unedited draft of paper to appear in the Summer 1995 IEEE Design & Test *

AB* CD+*EF+

12435

Gcontrol step 1control step 2control step 3

Figure 1: Schedule for the Expression�G=AB+CD+EF�High-Level Synthesis:Introduction to the Scheduling ProblemRobert A. Walker� � and Samit Chaudhuri�Computer Science Department�Electrical, Computer, and Systems Engineering Department�Rensselaer Polytechnic InstituteTroy, NY 12180ABSTRACTThe scheduling problem � one of the central tasks inhigh-level synthesis � is the problem of determining theorder in which the operations in the behavioral descriptionwill execute. This tutorial introduces the schedulingproblem, and describes four scheduling algorithmscommonly used today to solve those problems.1.INTRODUCTIONHigh-level synthesis (sometimes called behavioralsynthesis) is the design task of mapping an abstractbehavioral description of a digital system onto a register-transfer level design to implement that behavior.Introduced in the first article in this series [Gajski94], highlevel synthesis has the potential to greatly improve bothdesigner productivity and design space exploration.As defined in that introductory article, the three centralsynthesis tasks in a typical high-level synthesis system arethe following:¥scheduling � determining the sequence in which theoperations are executed to produce a control stepschedule, which specifies the operations that executein each control step, or state¥allocation � setting aside the appropriate number offunctional units, storage units, and interconnectionunits¥binding � assigning operations to functional units,assigning values to storage units, and interconnectingthose components to form a complete data pathIn most high-level synthesis systems, scheduling andfunctional unit allocation are performed simultaneously,followed by the remaining allocation tasks and binding.This tutorial discusses the scheduling problem, and thenext article in this series will discuss the remainingallocation problems and the binding problem.More specifically, this tutorial defines the basicscheduling problem, and three common variations on thatproblem necessary to meet real-world design constraints. Itthen describes four scheduling algorithms commonly usedtoday to solve those problems: three simple constructiveheuristics, and an optimal solution technique based onInteger Linear Programming (ILP).2.THE BASIC SCHEDULING PROBLEMSOne of the first steps in a typical high level synthesissystem is to convert the input behavioral description of thedesired digital system, written in a hardware descriptionlanguage such as VHDL or Verilog, into a control / dataflow graph (cdfg). Operations in the behavioraldescription, such as additions and multiplications, arerepresented as nodes in the cdfg, and values (inputs to theexpression, temporary results, and the output of theexpression) are represented as edges. In more complexbehaviors, the cdfg can also represent conditional branches,loops, etc., hence the name �control / data flow graph.�Consider the arithmetic expression �G=AB+CD+EF�.This expression might be part of a larger description, forexample, part of a digital signal processor description, butfor purposes of simplicity we will consider only that oneexpression here. We can parse this expression to build acdfg, shown in Figure 1, which will serve as the internalrepresentation for a high-level synthesis system. The goalof scheduling, then, is to determine the order in whichthese operations will execute, i.e., to schedule eachoperation into an appropriate control step.2.1.Basic ConceptsSuppose we try to schedule the cdfg of the arithmeticexpression �G=AB+CD+EF�, as shown in Figure 1. If we

2begin by scheduling operation 1 into control step 1, we canalso schedule operation 2 into that same control step, sincethe two operations do not depend on each other in any way.However, operation 3 cannot be scheduled into control step1, since it depends upon the results of operation 1 andoperation 2, which are not available until the end of controlstep 1. Thus operation 3 must be delayed until controlstep 2 or later (let�s assume that it�s scheduled into controlstep 2). As we did with operation 2, we can scheduleoperation 4 into control step 1 as well, since it does notdepend upon the result of either operation 1 or 2. Finally,operation 5 must be scheduled into control step 3 or later,since it depends upon the result of operation 3.Let O˚be the set of all operations in the cdfg. If theresult of operation oi˚˛ O˚is used by operation oj˚˛ O,then operation oi˚must finish its execution beforeoperation oj˚can begin, and we say that there is a datadependency between the two operations. We would alsosay that oi˚is an immediate predecessor of oj and that ojis an immediate successor of oi. This data dependency isrepresented during the synthesis process as a precedenceconstraint˚between the two operations, which must besatisfied by the control step schedule.In generating the control step schedule for a particularcdfg, we have two options � we may be satisfied withgenerating a feasible schedule˚(any �legal� schedule), orwe may want to find a schedule that is optimal with respectto some objective function (for example, the schedule withthe smallest functional unit area). In this latter case, weneed to know the type of the functional unit allocated toeach operation, so that we can compute the overallfunctional unit area as the sum of the areas of themaximum number of functional units of each type used inany one control step.For a given functional unit in a particular modulelibrary, the type of the functional unit indicates itsfunctionality (e.g., addition, multiplication, or addition /multiplication). Let K˚be the set of types that areavailable, and let ak˚and mk˚be the area and number offunctional units, respectively, of type k˚˛ K.For a given operation, the type of the operation isdetermined by a type function t : O˚fi K, where t(i) =k˚means that operation oi˚˛ O˚is executed on a functionalunit of type k ˛ K. The problem of determining this typefunction, and thus the type of the functional unit on whicheach operation will execute, is called the type mappingproblem. Since we need to know the execution delay ofeach operation to solve the scheduling problem, this typemapping problem must be solved before (orsimultaneously with) the scheduling problem. In thistutorial, we will assume that the type mapping for eachoperation is known prior to scheduling.We can now use these concepts to define theUnconstrained Scheduling (UCS) problem � the basicscheduling problem in high-level synthesis:Unconstrained Scheduling (UCS)

Given: a set O of operations; a set K˚of functional unit types; a type function t : O˚fi K; and a partial order on O determined by the precedence constraints.

Find: a feasible (or optimal) schedule for O that obeys the precedence constraints.

2.2.Time-Constrained Scheduling (TCS)Although the UCS problem defined above captures thebasic elements of the scheduling problem in high-levelsynthesis, in practice it may be necessary to add additionalconstraints to meet particular design goals. For example,we could limit the execution time of the design byconstraining the overall length of the control step schedule� we refer to this process as adding a time constraint onthe overall schedule length (i.e., a deadline), which mustbe satisfied by the control step schedule.Adding this time constraint on the overall length of theschedule to the UCS problem, we can define the Time-Constrained Scheduling (TCS) problem as follows:Time-Constrained Scheduling (TCS) unit types; a type function t : O˚fi K; a partial order on

O determined by the precedence constraints; and a time constraint (deadline) D˚on the overall schedule length.

the precedence constraints and that meets the deadline D.

Investigating further, we can see by examining Figure 1that if we do impose an overall time constraint˚on theschedule, some operations may be forced into specificcontrol steps. For example, if we constrain the schedule toa total length of three control steps, operations 1 and 2must be scheduled into control step 1, operation 3 must bescheduled into control step 2, and operation 5 must bescheduled into control step 3. Since we have no freedom inscheduling these operations (without violating the timeconstraint), we say that they are on the critical path.In general, we say that there is a continuous range Si˚ofcontrol steps, called the schedule interval, over which anoperation oi˚can be scheduled. The length of this intervalis the mobility of the operation. In Figure 1, the scheduleinterval for operations 1 and 2 is [1,1] and their mobility is1; the schedule interval for operation 3 is [2,2] and itsmobility is also 1; and the schedule interval for operation 4is [1,2] and its mobility is 2. As we will see later, thisinformation can be of great benefit during the schedulingprocess.2.3.Resource-Constrained Scheduling (RCS)Another set of constraints commonly added to the UCSproblem, reflecting the design goal of limiting the chiparea, are constraints on the number of functional units ofeach type. For example, 2 multipliers may fit within theavailable chip area, while 8 multipliers may not � in thiscase it may be necessary to impose a resource˚(functionalunit) constraint on the design, limiting the number ofmultipliers to 2.Consider the effect of adding resource constraints to theexample of Figure 1. The schedule shown in that figurewas generated without resource constraints, and requires atleast 3 multipliers and 1 adder. However, if we constrainthe number of multipliers to 1, we might obtain theschedule shown in Figure 2, which would requiresubstantially less functional unit area. (Notice thatalthough this schedule uses two less functional units, theschedule length has increased by one, illustrating theclassical serial-parallel tradeoff that often occurs in

3scheduling problems � trading execution time for thenumber of resources.)*

AB* CD+*EF+12435Gcontrol step 1control step 2control step 3control step 4Figure 2: Schedule with a ResourceConstraint of 1 MultiplierAdding these resource constraints to the UCS problem,we can define the Resource-Constrained Scheduling(RCS) problem as follows:Resource-Constrained Scheduling (RCS)

Given: a set O of operations; a set K˚of functional unit types; a type function t : O˚fi K; resource

constraints mk, 1 £ k £ K for each functional unit type;

and a partial order on O determined by the precedence constraints.

Find: a feasible (or optimal) schedule for O that obeys the precedence constraints and that meets the resource constraints for each functional unit type.

Note that we can impose a separate resource constraint oneach functional unit type.2.4.Time- and Resource-ConstrainedScheduling (TRCS)Finally, we can combine the TCS and RCS problems todefine the Time- and Resource-Constrained Scheduling(TRCS) problem, constraining both the overall schedulelength and the number of functional units of each type:Time- and Resource-Constrained Scheduling

(TRCS) constraints mk, 1 £ k £ K for each functional unit type; a partial order on O determined by the precedence constraints; and a time constraint (deadline) D˚on the overall schedule length.

the precedence constraints, meets the deadline D, and meets the resource constraints for each functional unit type.

3.ADVANCED SCHEDULING TOPICSIn order to provide a concise introduction to the variousscheduling problems, the previous section made a numberof overly simplistic assumptions. This section will brieflyintroduce several advanced topics, all of which must beconsidered by any practical scheduling algorithm.3.1.Chaining and MulticyclingIn the previous section, the assumption was made thateach operation type requires the same amount of time toexecute, and that the control step length (i.e., the clockperiod) is equal to that execution time. In practice,different operation types may have different execution times(i.e., the functional unit types onto which each is mappedmay have different propagation delays), and an overlyrestrictive scheduling model coupled with a poor choice forthe control step length can result in poorly-utilizedfunctional units and an overly long schedule.Consider the cdfg of Figure 3a, where the multiplicationand addition operations are mapped onto a multiplier andadder with a 100ns and 50ns propagation delay, respectively(for simplicity, we will assume that these functional unitpropagation delays include any necessary register setuptimes). If the control step length is set to the 100ns (thelongest of the two propagation delays), and each operationis scheduled into exactly one control step, the overalllength of the schedule will be 200ns, and the multiplierwill be utilized only half of the time.no chaining ormulticycling(a)

+*+100ns200nstwo chained additions(b)

+chainedoperations*+100nsa multicycle multiplication(c)

+multicycleoperation*+100ns50ns

Figure 3: Chained and Multicycle OperationsHowever, the multiplier utilization can be increased, andthe schedule length can be decreased, by packing the twoadditions into a single control step, as shown in Figure 3b.We refer to these two additions as chained operations, andimplement them at the register-transfer level by connectingthe output of the first adder directly to the input of thesecond adder (i.e., without the intervening register thatwould otherwise latch the result of the first adder at thecontrol step boundary). In this example, chaining canincrease the multiplier utilization and decrease the length ofthe schedule to 100ns, but at the cost of an additional adder.Another alternative to improve the schedule of Figure 3ais to set the clock length to 50ns (the shortest of the twopropagation delays), and to execute the multiplication overtwo control steps, as shown in Figure 3c. We refer to anoperation such as this multiplication as a multicycleoperation � it will have to execute continuouslythroughout its entire execution time, and its input values

4for each operation oi˚ if oi˚has no immediate predecessors cstep(oi) = 1/* cstep(oi) indicates control step into which operation oi˚is scheduled */ elsecstep(oi) = maximum cstep of any of oi�s immediate predecessors + 1

Figure 4: As-Soon-As-Possible (ASAP) Schedulingmust be latched throughout that period as well. In thisexample, multicycling can decrease the length of theschedule to 100ns, just like chaining, but without the costof another adder; however, multicycling does use twice asmany control steps as chaining, which may result in alarger controller.3.2.Scheduling in the Presence of ControlConstructsThe basic scheduling problems presented in the lastsection were all defined for a single basic block � onesection of straight-line code with only one entry point andone exit point. Since most hardware description languagessupport conditionals, loops, and other control constructs,those constructs must be considered during the schedulingprocess. When scheduling conditional branches, thescheduler should exploit any potential parallelism bysharing functional units between mutually exclusivebranches (e.g., the same adder can be used in both the�then� and �else� clauses of an �if� statement). Whenscheduling loops, the scheduler should exploit anypotential parallelism by loop folding � overlapping theloop executions in a pipelined fashion.3.3.Scheduling with Timing ConstraintsThe basic scheduling problems presented in the lastsection capture a variety of constraints on the executiontime of the schedule � the length of the schedule, theschedule intervals of the operations, and the precedenceconstraints between them. However, few digital systemswork in isolation, so there may also be a need to specifymore detailed timing constraints on certain operations:minimum˚timing constraints, which specify that oneoperation must be executed at least a specified amount oftime after another operation, and maximum˚timingconstraints, which specify that one operation must beexecuted no more than a specified amount of time afteranother operation. Most schedulers handle these timingconstraints by adding additional constraint edges to thecdfg, and then treating those additional edges in much thesame manner as other constraints.4.SOME COMMON SCHEDULINGALGORITHMSThis tutorial has defined the four basic schedulingproblems in high-level synthesis. To solve thosescheduling problems, both heuristic algorithms, whichfind feasible (possibly suboptimal) solutions, and exactalgorithms, which find optimal solutions, have been used.This section will highlight four scheduling algorithmscommonly used today by high-level synthesis systems tosolve those problems.The first three scheduling algorithms described here(ASAP / ALAP scheduling, list scheduling, and force-directed scheduling) are constructive heuristic algorithms,which iteratively select and schedule one operation at atime into an appropriate control step. Since these greedystrategies make a series of local decisions, selecting at eachpoint the single �best� operation / control step pairingwithout backtracking or look-ahead, they may miss theglobally optimal solution. However, they do produceresults quickly, and those results may be sufficiently closeto optimal to be acceptable in practice.The fourth scheduling algorithm considered here, basedon solving an Integer Linear Programming (ILP)formulation, is an exact algorithm, guaranteed to find theglobally optimal schedule, although at the cost of moreprocessing time. In contrast to the first three algorithms,which schedule one operation at a time, this algorithmproduces a schedule for all operations simultaneously.4.1.ASAP / ALAP Scheduling � AConstructive Heuristic for the UCS ProblemAs-Soon-As-Possible (ASAP) scheduling and As-Late-As-Possible (ALAP) scheduling are the twosimplest scheduling algorithms used in high-levelsynthesis. ASAP scheduling (see Figure 4) schedules eachoperation, one at a time, into the earliest possible controlstep. ALAP scheduling is similar, but schedules eachoperation into the latest possible control step.Although limited by their greedy nature, as discussedabove, these algorithms can quickly solve the UCSproblem. However, to find acceptable solutions to theRCS and TCS problems, we need more sophisticatedalgorithms.4.2.List Scheduling � A Constructive Heuristicfor the RCS ProblemA common choice for solving the RCS problem is listscheduling [Pangrle87] (see Figure 5), a venerablealgorithm based on work done over 30 years ago by Hu[Hu61], and long used in project management andmicrocode compaction. Unlike ASAP / ALAP scheduling,which processes each operation in a fixed order, listscheduling processes each control step sequentially,choosing in each iteration the �best� operation from allappropriate operations to place into the control step,subject to resource constraints.During the scheduling process, list scheduling uses aready list (hence the name) to keep track of data-readyoperations � those unscheduled operations that can bescheduled into the current control step without violatingthe precedence constraints (i.e., those operations whoseimmediate predecessors have been scheduled into earliercontrol steps). As long as there are data-ready operationsthat meet the resource constraints in the ready list,operations are chosen from that list and scheduled into thecurrent control step.To make the choice of which operation in the ready listto schedule, those operations are sorted according to somepriority function, and the operation with the highestpriority is always chosen to be scheduled into the current

5control step. One common priority function is based onmobility, which was defined earlier as the length of anoperation�s schedule interval. Operations with smallermobility are given higher priority, since there are fewerpossible control steps into which those operations can bescheduled, and since delaying them to a later control stepwould more likely increase the overall length of theschedule; this is especially true for those operations with amobility of 1, which are said to be on the critical path.

current-cstep = 0 while there are unscheduled operations current-cstep = current-cstep + 1 place data-ready operations into the ready list, evaluate the priority of each operation, and sort the ready list in order of priority while there are data-ready operations in the ready list that meet the resource constraints choose the highest priority data-ready operation oi˚from the ready list cstep(oi) = current-cstep

Figure 5: List SchedulingThe results of the list scheduling algorithm are clearlybiased by the priority function chosen. Some systems givehigher priority to those operations with lower mobility, asdescribed above. Others give higher priority to thoseoperations with more immediate successors, arguing thatscheduling them in the current control step would make thelargest number of operations data-ready, and thereby alloweach operation to be considered as early as possible.Unfortunately, there is no agreement on which priorityfunction is the �best�, and the choice often depends on thestructure of the cdfg.The list scheduling algorithm may also vary in itstreatment of the ready list. As presented in Figure 5, theready list is constructed only once per control step, but theready list could instead be constructed every time a data-ready operation is chosen, allowing an operation to bechosen from a more up-to-date list at the cost of additionalcomputation. Another variation is to maintain a separateready list for each functional unit type k˚˛ K, thus makingit easier to consider only those operations that meet theresource constraints.Although less efficient computationally than ASAPscheduling, due to its more global selection of the nextoperation to schedule and to its simple yet intuitivepriority function, list scheduling remains a common choicefor solving the RCS problem.4.3.Force-Directed Scheduling � AConstructive Heuristic for the TCS ProblemForce-directed scheduling (see Figure 8), originallydeveloped as part of Carleton University�s HAL system[Paulin89], is a popular constructive algorithm that solvesthe TCS problem by uniformly distributing the operationsof each type across a time-constrained schedule. Balancingthe operations in this manner results in higher functionalunit utilization, and thus minimizes the number offunctional units of each type.Since force-directed scheduling solves the TCS problem,the first step in the algorithm must be to determine theschedule length (the overall time constraint). A goodapproximation of the schedule length can be determined byconstructing an ASAP schedule, and measuring the lengthof that schedule. Force-directed scheduling also considersthe schedule interval of each operation, so an ALAPschedule is constructed as well, and the two schedules areused to determine the schedule intervals.Now consider a particular operation oi, that cantheoretically be scheduled into any control step s˚in itsschedule interval Si. If we denote its ASAP control step asASAPi˚and its ALAP control step as ALAPi, and weassume that it has a uniform probability of being scheduledinto any control step in the range [ASAPi, ALAPi], thenthe probability Pi,j of scheduling operation oi˚into aparticular control step sj˚˛ Si˚is:

Pi,j = 1

ALAPi − ASAPi +1

These probabilities are illustrated on the left side ofFigure 7, where the width of each operation box representsthe probability of scheduling the corresponding operationin the data flow graph in Figure 6 into that control step.Operations 1, 2, 5, 7, and 8 each have a mobility of 1, sohave a probability of 1 of being scheduled into a particularcontrol step; in Figure 7, each is shown wholly within thatcontrol step, represented by a box of width 1. Operation 3,however, has a schedule interval of [1,2], and thus aprobability of 0.5 of being scheduled into either controlstep in that range; in Figure 7, operation 3 is representedby a box of width 0.5 spanning control steps 1 and 2.Operation 6 is similar, and operations 4, 9, 10, and 11 eachhave a probability of 0.33 of being scheduled into aparticular control step in their schedule interval.Given these probabilities, a histogram˚can beconstructed for each functional unit type k, showing theexpected cost of performing all operations of that type ineach control step. For a functional unit type k, theexpected functional unit cost in control step sj ˚ ˛ Si ˚ i s :

FCostk,j = ck Pi,ji∈Ik∑

where c k ˚is the cost of a functional unit of type k ˚and Ik ˚ i s the index set of all operations of type k.The right side of Figure 7 shows the histogram formultiplication operations, assuming a unit multiplier cost.This histogram is constructed as follows:FCostmult,1= P 1 , 1 ˚ + P 2 , 1 ˚ + P 3 , 1 ˚ + P 4 , 1 ˚ + P 5 , 1 ˚ + P 6 , 1 = 1 + 1 + 0.5 + 0.33 + 0 + 0= 2.83FCostmult,2= P 1 , 2 ˚ + P 2 , 2 ˚ + P 3 , 2 ˚ + P 4 , 2 ˚ + P 5 , 2 ˚ + P 6 , 2 = 0 + 0 + 0.5 + 0.33 + 1 + 0.5= 2.33FCostmult,3= 0 + 0 + 0 + 0.33 + 0 + 0.5= 0.83FCostmult,4= 0

6The expected number mk˚of functional units of typek˚can now be computed as the maximum number offunctional units of that type in any control step:

mk = maxj∈S (FCostk,j)

where S ˚is the index set of all control steps. Thus thisexample is expected to require Ø2.83ø = 3 multipliers.

*udz*3z*3y�12357ylcontrol step 1control step 2control step 3�8*6udz*udz4y+ulctrlzdz10a<+control step 4911Figure 6: Data Flow Graph and ASAP Schedule forthe Differential Equation (DiffEq) Example[Paulin89]***——***++<12578364910112.832.330.830.00Figure 7: Initial Schedule Intervals andMultiplication HistogramThe goal of force-directed scheduling, as statedpreviously, is to minimize the number of functional unitsof each type by uniformly distributing the operations ofthat type across the schedule (i.e., to balance thehistogram). Consider the effect of scheduling operation 3into either control step 1 or 2. If operation 3 is scheduledinto control step 1, the maximum expected multiplier costwill be 3.33, and therefore the design will require 4multipliers. However, if operation 3 is scheduled intocontrol step 2 (changing operation 6�s schedule interval to[3,3]), the maximum expected multiplier cost will be 2.33,and the design will require only 3 multipliers. Of thesetwo choices, the latter would be preferable, as it tends toreduce the expected multiplier cost and more uniformlydistribute the multiplications across the schedule.construct an ASAP and an ALAP schedule,determine the schedule length, andcompute the schedule interval of each operationconstruct a histogram for each operation type kwhile D for ˛ i D o j if D D D D i,j bestop

˚= j cstep(

update histograms

Figure 8: Force-Directed SchedulingForce-directed scheduling iteratively builds a control stepschedule, keeping the schedule balanced as follows. First,the initial histograms are created. Then the expectedfunctional unit cost of scheduling each unscheduledoperation into each control step in its schedule interval iscomputed, and the operation / control step scheduling thatresults in the smallest increase (or largest decrease) in costis made. The histograms are then updated, and the processcontinues until there are no more unscheduled operations.In force-directed scheduling, the �increase� in expectedfunctional unit cost that will result if an operation isassigned to a particular control step is computed as the sumof a set of forces˚(hence the name). For an operationoi S direct force j ˛ i

Forcei,k,j = FCostk,j − FCostk,s ALAPi − ASAPi +1

s=ASAPi

ALAPi∑

In other words, for a particular operation (and therefore aparticular functional unit type) the direct force is thedifference between the expected functional unit cost in thatcontrol step and the average expected functional unit costover that operation�s schedule interval.Since scheduling an operation into a particular controlstep may affect the schedule intervals of other operations(e.g., operation 6 as described above), those �indirect� costsmust be considered as well. Thus the total force associatedwith an operation being scheduled into a particular controlstep must be computed as the sum of: (1) its direct force,and (2) the indirect force on any other operation whoseschedule interval is affected by that scheduling.For example, the total force associated with schedulingoperation 3 in our example into control step 1 (see Figure7) is only that direct force, since no other schedule intervalsare affected:Total-Force3,mult,1= Force

= 2.83 — (2.83+2.33)/2 = +0.25

7 12345123

operatorcontrol step+ AB+

+123C|V | = 12AssignmentConstraintPrecedenceClique|V | £ 2 add,3ResourceConstraintprecedenceedgeassignmentedge|V | = 11AssignmentConstraint|V | = 13AssignmentConstraint|V | £ 2 add,5ResourceConstraint|V | £ 2 add,1ResourceConstraintPrecedenceCliqueV2Figure 9: A CDFG and Its Constraint Graph,Assuming a Schedule of Length 5,and a Resource Constraint of 2 AddersHowever, the total force associated with schedulingoperation 3 into control step 2 is that direct force plus theindirect force of scheduling operation 6 into control step 3:Total-Force3,mult,2= F o r c e 3 , m u l t , 2 + F o r c e 6 , m u l t , 3 = 2.33 — (2.83+2.33)/2 + 0.83 — (2.33+0.83)/2= —1.0Given these two choices, the algorithm would choose theoperation / control step scheduling that results in thelargest decrease in cost (force). In this example, it wouldschedule operation 3 into control step 2, as we conjecturedearlier.Although less efficient computationally than eitherASAP scheduling or list scheduling, due to its globalselection of the next operation to schedule and to itseffectiveness in uniformly distributing the operationsacross the schedule, force-directed scheduling is a commonchoice for solving the TCS problem.4.4.Integer Linear Programming (ILP)FormulationsMathematical programming formulations, among themInteger Linear Programming˚(ILP), have been used tosolve a wide range of problems in high-level synthesis,beginning with Hafer�s early scheduling formulation[Hafer83]. This section introduces an ILP formulation foroptimally solving the TCS, RCS, and TRCS problems.The biggest advantage of these formulations is thequality of the solution � unlike the constructive heuristicsdescribed earlier, a commercial ILP solver is guaranteed tofind an optimal schedule from these formulations.Unfortunately, this guarantee of quality comes at a price �ILPs can not, in general, be solved in polynomial time.Thus the tradeoff is between the a guarantee of solutionquality and a guarantee of quickly finding a solution.Fortunately, however, a carefully-designed ILP formulationcan produce results in acceptable time for small andmedium-sized problems, and ongoing research on boundingtechniques may soon allow larger problems to be solved aswell.Integer Linear Programming (ILP) problems[Nemhauser88] are those problems that either maximize orminimize some objective function˚of many variables,subject to: (1) linear equality and inequality constraints,and (2) integrality restrictions on all of the variables. It isalso common to use linear objective functions, and torequire that the variables be non-negative. An integerlinear programming (ILP) formulation is written as:

ZIP = min cTx x∈ PF;x integer { }

where

PF = Ax≤ b,x∈�+n { }

where

�+n

is the set of non-negative real (n · 1) vectors,c˚is a (n · 1) real vector, b˚is a (m · 1) integer vector, andA˚is a (m · n) integer matrix.The Set of Feasible SchedulesConsider the set of nodes

V = (i,s) i ∈ I;s ∈ Si { }

˚asillustrated in Figure 9, where a node (i, s) corresponds tooperation oi˚being scheduled in control step s, I˚ is theindex set of all operations, and Si˚is the schedule intervalover which an operation oi˚can be scheduled (see Section1 . 2 ) . Eachoperationoi˚canconceivablybescheduledanywherein its schedule interval Si, so corresponding to eachoperation oi˚is a set of nodes

Vi = (i,s) s ∈ Si { }

. Forexample, in Figure 9, assuming a deadline of 5 controlsteps, operation 2 can conceivably be scheduled into eithercontrol step 2, 3, or 4, as shown by the horizontal shadedoval labeled �V2�.Furthermore, for each control step s, each functional unittype k˚corresponds to a set of nodes

Vk,s = (i,s) s ∈ Si;τ (i) = k { }

, which can be mapped ontothat functional unit type during that control step. Forexample, in Figure 9, assuming all three operations aremapped onto adders, operations 1, 2, and 3 might all bescheduled onto adders during control step 3, as shown bythe vertical shaded oval in the third column.Each feasible schedule contains exactly one node fromeach set of nodes Vi, satisfies all the precedence constraintsbetween operations, and uses no more than the availablenumber of functional units of each type. Clearly, in ordertofindafeasibleschedule,weneedsomewaytodeterminewhich xi,s variables are 1 and which are 0. We willdetermine these values by specifying a set of equality andinequality constraints on the scheduling problem, and fromthere construct an integer linear programming (ILP)formulation of the problem, which will give us an optimalsolution to the problem for a specified objective function.The Constraints on the Scheduling ProblemTo characterize the constraints on the schedulingproblem, we need to construct a constraint graph Gc ˚asfollows (see Figure 9). The nodes of Gc˚are the nodesV˚that we have already seen.We can now define assignment constraints on thescheduling problem, which will ensure that a feasibleschedule has exactly one node per operation:

xv =1

v∈Vi∑ , ∀ i ∈ I

8In Figure 9, the horizontal shaded oval labeled �V2�represents the assignment constraint for operation 2,constraining it to be scheduled into exactly one control stepin the range [2, 4].Earlierinthistutorialwedefinedprecedenceconstraintsbetween two operators; a precedence clique Cp˚is definedas a clique1 in Gc that has at least one precedence edge(constraint) connecting two of its nodes. We can use thisconcept to define precedence constraints on thescheduling problem, which will prevent two nodes that arein precedence conflict from being in the same feasibleschedule:

xv ≤ 1

v∈Cp∑ , ∀ Cp ∈ I

In Figure 9, the shaded vertical oval in column 3 representsa precedence clique stating that if either operation 1, 2, or 3is scheduled into control step 3, the two remainingoperations can not be scheduled into that control step aswell.Finally, we can define resource constraints on thescheduling problem, which will ensure that in each controlstep the number of operations of each type do not exceedthe available number of functional units of that type:

xv ≤ mk

v∈k,s∑ , s ∈ S, ∀ k

In Figure 9, the resource constraint at the bottom ofcolumn 3 states that no more than two addition operationscan be scheduled into control step 3.We can represent these constraints succinctly in thefollowing form:

Max =1; Mpx ≤ 1; Mrx ≤ m

where Ma is the coefficient matrix due to the assignmentconstraints, Mp is the coefficient matrix due to theprecedence constraints, and Mr is the coefficient matrix dueto the resource constraints.The ILP FormulationWe can now use these constraints to construct ILPformulations that represent the various schedulingproblems. Formulations of the TCS and RCS problemsare shown below, and the formulation of the TRCSproblem can easily be constructed by combining those twoformulations. Given these formulations, a commercial ILPsolver can be used to find an optimal solution.For the TCS problem, we can minimize a function ofthe number of functional units of each type:

ZIP = min akmk

k∈K∑ x∈ PF (Q );x integer

PF (Q ) = x∈�+V Max =1; Mpx ≤ 1; Mrx ≤ m { }

1 A clique˚is a fully-connected subgraph � a subgraph where eachnode is connected to all other nodes of the subgraph.where, for functional units of type k˚˛ K , ak ˚is a weight(usually based on area), and mk˚is the number offunctional units of that type.For the RCS problem, we can minimize the number ofcontrol steps by introducing a dummy operation od, addingedges to ensure that od˚is scheduled after all otheroperations, and scheduling od˚as early as possible:

ZIP = min s xd,s

s∈Sd∑ x∈ PF (Q );x integer

where PF(t ) is defined above, and Sd˚is the scheduleinterval of operation od.Rensselaer Polytechnic Institute�s RPI-ILP system[Chaudhuri94] uses the formulation described in thissection to solve the TRCS directly, and the TCS and RCSproblems indirectly, quickly producing guaranteed optimalsolutions to each. Similar formulations are used in TsingHua University�s THEDA System [Hwang91] and theUniversity of Waterloo�s OASIC System [Gebotys92].5.SUMMARYThis paper has attempted to define the more commonvariations on the scheduling problem in high-levelsynthesis, and to describe several scheduling algorithmscommonly used today in high-level synthesis. Thescheduling problem will undoubtedly remain an area ofresearch for years to come, as we begin to explore variousrelated problems now that we have an understanding of thebasic scheduling problem. In the future, we will continueto try to better understand the relationship betweenscheduling, allocation, and binding, and will begin toexplore the relationship between scheduling and clockdetermination, type mapping, and time and resourcebounding.REFERENCES[Chaudhuri94]Samit Chaudhuri and Robert A. Walker,�Analyzing and Exploiting the Structure ofthe Constraints in the ILP Approach to theScheduling Problem�, IEEE Trans. on VLSISystems, pages 456—471, December 1994.[Gajski94]Daniel D. Gajski and LoganathRamachandran, �Introduction to High-LevelSynthesis�, IEEE Design & Test, pages 44—54, Winter 1994.[Gebotys92]Catherine H. Gebotys, �Optimal Schedulingand Allocation of Embedded VLSI Chips�,Proc. of the 29th DAC, pages 116—119,June 1992.[Hafer83]Louis J. Hafer and Alice C. Parker, �AFormal Method for the Specification,Analysis, and Design of Register-TransferLevel Digital Logic�, IEEE Trans. on CAD,pages 4—18, January 1983.[Hu61] T.C. Hu, �Parallel Sequencing andAssembly Line Problems�, OperationsResearch, pages 841—848, Volume 9,1961.[Hwang91]Cheng-Tsung Hwang, Jiahn-Hurng Lee, andYu-Chin Hsu, �A Formal Approach to theScheduling Problem in High-Level

9Synthesis�, IEEE Trans. on CAD, pages464—475, April 1991.[Nemhauser88]G.L. Nemhauser and L.A. Wolsey, Integerand Combinatorial Optimization, Wiley,1988.[Pangrle87]Barry Michael Pangrle and Daniel D.Gajski, �Design Tools for IntelligentSilicon Compilation�, IEEE Trans. onCAD, pages 1098—1112, November 1987.[Paulin89]Pierre G. Paulin and John P. Knight,�Algorithms for High-Level Synthesis�,IEEE Design and Test, pages 18—31,December 1989.