G⊗ φ)‖ (φ2

xφyy − 2φxφyφxy + φ2
yφxx)

1/3‖∇φ‖ , (16)

where φ was the level set function which evolved according to the affine heat flow
for planar shape smoothing with the velocity given by 1/1 + ‖∇(G⊗ φ)‖, where ⊗
was the convolution operator. The histogram equalization flow was given as:

∂φ

∂t
= (N2 −H [φ(x, y, t)])−A[(v, w) : φ(v, w, t) ≥ φ(x, y, t)] , (17)

where image φ(x, y, t) : [0, N ]2 → [0, M ] and A represented the area (or number of
pixels). Combining Eqs. (16) and (17) yielded a joint PDE as:

∂φ

∂t
= α

1
1 + ‖∇(G⊗ φ)‖ (φ2

xφyy − 2φxφyφxy + φ2
yφxx)

1/3‖∇φ‖

+ (N2 −H [φ(x, y, t)])−A[(v, w) : φ(v, w, t) ≥ φ(x, y, t)] . (18)

Here, H was defined as: If the density function of image I(x, y) is h(n), where
n = 0, . . . , M , then H(n) =

∑n
i=0(h(n)), like a “cumulated” density function. Here,

α was the weighting factor. There has been some research which relates anisotropic
diffusion, curve evolution and segmentation. Interested researchers can see Sapiro32

and Shah.33

Pros and cons of image denoising and histogram modification via PDE.
The paper took advantage of how different components were diffused together.
The demerit of the system was that it was only able to smooth the edges in the
direction of the edges. Besides that, there was no discussion about how to select
the parameter α.

3.7. Image denoising using non-linear PDEs (Rudin)

Rudin et al.132 recently developed a denoising algorithm which could be inter-
preted as a first step of moving each level set of the image normal to itself with
velocity equal to the curvature of the level set divided by the magnitude of the
gradient of the image. The second step in this algorithm was to project the im-
age back onto the constrain set. This problem was posed as a constrained mini-
mization problem where the goal was to minimize over I the following: minimize∫

Ω

√
(∂u/∂x)2 + (∂u/∂y)2 dxdy. This was subjected to the linear and non-linear

constraints given as:
∫

Ω u dxdy =
∫

Ω u0 dxdy and
∫

Ω(u − u0)2/2 dxdy = σ2. This
equation was changed into a Euler–Lagrange formulation and then into a PDE
framework as:

ut =
∂

∂x

(
ux√

ux + uy

)
+

∂

∂y

(
uy√

ux + uy

)
− λ(u − u0) , (19)
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where ut was the rate of change of u with respect to t, ux and uy were the partial
derivatives ∂u/∂x and ∂u/∂y, respectively. This was valid for t greater than zero
for every x, y ∈ Ω. The value of λ was computed as:

λ =
−1
2σ

∫ [√
u2
x + u2

y −
(

(u0)xux√
ux + uy

+
(u0)yuy√
ux + uy

)
dxdy

]
. (20)

Here, we briefly present the numerical solution to Eqs. (19) and (20).

un+1
ij = unij +

∆t

h

{
D−x

[
D+
x unij

((D+
x unij)2 + (m(D+

y ,D−y ))2)1/2

]

+ D−y

[
D+
y unij

((D+
y unij)2 + (m(D+

x ,D−x ))2)1/2

]}
+ ∆tλn(unij − u0(ih, jh)) ,

(21)

where xi = ih, yj = jh, i, j = 1, . . . , N with Nh = 1, and h is the step size. tn =
n∆t, n = 0, 1, . . . , unij = u(xi, yj , tn) and u0

ij = u0(ih, jh) + σφ(ih, jh). D±x =
±(ui±1,j−uij); D±y = ±(ui±1,j−uij); m(a, b) = min mod(a, b) = [(sgn(a)+sgn(b))/
2] min(|a|, |b|) and

λn = − h

2σ2

σi,j

√(D+
x unij)2 + (D+

y unij)2 −
(D+

x u0
ij)(D+

x unij)√
(D+

x unij)2 + (D+
y unij)2

−
(D+

x u0
ij)(D+

x kunij)√
(D+

x unij)2 + (D+
y unij)2

 , (22)

whereD±x andD±y were the same as defined above. Note that the step size restriction
was imposed for stability, i.e. ∆t/h2 ≤ c, where c was a constant.

Pros and cons of non-linear PDEs for image denoising. The following were
the major advantages of the non-linear image denoising method. First, the method
introduced the constraint while solving the PDEs. As a result, the regularizer term λ

improved the smoothing effect. Second, such a method was applied in techniques for
sub-pixel accuracy. Third, this algorithm converged to the steady-state at t → ∞,
which was the denoised image. The following were the weaknesses of this method.
First, the paper did not discuss the stability issues such as the ratio ∆t/h2 and
secondly, the method introduced the λ term which needed extra computations.

Having discussed the different image diffusion techniques based on PDE, and
their pros and cons, interested readers can go into more detail on behavioral analysis
on anisotropic diffusion in image processing (see You et al.31) Also, see knowledge-
based tensor anisotropic diffusion for cardiac MRI by Sanchez-Ortiz et al.46 A de-
tailed review on PDE-based diffusion and a comparison between different smoothing
techniques using PDE, scale-space mathematical morphology and inverse diffusion
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techniques is given by Suri et al.47 Next, we will discuss image segmentation in still
images via PDE and the level set framework.

4. Segmentation in Still Imagery Via PDE/Level Set Framework

Dominance of PDE in the level set framework for image/volume segmentation has
been tremendous. The following institutions are the major players: (1) UCLA,
University of California, Los Angeles, CA, USA, (2) INRIA, Institut National de
Recherche en Informatique et Automatique, Sophia-Antipolis, France, (3) IRISA,
Institut de recherche en informatique et systemes aleatories, Rennes Cedex, France,
(4) Technion, Israel Institute of Technology, Haifa, Israel, (5) MIT, Massachusetts
Institute of Technology, Cambridge, MA, USA, (6) MGH, Massachusetts General
Hospital, Harvard Medical School, Boston, MA, USA, (7) JHU, Johns Hopkins
University, Baltimore, MD, USA, (8) UT, University of Toronto, Toronto, Canada,
(9) LBNL, Lawrence Berkeley National Labs., Berkeley, CA, USA, (10) MNI,
Montreal Neurological Institute, McGill University, Montreal, Canada, (11) Yale,
Image Processing and Analysis Group, Yale University, New Haven, CT, USA,
(12) MMS, Marconi Medical Systems, Inc., Cleveland, OH, USA, (13) UF, Uni-
versity of Florida, Gainesville, FL, USA, (14) UM, University of Minnesota, Min-
neapolis, MN, USA and (15) UW, University of Wisconsin, Milwaukee, WI, USA.
Since it is difficult to cover all level sets based techniques for segmentation, an at-
tempt was made by Suri et al.6 to design a level set survey paper which covered
the state-of-the-art segmentation methods for medical imaging. This section will
focus on the core PDE application for segmentation of still imagery. This section
presents five systems which follow the generic segmentation modeling method. The
layout of this section is as follows. The PDE-based example of fusing the fuzzy
pixel classification in the level set framework is presented in Sec. 4.1. Application
of Bayes’ method in the PDE/level set framework for segmentation is discussed in
Sec. 4.2. Vasculature segmentation in the PDE/level set framework is discussed in
the Sec. 4.3. Section 4.4 presents the PDE/level set application using inverse varia-
tional criterion. Finally, we conclude by presenting the Bayesian-based regularizer
for segmentation in Sec. 4.5.

4.1. Embedding of the fuzzy model as a bi-directional regional

regularizer for PDE design in the level set framework

(Suri/Philips Medical Systems, Inc.)

This section shows how the fuzzy regularizers are embedded in the curve evolution
or level sets and model the segmentation process in the level set framework using
the PDE. The level set equation will then be derived by embedding the region
statistics into the parametric classical energy model. Part of this section has been
taken from Chapter 8 of the book by Suri et al.4 Part of that derivation will be
discussed here with a few of the implementation details. To start with, the standard
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dynamic classical energy model as given by Kass et al.92 was:

γ
∂X
∂t

=
∂

∂s

(
α

∂X
∂s

)
− ∂2

∂s2

(
β

∂2X
∂s2

)
+ Fext(X) , (23)

where X was the parametric contour, and α, β were the elastic constants. Fext(X)
was the external force and γ was the damping coefficient. Since the second derivative
term did not affect significantly the performance of the active geometric snakes
(see Caselles et al.34), that term was dropped and replaced with a new pressure
force term, given as: Fp(X) = wp(X)N (X). This yielded the new parametric active
contour, given as:

γ
∂X
∂t

=
∂

∂s

(
α

∂X
∂s

)
+ wp(X)N (X)︸ ︷︷ ︸ + Fext(X) . (24)

Note that to make Eq. (24) invariant to changes in the parameterization of X, Suri
et al. considered s as a parameter of arc-length and wp was the spatial-varying func-
tion. Readjusting the terms by defining ε = α/γ, ∂/∂s(∂X/∂s) to be the curvature
term κ, Vp = wp(X)/γN (X), and Vext = Fext/γ, Eq. (24) was rewritten as:

∂X
∂t

= (εκ + Vp + Vext · N )N . (25)

From the definition of curve evolution first given by Sethian, this resulted in:

∂φ

∂t
= V (κ)N . (26)

Comparing Eqs. (25) and (26), and using the definition of normal as: N = −∇φ/|
∇φ| and considering only the normal components of the internal and external forces:
∂/∂s(α∂X/∂s) · N = (ακ), the level set function (φ) was obtained as:

∂φ

∂t
= (εκ + Vp)|∇φ| − Vext · ∇φ , (27)

where Vp was a regional term. An example of such a term was defined as wR/γR,
where wR was the weighting factor and R was the region indicator term which was
a function of the fuzzy membership and ranged between zero and one. The results
of running the above algorithm can be seen in Fig. 8. The raw contour deforms to-
wards the topology of the WM/CSF interface (for details, see Suri1). Other authors
who performed the embedding of regional statistics into the boundary estimation
framework were Pavlidis et al.,93 Zhu et al.94 and Suri.95

Pros and cons of geometric boundary fused with clustering. The above
system is one of the latest state-of-the-art systems which had the following advan-
tages. First, in the above system, the fuzzy clustering acted as a regularizer for
navigating the geometric geodesic snake. Since it was a pixel-classification proce-
dure, one could easily estimate boundaries for different structures in the brain MRI
data such as WM, GM, ventricles, etc. Second, the key characteristic of this system
was that it was based on region, so the local noise or edge did not distract the
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Fig. 8. The above images (left to right, top row to bottom row) shown the growth of the zero
level curve to segment the white matter in human brain MR images. The narrow band width was
25 pixels on either side of the zero level curve, with the land mines at five pixels wide. Note, the
deformation process had the ability to move in and out during the growth process. (Courtesy of
Dr. Jasjit Suri, Marconi Medical Systems, Inc.)

growth process. Third, the technique was non-local and thus the local noise could
not distract the final placement of the contour or the diffusion growth process.
Fourth, the technique was very suitable for medical organ segmentation since it
could handle any of the cavities, concavities, convolutedness, splitting or merging.
Fifth, the technique was extendable to multi-phase, which meant that if there were
multiple level set functions, then they automatically merged and split during the
course of the segmentation process. The major weakness of such a system was in
the computational expense of the fuzzy membership computation, however it is
compensated by the fast level sets implementations (see Suri1). Besides that, al-
though the system has a minimum number of coefficients compared to parametric
snakes, it was not totally independent of image characteristics.

4.2. Embedding of the Bayesian model as a regional regularizer

for PDE design in the level set framework (Paragios/INRIA)

Paragios et al.99 very recently added a Bayesian model as a regional term to redesign
the PDE to improve Zhu et al.’s method.94 Paragios et al.99 implemented the fusion
of region-based and boundary-based PDE in the level set framework. This meant
incorporating the region statistics for PDE along with the boundary information of
the PDE and solving the fused segmentation model in the level set framework. This
will next be explained here. The classical deformable model for boundary estimation
was originally given by Kass et al.92 as:

E(C) = α

∫
|C′(s)|2 ds + β

∫
|C′′(s)|2 ds︸ ︷︷ ︸

Internal-Energy-Term

+ λ

∫
|∇I(C(s))| ds︸ ︷︷ ︸

External-Energy-Term

, (28)

where E(C) was the classical energy of the snake or parametric contour. α, β were
the elastic constants for smoothing and λ was the external energy constant. Note,
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the sum α
∫
|C′(s)|2 ds + β

∫
|C′′(s)|2ds was the smoothing energy term which was

a function of the first and second partial derivative of the parametric curve along
s. The term λ

∫
|∇I(C(s))|ds was the external energy term as a function of image

gradient∇I. Following the derivation as proposed by Caselles et al.,34 the above was
changed to the curve evolution form as: ∂C/∂t(t) = g(I)κN − (∇g · N )N , where
∂C/∂t(t) was the rate of change of curve evolution, g(I) was the edge detector, κ

was the curvature and N was the surface outward unit normal. Using the reasoning
as discussed by Caselles et al.,34 the above equation was given in terms of energy
as:

E(u) =
∫

g(X)|∇u| dX . (29)

Note, this was still in the boundary mode and the region term was still not inte-
grated. In terms of the derivative operator, this can be given as:

E(∂R) =
∫

g(∂RX(x))|∂RX(x)| dx . (30)

If the image was composed of, say, two classes, A and B, then using Zhu et al.’s94

method of introducing the regional force with the boundary:

E(∂R) = −
∑
x∈A,B

α

∫∫
log(pr, x(I(x, y)) dxdy︸ ︷︷ ︸
Region-Term

+
∑
x∈A,B

(1 − α)
∫∫

g(pb, x(I(∂R(cx))))|∂Rx(cx)| dcx︸ ︷︷ ︸
Boundary-Term

, (31)

where α was the smoothing constant, pr and pb were the regional and bound-
ary probabilities. The Eulerian representation of the boundary model as given by
Caselles et al.34 was:

∂φ

∂t
=
(

g(I)κ +∇g(I) · ∇φ

|∇φ|

)
|∇φ| , (32)

where ∇φ was the gradient of the level set function. Thus, the level set framework
for the region term fused with boundary was given as:

∂φi
∂t

(u) = α[ri(u)− roi(u) ]|∇φi(u)|︸ ︷︷ ︸
Regional-Force

+ (1− α)
[
bi(u)κi(u) +∇bi(u) · ∇φi(u)

|∇φi(u)|

]
|∇φi(u)|︸ ︷︷ ︸

Boundary-Force

, (33)

where ri/ro was a function that “captured” the inside/outside region features of
the different classes and was given as: R ×R → R, i ∈ [1, N ], where N were the
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total number of regions. Similarly, bi was a function that “captured” the boundary
features of the different classes and had the range:R×R → R, i ∈ [1, N ]. κi(u) was
the curvature information of the boundary. ∇bi(u) is the gradient at the boundary
and ∇φi(u)/|∇φi(u)| was the outward/inward normal of the propagating contour.
Note that the above contour had two parts: regional force and the boundary force,
and i varied from one to N . Paragios et al. modified Eq. (33) by introducing the
penalty function for the pixels that either did not belong to a region or which
belonged to multiple regions. The interested reader can explore Paragios et al.99

on this.

Pros and cons of Paragios et al.’s technique. Since the system took the
region-based statistics into the geometric deformable model, it had an advantage
of being robust to noise. Second, the algorithm had the flexibility of putting multi-
ple initial contours (multi-phase curve propagation) just like the bubble technique
by Tek et al.100 Third, the algorithm was validated by taking three applications:
texture segmentation, motion segmentation and tracking. The following were the
major weaknesses of Paragios et al.’s technique. First, the methodology was able
to segment texture well, but the results did not show that the segmented boundary
was able to penetrate the convoluted shapes. For example in Fig. 9 (left), we see
that the final boundary was not able to go deep between the legs of the zebra.
This problem was addressed by Xu et al.101 and solved using gradient vector flow.
Another solution would be to use a fuzzy regularizer rather than a Bayesian regu-
larizer in this framework. This has been shown by Suri recently.1 Second, like all
region-based methods, this method was also computationally expensive.

4.3. Vasculature segmentation using PDE (Lorigo/MIT)

Recently, Lorigo et al.96 presented an algorithm for brain vessel reconstruction
based on curve evolution in 3D, also known as “co-dimension two” in geodesic active

Fig. 9. Segmentation results of Paragios et al.’s method. Left: zebra image showing the segmented
contour around the zebra. Right: CT image of the chest showning the segmented results. (Courtesy
of Nikos Paragios, Siemens Corporate Research, Princeton, NJ.)
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Fig. 10. Segmentation results using Lorigo et al.’s technique.96,97 Left: Axial results. Middle:
Coronal results. Right: Sagittal results. (Courtesy of Professor Grimson, MIT, Cambridge, MA.)

contours. This method used two components: (i) mean curvature flow (MCF) and
(ii) the directionality of vessels. The mean curvature flow component was used to de-
rive the Eulerian representation of the level set equation. If φ was the signed distance
transform (SDT) and λ(∇φ(x, t),∇2φ(x, t)) were the eigenvalues of the projection
operator: P∇φ∇2φP∇φ, where P = I − qqT /|q|2 and q was a non-zero vector and T

represented the transpose. Using these eigenvalues, the Eulerian representation of
the curve evolution was given by Lorigo et al. as: ∂φ/∂t = λ(∇φ(x, t),∇2φ(x, t)).
The second component was the normal of these vessels projected onto the plane
and was given as the product of ∇φ with the projection vector d. This projection
vector was computed using the Hessian H of the intensity image, I and was given
as: g′/g(H∇I/|∇I|), where g was the edge detector operator. Adding these two
components, the complete level set equation was:

∂φ

∂t
= λ(∇φ(x, t),∇2φ(x, t))︸ ︷︷ ︸

mean-curvature-force

+ D × S × g′

g

(
H
∇I

|∇I|

)
︸ ︷︷ ︸

angular-balloon-force

(34)

where D was the directionality term which was the dot product of ∇φ and ∇I

which was the angle between these two vectors. S was the scale term. Note that
the second term was like an angular balloon force which navigated the deformation
process. The results of running the above algorithm can be seen in Fig. 10 which
shows the results in axial, coronal and sagittal directions, respectively.

Pros and cons of Lorigo et al.’s technique. The major advantages of this
technique were the following. First, the method successfully demonstrated the seg-
mentation of vessels of the brain. Second, the method used the directional com-
ponent in the level set framework, which was necessary for segmenting twisted,
convoluted and occluded vessels. Third, the technique was used to compute vessel
radii, a clinically useful measurement. The following were the weaknesses of Lorigo
et al.’s work. First, not much discussion was available on the computation of the
scale factor S. Second, the method did not show the analytical model, since the out-
put of the system showed relatively thinner vessels compared to maximum intensity
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projection (MIP). The MIP is a popular algorithm and an example can be seen by
Suri et al.98 Third, there was no comparison made between segmented results and
the ground truth, hence, the system needed to be validated.

4.4. Segmentation using inverse variational criterion

(Barlaud/CNRS)

Curve evolution as an inverse problem was first attempted by Santosa103 and then
by Barlaud and co-workers from CNRS (Center National Dela Recherche Scien-
tifique, Cedex, France, see Amadieu et al.102). Here, the segmentation method was
developed using variational criterion of an inverse problem. The equation given by
Barlaud and his co-workers was:

∂φ

∂t
+ α(x, t)‖∇φ‖ = 0 , (35)

where ∂φ/∂t was the rate of change of the level set function φ, α(x, t) was the
rate at which the curve evolved, and ‖∇φ‖ was the gradient of φ. They applied
this equation on images which consisted of binary objects represented as Iin and
the image background as Iout, thus I was a piecewise constant function. If the
image model was given as g(x, y) = A(I(x, y)) + η, where A was the operator
over image I, η was the Gaussian perturbation, then the speed term α(x, t) was
modeled as a function of discontinuities between regions and was expressed as the
difference of the square of the background residual and foreground residual. This
was mathematically expressed as: α(x, t) = [(AIout − g(x, y))2 − (AIin − g(x, y))2].
They also added the length penalty ε to the curvature term κ. Thus, the complete
PDE equation was:

∂φ

∂t
+

(A(Iout(x, y))− g(x, y))2 − (A(Iin(x, y))− g(x, y))2︸ ︷︷ ︸
region

+ εκ︸︷︷︸
curvature

 ‖∇φ‖

= 0 . (36)

Note here that the key factors in the PDE equation were the terms Iin(x, y) and
Iout(x, y), which acted as the constants. Since the assumption was that Iin(x, y)
and Iout(x, y) values were known from the binary objects and g(x, y) was the ob-
servational pixel intensity, one could compute the discontinuity as the difference
between (A(Iout(x, y))− g(x, y))2 and (A(Iin(x, y))− g(x, y))2. If the difference was
zero, then the pixel was at the boundary.

Pros and cons of Barlaud et al.’s method. The technique was successfully
presented to show the usage of regional terms in PDE-framework which detected the
boundary of the objects. The following were the major weaknesses of this technique.
First, the paper did not present the application of the technique on gray scale
images. One of the major drawbacks of this technique was the a priori information
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needed for the terms Iin(x, y) and Iout(x, y). Second, the model was too simple for
complex gray scale medical imagery.

4.5. 3D regional geometric surface: fusion of the level set with

Bayesian-based pixel classification regularizer

(Barillot/IRISA)

Barillot and his co-workers (see Baillard et al. 105–107) recently designed the brain
segmentation system based on the fusion of region into boundary/surface esti-
mation. This algorithm was quite similar in approach to Suri et al.’s method
discussed previously in Sec. 4.1. This algorithm was another instance where the
propagation force V0 in the fundamental level set segmentation equation ∂φ/∂t =
c(x)(κ+V0)|∇φ| was changed into a regional force. There were, in all, three changes
made to this equation by Barillot and co-workers. The first change was in the prop-
agation force V0, the second was in the data consistency term or stopping term c(x)
and the third was on the step size ∆t. These equations and their interpretation will
be briefly discussed next.

4.5.1. Design of the propagation force based on the probability distribution

The key idea was to utilize the probability density function inside and outside the
structure to be segmented. The pixel/voxel in the neighbourhood of the segmenting
structure was responsible for creating a pull/push force on the propagating front.
This was expressed in the form of the probability density function to be estimated
inside the structure, pi(u), the probability density function to be estimated outside
the structure, pe(u) and the prior probability for a voxel to be inside the structure.
Note here, u was the intensity value of a voxel at location (x, y, z). Using the above
concept, this bi-directional propagation force was estimated as:

V0 = sgn{αipi(u)− (1 − αi)pe(u)} , (37)

where sgn(x) was one if x ≥ 0 and was −1 if x < 0. The second modification
was to the data consistency term (also called stopping term) that changed from
the gradient term into the extended gradient term. This term was changed from
c(x) = 1/(1 + |∇[Gσ(x) ∗ Ix)]|) to a term which was based on the transitional
probability of going from inside to outside the object to be segmented. This was
mathematically given as: c(x) = g[pT (x|I, C)], where g[x] was 1−4x3 if x < 0.5 and
was 4(1−x)3, if x ≥ 0.5. The term pT was computed based on three parameters: αi,
pi(u) and pe(u), and mathematically estimated if the probability of a pixel/voxel
class C belonged to a set inside and outside the object. If the class C was inside
the region, then pT was given as (1 − αi)pe(I(x))/[αipi(I(x)) + (1 − αi)pe(I(x))],
while it was (αi)pi(I(x))/[αipi(I(x)) + (1 − αi)pe(I(x))] if C was outside, derived
from the simple Bayesian rule.
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Pros and cons of Baillard/Barillot’s technique. The major advantages of this
technique were: (1) The paper provided an excellent example of the fusion of region-
based information into the boundary/surface; (2) The results are very impressive;
however, it would have been valuable to see an enlarged version of the results;
(3) The algorithm was adaptive since the data consistency term (c(x)) and the step
size (∆t) were adaptively estimated in every iteration of the front propagation. This
provided a good trade-off between convergence speed and stability; (4) This method
used stochastic-EM (SEM) instead of expectation-minimization (EM), which is a
more robust and accurate method for estimation of probability density function
parameters; (5) The method had successfully been successfully applied to various
brain structures and to various imaging modalities such as ultrasound; (6) The
algorithm hardly needed any tuning parameters and thus, it was very efficient. Both
methods (Suri et al.’s and Baillard et al.’s) were designed to control the propagation
force using region-based analysis. Suri et al.’s method used regional-force computed
using pixel-classification based on fuzzy clustering, while Baillard et al.’s method
used pixel-classification based on Bayesian-statistics.

5. Segmentation in Motion Images Via PDE/Level Set Framework

Segmentation and tracking in motion imagery are very critical in several applica-
tions of computer vision. Here, we will discuss two different techniques of segmenting
objects in an image sequence based on PDE and the level sets. In Sec. 5.1, we dis-
cuss a technique for segmenting objects in the motion sequence based on global
motion compensation and robust frame differencing utilizing the PDE and level
sets. Section 5.2 presents object segmentation in the motion sequence using region
competition based on PDE and level set framework.

5.1. Motion segmentation using frame difference via PDE

(Zhang/UW )

Recently, Zhang and his coworkers (see Zhang et al.114,115 and Gao113) proposed
an object segmentation in motion imagery that consisted of: (1) fast global motion
compensation, (2) robust frame differencing, and (3) level set based curve evolu-
tion. The algorithm segments the objects in the temporal sequence with a moving
background using the fast global motion estimation. The robust frame differencing
method was adapted in order to detect motion in a sequence by calculating the
3D structural tensor in the spatial-temporal domain. The curve evolution based on
level sets was used to segment the different moving objects.

5.1.1. Eigenvalue-based-PDE formation for segmentation in motion imagery

Zhang et al.’s115 fast method of global motion estimation and compensation was
in the spirit of Zhang et al.’s110 method. Zhang et al.’s method115 was fast as it
used only hundreds of pixels rather than the whole frame for estimating the motion
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parameters for an affine model. In this section, we present the mathematical for-
malism for eigenvalue computation given the image sequence. Motion compensation
is beyond the scope of this paper (for details on motion compensation, see Zhang
et al.115).

The robust motion segmentation method based on frame differencing and level
set based curve evolution was the key to success in Zhang et al.’s technique (see
Zhang et al.115). The main idea in the frame differencing technique was to calculate
the 3D structural tensor in the spatial-temporal domain (see Jahne et al.111). For an
image sequence f(x, t), where x = {x1, x2}, the 3D structural tensor (a 3×3 matrix)
was computed as the convolution of the product of gradient of f and its transpose
by the Gaussian function h. This was mathematically given as:

R(x, t) =
∫

h(x− x′, t− t′)∇f(x′, t′)︸ ︷︷ ︸
3×1

∇f(x′, t′)T︸ ︷︷ ︸
1×3

dx′dt′

︸ ︷︷ ︸
convolution-operation

, (38)

where h(x, t) was a spatial-temporal Gaussian function and ∇ was the gradient
operator and T represented the transpose operation. The eigenvector associated
with the smallest eigenvalue of R(x, t) depicted the direction of motion for the
pixel at (x, t). This eigenvalue was denoted by λ3(x, t) (for details on the tensor
calculation, see Jahne’s book131). The discrete representation of tensor Eq. (38) at
location (x1, x2, t) was:

R(x1, x2, t) = h(x1, x2, t)⊗R′(x1, x2, t)︸ ︷︷ ︸
3×3

, (39)

where ⊗ was the convolution operator and R′(x1, x2, t) = [fx1fx2ft]× [fx1fx2ft]T ,
where fx1 , fx2 and ft were the partial derivatives for sequence f in the spatial and
temporal directions. λ3(x1, x2, t) was the smallest eigenvalue of R(x1, x2, t). It was
found that compared to the simple frame differencing, the eigen-based method was
more robust to noise.

Zhang et al.’s algorithm used the curve evolution to segment out the moving
objects based on the smallest eigenvalue of R(x, t), i.e. λ3(x, t). If C = C(s),
s ∈ [0, 1], was the closed curve, then the curve evolution equation amounts to
evolving C over time Ct by using the following PDE:

Ct = [g(λ3)(V0 + κ)− (∇g(λ3) ·N)]N , (40)

where g(v) was a monotonically decreasing function that approached zero when v

was large, and was associated with the external force; V0 was a constant that made
the curve move inward or outward; κ was the curvature of the evolving curve, that
made the curve smooth; ∇ was the gradient operator; and N was the normalc to
the curve. The first term in this speed function decreased to zero and stopped from

cThe normal computation is the same as previously discussed in Sec. 4.1, however the symbols
are different. Sometimes N is used instead of N.
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evolving when the curve hit the motion boundaries. The second term, (∇g(λ3) ·N),
was used to track object boundaries.

5.1.2. The Eulerian representation for object segmentation in motion
imagery

Zhang and his co-workers (see Zhang et al.115 and Gao113) implemented the curve
evolution by embedding curve C in a surface u(x; t). Specifically, at t = 0, the curve
was the level set given by {x|u(x; 0) = 0}. The evolved curve was obtained from
the level set {x|u(x; T ) = 0}, when the evolution of u(x; t) stopped at t = T . The
evolution equation for the surface u(x; t) was derived from the PDE Eq. (40) as:

∂u

∂t
=
[
g(λ3)(V0 + κ)−

(
∇g(λ3) ·

∇u

|∇u|

)]
|∇u| . (41)

The initial curve in this method was the largest possible curve, which contained all
moving objects. As this initial curve evolved, it moved towards the moving objects.
The initial surface, u(x; 0), which embedded the initial curve, was given by the
minimum distance between the location x and the initial curve. This distance was
assigned a negative sign if the location x was inside the curve. Zhang et al.’s method
used the narrow-band approach, originally developed by Sethian.112

Two examples were taken from Zhang et al.’s work (see Zhang et al.115) to show
the representative results. In the first example (see Fig. 11), a surveillance sequence
that consisted of a moving car (known as the “moving car sequence”) was taken as
frame numbers 7, 8 and 9, as shown in Figs. 11(a)–(c). Note here, the movement of
the car is towards the viewer. Figure 11(f) shows the segmented result using Zhang
et al.’s algorithm.115 The image sequence contained low noise, clutter and had high
object-background contrast. As a result, it was relatively easy to segment. In the
second representative example (see Fig. 12) of object segmentation in the moving
“outdoor sequence,” the goal was to detect the walking person near the bottom right
in the scene. The frames used in this sequence were 601, 602 and 603, as shown in
Figs. 12(a)–(c). This sequence contained the moving objects and random motions
due to trees. Figure 12(f) shows the segmented results from this “outdoor sequence”
using Zhang et al.’s technique. As seen in this figure, the sequence was primarily
hard to segment for two reasons. First, it had a lot of noise and second, there was
random motion due to the trees. A simple technique such as frame difference had
difficulty differentiating between these two types of motion. However, the tensor
based frame-differencing embedded in PDE and the level set framework technique
were effective in suppressing both the noise and the trees’ random motion.

Zhang et al.115 compared their technique with Paragios et al.’s109 and Grimson
et al.’s108 approach. Paragios et al.’s109 technique of curve evolution applied the
frame difference images associated with an image sequence to achieve the segmen-
tation. To enhance the frame difference images, a non-linear transform was used,
which was motivated by statistical analysis in the boundary area. If the frame dif-
ference was large at a pixel position and not too large at some of its neighboring
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(a) (b) (c)

(d) (e) (f)

Fig. 11. Segmentation results for the “moving car sequence.” (a) Frame number 7. (b) Frame
number 8. (c) Frame number 9. (d) Result of the method of Paragios et al.109 (e) Result of the
method of Grimson et al.108 (f) Result of Zhang et al.’s115 method. (Reproduced with permission
from IEEE.)

positions, then the pixel was considered as a point on a moving object boundary.
This technique worked well when the noise level was low and the contrast was high.
On the image sequence in Fig. 11, Paragios et al.’s technique produced good results.
However, when the noise level was high and the contrast was low, or when there
was random motion, Paragios et al.’s method did not perform well. This can be
seen in Fig. 12(d), where Paragios et al.’s technique produced several false moving
objects in the scene.

The technique by Grimson et al.108 used an adaptive background estimation
method using simple frame differencing. Intuitively, this worked by dynamically
maintaining estimating background images. Every pixel f(x1, x2, t) in the current
frame was compared to the pixel in the same position for the estimated background
images. This set of background images was denoted by πi(x1, x2, t), where i =
1, . . . , k and k was the total number of estimated background images. The pixel in
location (x1, x2, t) was identified as a moving “object point,” if it was not similar to
all of the estimated background images πi(x1, x2, t). If the pixel was similar to one
of the estimated background images, then the background image pixel πi(x1, x2, t)
was updated by this current pixel location f(x1, x2, t). To measure the similarities
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(a) (b) (c)

(d) (e) (f)

Fig. 12. Segmentation of an “outdoor sequence.” (a) Frame number 601. (b) Frame number 602.
(c) Framce number 603. (d) Result of the method of Paragios et al.109 (e) Result of the method
of Grimson et al.108 (f) Result of Zhang et al.’s115 method. (Reproduced with permission from
IEEE.)

between the current pixel at (x1, x2, t) and the background image pixel πi(x1, x2, t),
the probability P (x1, x2, t|i) was computed based on the Gaussian assumption. As
seen in Figs. 11(e) and 12(e), post-processing is usually needed to link such “object
points” into connected meaning objects. The advantages of this technique were
their simplicity and speed; each pixel in the background image was estimated by
a first-order recursive filter in time. The disadvantage was that the background
images estimated were not always accurate near object boundaries. Also, the objects
estimated tended to be noisy since each pixel was processed independently from
its neighbors. Readers interested in segmentation of color image sequences, the
extension of Zhang et al.’s technique, can see Gao113 and Zhang et al.115

Pros and cons of Zhang et al.’s technique. The following were the major
advantages of Zhang et al.’s technique. (1) It was insensitive to noise and global
motion. This was due to the combination of successfully using three techniques:
global motion compensation, robust frame differencing and level set based curve
evolution. (2) It produced all segmented moving objects simultaneously. (3) Due to
the fast marching method of curve evolution and fast global motion compensation,
the whole system was relatively fast. (4) It was simple and straightforward to com-
pute the tensor and eigenvalues. The following were the major weaknesses of Zhang
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et al.’s technique. First, if there are several motions with large varying speeds, this
technique encountered a problem. Since the λ3 had a large range of values, it was
very difficult to set the parameters, such as constant V0, and selection of g on the
curve evolution equation, to segment out all of the moving objects in the same
frame. Second, since this was a method based not only on motion, the boundary
of segmentation was not exact on the boundary of motion. Having discussed the
frame difference method for object segmentation, we will next present a different
approach for object segmentation in motion imagery, based on region competition.

5.2. Motion segmentation via PDE and level sets

(Mansouri/INRS)

Mansouri et al.117 recently demonstrated an algorithm for motion segmentation
in image sequence, based on the region competition approach originally developed
by Zhu and Yuille (see Zhu et al.116). The goal was to partition each frame of
the sequence into regions of distinct motion. Although the results demonstrated
by Mansouri et al. were illustrated using affine motion models, the proposed algo-
rithm can accommodate any motion model. Motion segmentation was formulated
in the two-motion case (moving object on a fixed or moving background) as a
Bayesian estimation, and subsequently, energy minimization. The Euler–Lagrange
descent equations corresponding to this energy minimization problem resulted in
a curve evolution equation, which was then translated into the corresponding level
set partial differential equation. Generalization to the multiple motion case (many
moving objects) was done by analyzing the level set PDE in the two-motion case.
Thus, this work was an excellent example of the fusion of regional information with
the PDE and the level set framework. This research work had three characteristics:
(1) The segmentation formulation used “region competition” in the PDE and the
level set framework. (2) The motion segmentation algorithm was based purely on
motion, unlike other techniques which also relied on intensity boundaries to refine
motion boundaries. Nevertheless, the algorithm was extendable to have the capa-
bility of using intensity boundaries. (3) The motion segmentation algorithm could
accommodate any motion model.

In the two-motion case, i.e. where there is a moving object on a fixed or moving
background, the PDE was as follows: If C represented the closed curve, then the
flow of the curve, represented as the rate of change dC(s)/dt of C with time, was
given by a partial differential equation consisting of three terms: regional energy,
curvature energy and gradient energy. Thus the PDE equation was given as:

dC(s)
dt

= −

R2
o(C(s))−R2

b(C(s))︸ ︷︷ ︸
regional-energy

+ λLκC(s)︸ ︷︷ ︸
curvature-energy

− λI

(
HI
∇I

‖∇I‖

)
︸ ︷︷ ︸

gradient-energy

 · N (s) ,

(42)
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where HI was the Hessian of the image function I, N was the outward-pointing
unit normal to C,R2

o−R2
b represented the regional velocity term. This term was the

difference between the squared motion residuals which was given as: R2
o −R2

b was
actually given in terms ofR(To,X)2

o−R(Tb,X)2
b, where To and Tb were the trans-

formations for the object and background regions, respectively. X represented the
point with coordinates (x, y) of the object (R2

o) and the background (R2
b). The cur-

vature velocity was given by κC(s), pre-multiplied by λL, the smoothing constant.
This curvature velocity of the closed contour followed directly from the prior one on
C which minimized curve length (as had been popular to do so). The last term was
the velocity due to the image gradient and favored alignment of motion boundaries
with intensity boundaries. This was given as −HI∇I/‖∇I‖, pre-multiplied by the
constant λI . The interpretation is as follows: (1) A boundary point C(s) undergoing
the same motion as the object would satisfy R2

o(C(s)) ≤ R2
b(C(s)), i.e. its motion

residual will be smaller (in absolute value) for object motion than for background
motion. Neglecting the contribution of curvature and intensity boundaries, this
would induce a velocity vector dC(s)/dt in the direction of the outward normal N ,
growing the curve C so as to englobe the point C(s). (1) If C(s) was a point under-
going the same motion as the background, then, neglecting the effect of curvature
and intensity boundaries, dC(s)/dt would be oriented opposite to the normal N ,
and curve C would shrink, relinquishing the point C(s). (3) The term κC(s) would
tend to straighten out the curve, by pulling in convexities (κC > 0), and pushing
out concavities (κC < 0). The Eulerian level set representation of Eq. (42) was
given by:

∂u

∂t
(X) = −

R2
f (X)−R2

b(X)︸ ︷︷ ︸
regional-term

+ λLκC(X)︸ ︷︷ ︸
curvature-term

− λI

(
HI
∇I

‖∇I‖

)
︸ ︷︷ ︸

gradient-term


︸ ︷︷ ︸

velocity

‖∇u‖ . (43)

Note that Eq. (43) can be compared to the standard equation by Sethian: ∂u/∂t =
V (κ)‖∇u‖, where V (κ) was the velocity with which the curve propagated in the
direction of the gradient of the level set function u.

Figure 13 shows the result of motion segmentation using Mansouri et al.’s117

algorithm on frames 30 and 40 of the “ping-pong sequence,” using affine motion
models with λL = 2500 and λI = 0. These motion models were computed prior to
the segmentation, using point correspondences and clustering in affine parameter
space (see Mansouri et al.117 for details). A total of three distinct motion classes
were found: the first, corresponding to the (still) background; the second, to the
ball, having an upwards direction of motion; and finally, the third motion class was
that of the hand and was a rotational motion around the elbow in the counter-
clockwise direction. The top-left and top-right pictures show frames 30 and 40 of
“ping-pong sequence,” respectively. In the middle-left picture, the initial zero level
set curves are shown. The final segmentation is shown in the remaining pictures. In
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Fig. 13. Segmentation results of the “ping-pong sequence” using PDF implemented in the level
set framework. Top left: Frame 30 of the “ping-pong sequence.” Top right: Frame 40 of the “ping-
pong sequence”. Middle left: Initial segmentation: Three squares are associated with one region
and there are three regions: background, ball and hand. Each of these square boundaries is the
zero level set function corresponding to the respective regions. Middle right: Final segmentation
of the background. Bottom left: Final segmentation of the ball. Bottom right: Final segmentation
of the hand. (Courtesy of Abdol-Reza Mansouri, INRS Telecommunications, Montreal, Quebec,
Canada.)

each of them, for ease of viewing, the region segmented is shown without alteration,
while the remaining regions have been dimmed. The middle-right picture shows the
background region; note that in addition to the ball and the hand, the occlusion
regions have also been excluded from the background. The bottom-left picture
shows the ball region, and finally, the bottom-right picture shows the hand region.
Note that all these regions have been very precisely estimated, despite the fact that
no use was made of intensity boundaries in this segmentation.

Pros and cons of region competition in PDE/level set framework for
segmentation in motion imagery. The major advantages of this technique were
as follows. (1) Although Mansouri et al.’s algorithm117 has the capability to rely on
intensity boundaries to guide the motion segmentation, it did not need to. Indeed,
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the vast majority of their results have been obtained through segmentation based
on motion alone, which demonstrated that very accurate motion segmentation can
be obtained, even where intensity boundaries were hardly visible. (2) The algorithm
can be combined with any motion detection algorithm. All that was needed for this
to work successfully was the number of distinct motion classes and their parameters.
(3) Initial conditions for the proposed level set PDE were quite arbitrary, and the
initial level set functions need not be in the vicinity of the solution. The major
weakness of Mansouri et al.’s algorithm was that the computational burden of the
algorithm grew linearly with the number of motion classes. Thus, the larger the
number of distinct motion classes, the slower the resulting segmentation. Recently,
Aubert and his co-workers (see Besson et al.104) also developed a segmentation and
tracking method for the motion sequence based on the scheme presented in Sec. 4.4.
Interested readers can explore this method further.

6. Miscellaneous Applications of PDEs in Image Processing

This section presents additional applications of PDE-based approaches. In Sec. 6.1,
we discuss the PDE-based approach for filling missing information. Section 6.2
presents the mathematical morphology implementation using the PDE-based
approach. Section 6.3 presents the low pass filtering operation.

6.1. PDE for filling missing information for shape recovery using

mean curvature flow of a graph

Sarti et al.127 recently fused the local and global information in PDE/level set
framework to estimate the missing edge information. If c was the edge extractor
or edge indicator function, φ the level set function, then the flow equation derived
by Sarti et al. was: If S : (x, y) → (x, y, φ) was defined in the same domain M of
the image I, then the differential area of the graph S in the Euclidean space was
given as dAE =

√
1 + φ2

x + φ2
y dxdy. Applying the edge indicator function or data

consistency term, c(x, y) to this and then computing the area Ac under the surface
was given as:

Ac =
∫
M

c(x, y)
√

1 + φ2
x + φ2

y dxdy , (44)

where M was the domain. Note, this comes about from the mean curvature flow
which was the steepest descent of the area functional. This equation was minimized
using the steepest descent by applying multivariate calculus to obtain the flow
equation as:

∂φ

∂t
= c(x, y)

(1 + φ2
x)φyy − 2φxφyφxy + (1 + φ2

y)φxx
1 + φ2

x + φ2
y

+ (cxφx + cyφy) , (45)

where cx and cy are the edges in the x and y directions, respectively. Figure 14
shows the results of running the above algorithm. Other work of Sarti in the area
of level sets can also be explored (see Sarti et al.128–130).
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Fig. 14. Filling missing information for shape recovery. Left: Kanizsa Triangle initial image.
Middle: Evolution process: Right: Final triangle boundary with missing information completed.
(Courtesy of A. Sarti, Mathematics Department, LBNL, University of California, Berkeley and
DEIS, University of Bologna, Italy.)

Pros and cons of Sarti et al.’s method. First, Sarti et al.’s method did not
compute the flow of the surface using the geometry of the levels, but it did compute
the flow depending upon the geometry of the surface itself. Second, the above equa-
tion was the weighted mean curvature flow of a graph, while Sarti et al.’s work86

was the level set flow on a 3D volume.

6.2. Mathematical morphology via PDE

The mathematical morphology field has been used for shape analysis and shape
quantification for some time (see Sapiro et al.,66 Arehart et al.,67 Catte et al.68 and
Sochen et al.69). It was in the early 1990’s when the role of level sets started to move
into mathematical morphology. Here, we will just show the dilation transformation
modeling. Let some shape C(s, t) evolved by a mathematical morphology operation
(say, dilation), by some structuring element B(λ) of size λ, to a new shape C(s, t+λ).
This evolution was represented as C(s, t+λ)−C(s, t) = Γ(s, t, λ)N (s, t), where Γ was
the distance along N that a point on the boundary moved in a dilation operation
with a structuring element of size λ. Since Γ(s, t, 0) = 0:

∂C
∂t

= lim
λ→0

Γ(s, t, λ)− Γ(s, t, 0)
λ

N . (46)

The above equation was written as:

∂C
∂t

=
Γ(s, t, λ)

∂λ
N . (47)

The above equation was simply β(s, t)N , where β was the differential deformation
of a shape S at a point P due to the dilation with a convex structuring element.
This was also the maximal projection of the structuring element onto the normal
N of the boundary at P. Note that β depended on the orientation of the target to
the tangent shape T (s, t). This led to the evolution of the equation as:
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∂C
∂t

= β(T (s, t))N

C(s, 0) = C0(s) .

(48)

We can similarly model the erosion process (for details, see Sochen et al.69).

6.2.1. Erosion with a straight line via PDE

If I was the original image, then the erosion of image I with the straight line
segment was given as:

Ie = |n̂ · ∇I| , (49)

where n̂ was the vector representing the direction vector (cos(θ) sin(θ)) and θ was
the angle between the given line segment and the x-axis. The above equation was
written as:

Ie = ‖n̂‖ ‖∇I‖ cos(α) , (50)

where α was the angle between n̂ and ∇I. Since ‖∇I‖ was computed in the level
set bed as it was a PDE, thus the morphologic erosion was solved via PDE. Note,
here α was computed by taking the inverse of the tangent of the ratio of the y and
x components and then subtracted by θ.

6.3. PDE in the frequency domain: a low pass filter

Banks118 showed the interpretation of the finite difference method (FDM) for the
PDE as a low pass filter (LPF). This was shown using the frequency domain anal-
ysis. We will discuss this key derivation of PDE as a LPF using the Fast Fourier
Transform (FFT) method (for details, see Bloor et al.119 and Brown et al.120). The
ability to model the fitting problem into a PDE using the Euler–Lagrange method
and then applying the finite difference method (FDM) to solve the PDE was one
of the key characteristics of the PDE-based methods. The smoothing problem was
posed as a surface fitting problem or minimization of the surface φ to the data
points, say Pk. This was posed as a Least Squares problem where they minimized
the function I as:

I = α

Np∑
k=1

[φ(uk, vk)− Pk]2︸ ︷︷ ︸
closeness

+ β

∫ vn+1

v1

∫ un+1

u1

∥∥∥∥∂nφ(u, v)
∂un

∥∥∥∥2

+
∥∥∥∥∂nφ(u, v)

∂vn

∥∥∥∥2 ∥∥∥∥︸ ︷︷ ︸
smoothness

dudv , (51)

where α, β were the smoothing constants. n was the degree of the surface and
∂nφ(u, v)/∂un was the nth derivative of the surface φ with respect to the variable
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u and ∂nφ(u, v)/∂vn was the nth derivative of the surface φ with respect to the
variable v. Np was the total limit. Note, the surface fitting consisted of two terms:
an error or closeness term which reduced the fitting error between the data points
and the surface passing through them, and the second term was the smoothness
term reducing the variations of the surface. Note the smoothness term was also the
curvature reduction term. The second term was the smoothness term and we will
focus on that. The second term can be expressed as a function of the derivatives of
u and v. Taking the simplest case n = 1, the smoothing function (given as L) was
given as: L = φ2

u + φ2
v. The Euler–Lagrange equation is thus given as: ∂2φ/∂u2 +

∂2φ/∂v2 = 0, and we know the finite difference solution of this PDE. Now to show
the PDE to be a LPF, imagine a continuous surface f(u) being sampled at N

intervals on regularly spaced grids u = ih, where i = 0, . . . , (N − 1). By taking the
Fourier Transform of the sampled signal fn with frequency k, this is given as:

f̂k =
N−1∑
n=0

fn exp
(
−2πink

N

)
. (52)

If φi,j was the discrete function and we sample it into M points in two directions
u and v, then the discrete Fourier Transform of φm,n was given as:

φ̂k,l =
N−1∑
n=0

M−1∑
m=0

φm,n exp
(
−2πi

[
mk

M
+

nl

N

])
. (53)

We know that using the finite difference method, the value of the Euler–Lagrange
equation was given as:

[φi+1,j − 2φi,j + φi−1,j + φi,j+1 − 2φi,j + φi,j−1]− λφi,j = −λPi,j . (54)

Substituting φm,n into the above equation and equating the coefficients of the (k, l)
frequency mode, we get:

φ̂k,l
−λP̂k,l

[sin2(πk/M) + sin2(πl/N) + λ/4]
. (55)

Equation (54) can be interpreted as an input-output with a transfer function
−λP̂k,l/[sin2(πk/M)+ sin2(πl/N)+ (λ/4)]. The output φ̂k,l was being smoothed in
the sense that the amplitudes of the high frequency modes have been reduced with
respect to low frequency, which is simply the LPF.

7. Advantages, Disadvantages, Conclusions and the Future of 2D
and 3D PDE-Based Methods in Medical and Non-Medical
Applications

This section is divided into the following parts. Section 7.1 presents a general pur-
pose PDE/level set framework where most of the image segmentation issues fit in.
Section 7.2 presents an example demonstrating the segmentation application using
PDE and the level set framework. Section 7.3 discusses the advantages of PDE in
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conjunction with level sets. Section 7.4 presents the disadvantages of the PDE in
the level set framework. Finally, Sec. 7.5 presents a discussion on the conclusions
and the future for PDE and level set based approaches.

7.1. PDE framework for image processing: implementation

Figure 15 shows a general purpose PDE and level set based image processing seg-
mentation system, where, given the data set and the raw contour, one can model the
segmentation by primarily computing the regional statistics term (called statistical
modeling), gradient term and curvature analysis of the moving contour. An exam-
ple of such an implementation can be seen by Suri et al.3–6 They are all fused into
one model and the segmentation problem can be solved as an energy minimization
problem. This was used to frame the PDE equation which was solved in the level
set framework to estimate the converged boundary. Thus, the PDE and level set

Fig. 15. The generic level set framework consists of three stages: (i) energy minimization;
(ii) PDE formation; and (iii) implementation in the level set framework. The input to the en-

ergy minimizaion algorithm consists of three terms: (a) design of the regularizer or statistical
modeling; (b) gradient estimation technique; and (c) the curvature analysis.
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framework have the following abilities: first, to transform a segmentation modeling
problem into a partial differential equation and to embed the regularizers into these
models; second, solving these partial differential equations using the finite difference
methods; third, linkage between the partial differential equations and the level set
framework for implementing the finite difference methods; and fourth, the ability to
extend the PDE framework from 2D to 3D or higher dimensions. Having presented
the abstract framework, we will next present a segmentation example using a finite
difference method and then summarize the advantages/disadvantages of the PDE
and the level set based segmentation modeling issue in Secs. 7.3 and 7.4.

7.2. A segmentation example using a finite difference method

Here, speed control functions and their integration in terms of the level set function
φ to estimate the φ over time are presented (for details, see Suri1,3). The time step
restrictions for solving the partial differential equation will not be discussed here
(the reader can refer to the work by Osher and Sethian48 and the recent work
by Barillot and his co-workers105). Using the finite difference method (see also
Sethian89), the level set Eq. (27) was given in terms of time n as (for details, see
Suri2,3):

φn+1
x,y = φnx,y −∆t{Vreg(x, y) + Vgrad(x, y)− Vcur(x, y)} , (56)

where φnx,y and φn+1
x,y were level set functions at pixel location (x, y) at times n and

n+1, ∆t was the time difference, and Vreg(x, y), Vgrad(x, y) and Vcur(x, y) were the
regional, gradient and curvature speed terms, respectively. Now, these terms are
presented as follows. First, the regional speed term expressed in terms of the level
set function (φ) was given as: Vreg(x, y) = max(Vp(x, y), 0)∇++min(Vp(x, y), 0)∇−,
where terms Vp(x, y), ∇+ and ∇− were given as: Vp(x, y) = wR/γRind(x, y), Rind =
1− 2u(x, y), ∇− = [∇−x +∇−y ]1/2 and ∇+ = [∇+

x +∇+
y ]1/2.

∇+
x = [max(D−x(x, y), 0))2 + min(D+x(x, y), 0))2]

∇−y = [max(D−y(x, y), 0))2 + min(D+y(x, y), 0))2] ,
(57)

where u(x, y) took a value between zero and one. This could be coming from, say, a
fuzzy membership function or any other clustering technique. Rind was the region
indicator function that was in the range between −1 to +1. Second, the gradient
speed term, called the edge strength of the object boundaries, was expressed in
terms of the level set function (φ) as the x and y components of the gradient speed
as: Vgrad(x, y) = Vgrad x(x, y) + Vgrad y(x, y), where:

Vgrad x(x, y) = max(pn(x, y), 0)D−x(x, y) + min(qn(x, y), 0)D+x(x, y) ,

Vgrad y(x, y) = max(qn(x, y), 0)D−y(x, y) + min(qn(x, y), 0)D+y(x, y) ,

pn(x, y) = ∇x(we∇(Gσ ∗ I)) and qn(x, y) = ∇y(we∇(Gσ ∗ I)) ,

(58)

where we was the weight of the edge and was also a fixed constant. pn(x, y) and
qn(x, y) were defined as the x and y components of the gradient strength at a pixel



December 6, 2001 11:23 WSPC/164-IJIG 00040

720 J. Suri et al.

location (x, y). Note that the regional and edge speed terms depended upon the
forward and backward difference operator which were defined in terms of the level
set function ψ, defined as:

D−x(x, y) =
(φ(x, y) − φ(x− 1, y))

∆x
and D+x(x, y) =

(φ(x + 1, y)− φ(x, y))
4x

,

D−y(x, y) =
(φ(x, y) − φ(x, y − 1))

∆y
and D+y(x, y) =

(φ(x, y + 1)− φ(x, y))
∆y

,

(59)

where φ(x, y), φ(x − 1, y), φ(x + 1, y), φ(x, y − 1), φ(x, y + 1) were the level set
functions at pixel locations (x, y), (x− 1, y), (x + 1, y), (x, y − 1), (x, y + 1), being
the four neighbours of (x, y). Third, the curvature speed term expressed in terms
of the level set function (φ) was given as: Vcur(x, y) = εκn(x, y)[(D0x(x, y))2 +
((D0y(x, y))2]1/2, where ε was a fixed constant, κn(x, y) was the curvature at a pixel
location (x, y) at nth iteration as: κn(x, y) = (φ2

xxφ
2
y−φ2

xφ
2
yφ

2
xy+φ2

yyφ
2
x)/(φ2

x+φ2
y)

3/2

and D0x(x, y) and D0y(x, y) were defined as:

D0x(x, y) =
(φ(x + 1, y)− φ(x− 1, y))

2∆x

and

D0y(x, y) =
(φ(x, y + 1)− φ(x, y − 1))

2∆y
. (60)

Thus, to numerically solve Eq. (56), all that was needed was: (i) the gradient speed
values (p, q), (ii) the curvature speed κ at pixel location (x, y) and (iii) the mem-
bership function u(x, y) for a particular class K. In the next section, how these
speeds control mathematical functions will be discussed and how they are used to
compute the field flow (level set function, φ) in the “narrow band” using the “fast
marching method,” also called the “optimization technique.”

7.3. Advantages of PDE in the level set framework

The PDE based method in the level set framework offers a large number of ad-
vantages. Since the number of advantages is large, we will present them in a list
format as follows. (1) Capture Range: The greatest advantage of this technique is
that this algorithm increases the capture range of the “field flow,” which increases
the robustness of the initial contour placement. (2) Effect of Local Noise: When the
regional information is integrated into the system, then the local noise or edge does
not distract the growth process. This technique is non-local and thus the local noise
cannot distract the final placement of the contour or the diffusion growth process.
(3) No Need of Elasticity Coefficients : These techniques are not controlled by the
elasticity coefficients, unlike the classical parametric contour methods. There is no
need to fit the tangents to the curves and compute the normals at each vertex. In
this system, the normals are embedded in the system using the divergence of the
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field flow. These methods have the ability to model the incremental deformations
in the shape. (4) Suitability for Medical Image Segmentation: These techniques are
very suitable for medical organ segmentation since they can handle any of the cav-
ities, concavities, convolutedness, splitting or merging. (5) Finding the Local and
Global Minima: There is no problem finding the local minima or global minima
issues, unlike the optimization techniques of parametric snakes. (6) Normal Com-
putation: These techniques are less prone to the normal computational error which
is very easily incorporated in the “classical balloon force” snakes for segmenta-
tion. (7) Automaticity: It is very easy to extend this model from semi-automatic to
completely automatic because the region is determined on the basis of prior infor-
mation. (8) Integration of Regional Statistics: These techniques are based on the
propagation of curves (just like the propagation of ripples in the tank or propaga-
tion of the fire flames) utilizing the region statistics. (9) Flexible Topology: These
techniques adjust to the topological changes of the given shape such as joining and
breaking of the curves. (10) Wide Applications : This technique can be applied to
unimodal, bimodal and multi-modal imagery, which means it can have multiple
gray scale values in it. These PDE/level set based methods have a wide range of
applications in 3D surface modeling. (11) Speed of the System: These technique can
be implemented using the fast marching methods in the narrow band and thus can
be easily optimized. (12) Extension: This technique is an easy extension from 2D
to 3D. (13) Incorporation of Regularizing Terms: This can easily incorporate other
features for controlling the speed of the curve. This is done by adding an extra term
to the region, gradient and curvature speed terms. (14) Handling Corners : The sys-
tem takes care of the corners easily unlike the classical parametric curves, where
it needs special handling at the corners of the boundary. (15) Resolution Changes :
This technique is extendable to multi-scale resolutions, which means that at lower
resolutions, one can compute regional segmentations. These segmented results can
then be used for higher resolutions. (16) Multi-phase Processing: These techniques
are extendable to multi-phase, which means that if there are multiple level set
functions, then they automatically merge and split during the course of the seg-
mentation process. (17) Surface Tracking: Tracking surfaces are implemented using
level sets very smoothly. (18) Quantification of 3D Structures : Geometrical compu-
tations can be done in a natural way, for example, one can compute the curvature
of 3D surfaces directly while performing normal computations. (19) Integration of
Regularization Terms : Allows easy integration of vision models for shape recovery
such as fuzzy clustering, Gibbs model, Markov Random Fields and Bayesian models
(see Paragios et al.63). This makes the system very powerful, robust and accurate
for medical shape recovery. One can segment any part of the brain depending upon
the membership function of the brain image. So, depending upon the number of
classes estimated, one can segment any shape in 2D or 3D. (20) Concise Descrip-
tions : One can give concise descriptions of differential structures using level set
methods. This is because of the background mesh resolution controls. (21) Hier-
archical Representations: The level set offers a natural scale space for hierarchical



December 6, 2001 11:23 WSPC/164-IJIG 00040

722 J. Suri et al.

representations. (22) Reparameterization: There is no need for reparameterization
for curve/surface estimation during the propagation, unlike in the classical snakes
model. (23) Modeling in a Continuous Domain: One can model the segmentation
process in a continuous domain using PDEs. Thus the formalism process is greatly
simplified which is grid independent and isotropic. (24) Stability Issues: With the
help of research in numerical analysis, one can achieve highly stable segmentation
algorithms using PDEs. (25) Existence and Uniqueness: Using PDEs, one can derive
not only successful algorithms but also useful theoretical results, such as existence
and uniqueness of solutions (see Alvarez et al.23).

7.4. Disadvantages of PDE in level sets

Even though level sets have dominated several fields of imaging science, these front
propagation algorithms have certain drawbacks. They are as follows. (1) Conver-
gence Issue: Although the edges will not be blurry when one performs the diffusion
imaging, the issue of convergence always remains a challenge. In diffusion imaging,
if the step size used is small, then it takes longer to converge. (2) Design of the
Constant Force: The design of the constant force in the PDE is another challenge
yet to be overcome. This involves computation of regional statistics in the region
of the moving contour. There is a trade-off between the robustness of the regional
design, computational time for the operation and the accuracy of the segmentation.
The design of the model plays a critical role in segmentation accuracy and remains
a challenge. Another challenge occurs if the design force is internal or external (for
details, see Suri et al.6). (3) Stability Issues: The stability issues in PDEs are also
important during the front propagation. The ratio of ∆t/∆x, called the CFL num-
ber (Courant number, named after the author Courant et al.136), is another factor
which needs to be carefully designed. (4) Initial Placement of the Contour : One of
the major drawbacks of the parametric active contours has been its initial place-
ment. This does not have either enough capture range or enough power to grab the
topology of the shapes. Both of these drawbacks are removed by level sets provided
the initial contour has been placed symmetrically with respect to the boundaries
of interest. This ensures that the level sets reach object boundaries almost at the
same time. On the contrary, if the initial contour is much closer to the first por-
tion of the object boundary compared to the second portion, then the evolving
contour crosses over the first portion of the object boundary. This is because the
stop function does not turn out to be zero. One of the controlling factors for the
stop function is the gradient of the image. The relationship of the stop function
to the gradient is its inverse and also depends upon the index power m in the ratio
1/1 + |∇Gσ ∗ I(x, y)|m. For stopping the propagation, the denominator needs to
be large, which means the image forces due to the gradient need to be high. This
means index m needs to be high. In other words, if m is high, then the gradient
is high, which means the weak boundaries are not detected well and will be easily
crossed over by the evolving curve. If m is low (low threshold), then the level set
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will stop at noisy or at isolated edges. (5) Embedding of the Object : If some objects
(say, the inner objects) are embedded in another object (the outer object), then
the level set will not capture all the objects of interest. This is especially true if the
embedded objects are asymmetrically situated. Under such conditions, one needs
multiple initializations of the active contours. This means there can be only one ac-
tive contour per object. (6) Gaps in the Object Boundaries: This is one of the serious
drawbacks of the level set method and has been pointed out by Siddiqi et al.77 Due
to the gaps in the object, the evolving contour simply leaks through the gaps. As
a result, the objects represented by incomplete contours are not captured correctly
and fully. This is especially prominent in realistic images, such as in ultrasound and
in multi-class MR and CT images. (7) Problems Due to Shocks: Shocks are among
the most common problems in level sets. Kimia and co-workers in Refs. 124–126
developed such a framework by representing shape as the set of singularities (called
shocks) that arise in a rich space of shape deformations as classified into the fol-
lowing four types: (i) first-order shocks are orientation discontinuities (corners) and
arise from protrusions and indentations; (ii) second-order shocks are formed when a
shape breaks into two parts during a deformation; (iii) third-order shocks represent
bends; and (iv) fourth-order shocks are the seeds for each component of a shape.
These shocks arise in level sets and can sometimes cause serious problems. (8) Chal-
lenge in Segmentation: Although the level set segmentation method succeeds in the
object and motion segmentation, it has weakness in segmenting many other kinds of
images. This can occur in images that do not have a homogeneous background; for
example, when images are composed of many different regions, such as in natural
scenery images (containing streets, mountains, trees, cars and people). The method
based on curve evolution will not produce the correct regions as desired. Such a
segmentation problem is a challenge yet to be overcome.

7.5. Conclusions and the future in PDE-based methods

The class of differential geometry, also called PDE in conjunction with level sets,
has been shown to dominate image processing, in particular medical imaging, in
a major way. We still need to understand how the regularization terms can be
integrated into the level sets to improve segmentation schemes. Even though the
application of level sets has gone well in the fields of medical imaging, biomedicine,
fluid mechanics, combustion, solidification, CAD/CAM, object tracking/image se-
quence analysis and device fabrication, we are still far away from achieving stable
3D volumes and a standard segmentation in real-time. By standard, we mean that
which can segment the 3D volume with a wide variation in pulse sequence pa-
rameters (see Suri137). We will likely see in the near future the modeling of front
propagation that takes into account the physical constraints of the problem, for
example, minimization of variation geodesic distances, rather than simple distance
transforms. We will likely also see more incorporation of likelihood functions and
adaptive fuzzy models to prevent leaking of the curves/surfaces. A good example of
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integration of the low level processes into the evolution process could be given as:
∂φ/∂t = L(x, y)(β0 − β1κ)|∇φ|, where L(x, y) = 1−max(S1, S2, Si, . . . , Sn), where
Si is the low level process from edge detection, optical flow, stereo disparity, texture,
etc. The better the Si(x, y), the more robust could be the level set segmentation
process. We also hope to see more papers on level sets where the segmentation step
does require a re-initialization stage (see Zhao et al.122 and Evans et al.123). It would
also, however, be helpful if we can incorporate a faster triangulation algorithm for
isosurface extraction in 3D segmentation methods.

We also see a massive effort by the computer vision community to integrate
regularization terms to improve the robustness and accuracy of 3D segmentation
techniques. In this paper, we have shown the role of the PDE and level set method
for image smoothing, image diffusion or image denoising. Also shown was how
curve/surface propagation hypersurfaces based on differential geometry are used
for the segmentation of objects in still imagery. We have also shown the relation-
ship between the parametric deformable models and curve evolution framework;
incorporation of clamping/stopping forces to improve the robustness of these topo-
logically independent curves/surfaces. We have discussed considerably segmenta-
tion of an object in motion imagery based on PDE and the level set framework. In
this paper, we have also presented research in the area of coupled PDEs for edge
preservation and smoothing. Some coverage has also been given on PDE in mis-
cellaneous applications. Finally, this paper concludes with the advantages and the
disadvantages of segmentation modeling via geometric deformable models (GDM),
PDE and level sets.
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