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ORIGINAL ARTICLE

Lattice Boltzmann based PDE solver
on the GPU

Abstract In this paper, we propose
a hardware-accelerated PDE (partial
differential equation) solver based on
the lattice Boltzmann model (LBM).
The LBM is initially designed to
solve fluid dynamics by constructing simplified microscopic kinetic
models. As an explicit numerical
scheme with only local operations,
it has the advantage of being easy to
implement and especially suitable
for graphics hardware (GPU) acceleration. Beyond the Navier–Stokes
equation of fluid mechanics, a typical
LBM can be modified to solve the
parabolic diffusion equation, which
is further used to solve the elliptic
Laplace and Poisson equations with
a diffusion process. These PDEs
are widely used in modeling and
manipulating images, surfaces and
volumetric data sets. Therefore, the

1 Introduction
A variety of applications require solving partial differential equations (PDEs) to model, manipulate and visualize
images, surfaces and volumes, such as Laplace equation in
image denoising and surface fairing [8], Poisson equation
in image editing [25] and mesh editing [8], Navier–Stokes
equations in fluid simulation [30], etc. Numerical simulation of the PDEs usually requires high-intensity computation and large consumption of computational resources.
With the increasing high performance and programmability of the contemporary graphics processing units
(GPUs), these commodity chips have been used in many
numerical computations other than specific graphics ap-

LBM scheme can be used as an GPUbased numerical solver to provide
a fast and convenient alternative to
traditional implicit iterative solvers.
We apply this method to several
examples in volume smoothing,
surface fairing and image editing,
achieving outstanding performance
on contemporary graphics hardware.
It has the great potential to be used as
a general GPU computing framework
for efficiently solving PDEs in image
processing, computer graphics and
visualization.
Keywords Lattice Boltzmann
model · Diffusion · Laplace and
Poisson equation · Volume
smoothing · Surface fairing · Image
editing

plications for which they were designed [24]. The most
attractive feature of the GPU is its inherent parallelism,
which comes from multiple SIMD processing units. As
a streaming processing engine, the GPU is ideally suited
for explicit, local and lattice-based computations, since its
computation kernel, which represents the lattice update
rule, uses local data from the input stream to generate the
output data stream.
Most previous work uses implicit schemes to discretize the PDEs that lead to solving a sparse linear system. Many numerical methods, such as Jacobi, Gaussian–
Seidel, conjugate gradient, and multigrid, have been applied. However, these iterative methods cannot be directly
mapped to the GPU. Many researchers endeavor to over-
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come this problem. Several ingenious methods [4, 12, 13,
17, 28] have been proposed to map unstructured sparse
matrix solvers on the GPU and achieve good performance.
They generally require deliberately designed algorithms
of sparse data compression, indirect indexing and optimized matrix vector multiplications for handling matrix
computations on the GPU.
Explicit finite difference methods were regarded as too
expensive, due to its small time steps and high resolution
of discrete grid, to compete with well-developed implicit
solvers. The dramatic growth of the computing power is
now changing this [5]. The explicit methods are considered again with their ease of use and gentle learning curve.
This is even more true as the high-performance GPU, the
commodity parallel machine, becomes available to numerical computations.
We propose an explicit approach that is consistent with
GPU’s local and parallel computational scheme; therefore, it can be naturally implemented on the GPU. Our
solver is based on the lattice Boltzmann model (LBM),
which is a relatively new approach in computational fluid
dynamics (CFD), with a simple and parallelizable gridbased numerical scheme [31]. Using the LBM, one can
construct simplified kinetic models that incorporate the
essential physics of microscopic processes such that the
macroscopic averaged properties obey the desired macroscopic Navier–Stokes equations. It has the advantage of
being easy to implement and, in addition, it is especially
suitable for GPU acceleration. The LBM has achieved
success in the world of computational physics and has
also been used in graphics and visualization for simulating a variety of fluid phenomena with complex boundary
conditions [7, 33, 36, 39, 40]. It has also been accelerated
on a single GPU [19] or a GPU cluster [10] with MPI. Besides GPUs, LUDWIG [9], a parallel LBM code for fluids,
uses MPI to achieve full portability and good efficiency
on both massively parallel processors (MPP) and symmetric multiprocessing (SMP) systems. With OpenMP [1], the
LBM has been optimized to implement on multiple CPUs
with shared-memory parallel programming [2, 21].
Beyond the fluid dynamics solver as it was initially
designed, the LBM has been used to model diffusion process [34, 38] with a simplified collision function. This
is quite straightforward since diffusion is actually one
term of the Navier–Stokes equations. This LBM-based
diffusion has been used in image processing [15], where
anisotropic 2D image denoising is implemented on the
CPU. In this paper, our main contribution is to provide
a hardware-accelerated PDE solver with easy code implementation and straightforward GPU mapping, achieving
excellent computation speed for large data sets. We extend
the LBM scheme that simulates the diffusion process to
3D computations on the GPU, and become the first to use
it as a numerical solver for Laplace and Poisson equations,
which are widely used in image, volume and surface modeling and manipulation. We use this framework on image

editing, volume smoothing and surface fairing to show
the benefits. The method has the great potential to be further extended to various applications in computer vision,
graphics and visualization.

2 LBM-based solver
LBM models Boltzmann particle dynamics on a 2D or
3D lattice [31]. It is a microscopically inspired method
designed to solve macroscopic fluid dynamics problems.
It lives at the interface between the microscopic (molecular) and macroscopic (continuum) worlds, hopefully
capturing the best of the two. The Boltzmann equation
expresses the variation of the average number of microscopic flow particles moving with a given velocity between each pair of neighboring sites. Such variation is
caused by inter-particle interactions and ballistic motion
of the particles. The variables associated with each lattice site are the particle distributions that represent the
probability of particle presence with a given velocity. Particles stream synchronously along links from each site to
its neighbors in discrete time steps and perform collision
between consecutive streaming steps. The LBM is secondorder accurate both in time and space, and in the limit of
zero time step and lattice spacing, it yields the Navier–
Stokes equations for an incompressible fluid [14].
2.1 LBM computation
Figure 1a shows a typical D2Q9 LBM lattice structure, in
which each cell in a 2D lattice has 8 links with its neighbors and the cell itself. In a 3D lattice, each cell has at most
27 links with its immediate neighbors. Figure 1b shows
a typical D3Q19 (3D with 18 links to neighbors and the
cell itself) LBM lattice structure. Each link has its velocity
vector ei (x, t) and the particle distribution f i (x, t) that

Fig. 1a,b. D2Q9 and D3Q19 LBM lattice. ei is the velocity vector
and f i is the particle distribution moving along the vector. a D2Q9:
9 links for a cell in a 2D lattice including 4 axial links, 4 diagonal
links and the zero link (itself); b D3Q19: 19 links for a cell in a 3D
lattice including 6 axial links, 12 minor-diagonal links and the zero
link (itself)

Lattice Boltzmann based PDE solver on the GPU

moves along this link, where x is the position of the cell
and t is the time. The macroscopic fluid density ρ(x, t),
and velocity u(x, t), are computed from the particle distributions as

1
fi , u =
f i ei .
(1)
ρ=
ρ

2.2 LBM for diffusion

The collision-streaming process of the LBM can be represented as

Next, we show how the modified LBM scheme recovers
the macroscopic parabolic diffusion equation.
The Chapman–Enskog analysis is essentially a formal
multi-scaling expansion:

i

i

f i (x + ei , t + 1) − f i (x, t) = −


1
eq
f i (x, t) − f i (x, t) , (2)
τ
eq

where the local equilibrium particle distribution, f i , is
usually given by the Bhatnager, Gross, Krook (BGK)
model [3] to model collisions as a statistical redistribution of momentum which locally drives the system toward
equilibrium while conserving mass and momentum:


eq
f i (ρ, u) = ρ Ai + Bi (ei · u) + Ci (ei · u)2 + Di u2 . (3)
Here, Ai to Di are constant scalar coefficients specific to
the chosen lattice geometry. The constant τ represents the
relaxation time determining the kinematic viscosity ν of
the fluid by


1
1
τ−
.
(4)
ν=
3
2

LBM scheme can be used for diffusion computation. The
equilibrium function (Eq. 3) in the traditional LBM is
modified by removing momentum dependency as
eq

f i (ρ) = Ai ρ.

(8)

f i = f i0 + ε f i1 + ε2 f i2 + · · · ,
∂
∂
∂
∂
=
+ε
+ ε2
+··· ,
∂t
∂t0
∂t1
∂t2
∂
∂
∂
=
+ε
+··· ,
∂x
∂x 0
∂x 1

(9)

where the small expansion parameter ε is the Knudsen
number, defined as the ratio of the molecular mean free
path length to a representative macroscopic length scale.
First, f i (x + ei , t + 1) in Eq. 2 can be Taylor expanded on
two variables t and x. Second, f i (x, t) is rewritten following the Chapman–Enskog expansion. Thus, comparing
both sides of the resulting equation in the consecutive
order of the parameter ε, we get the following:
eq

(10)
The equilibrium distribution depends only on con- f i0 = f i : O(ε0 )

served quantities – mass ρ and momentum ρu. The calcu- 
1
∂
lation of Eqs. 1 and 2 requires only local and neighboring
+ ei · ∇ f i0 = − f i1 : O(ε1 )
(11)
∂t
τ
0
properties. Therefore, all the LBM computations can be



efficiently accelerated on the GPU.
∂ f i0
∂
2τ − 1
1
Body forces can be added to the LBM as an external
+
+ ei · ∇ f i1 = − f i2 : O(ε2 ).
2τ
∂t0
τ
input to control the flow behavior [6]. It is included in the ∂t1
(12)
LBM after the collision computation as
f i ←− f i +

(2τ − 1)
Bi (G · ei ),
2τ

(5)

where G is the body force.
The LBM is a numerical technique from a perspective
of statistical physics. The incompressible Navier–Stokes
equations:
∇ · u = 0,
∂u
+ u · ∇u = ν∆u + F.
∂t

(6)
(7)

can be derived through the Chapman–Enskog analysis,
which is a procedure to solve the Boltzmann equation
by means of perturbation technique [14]. Here ∇ defines
∂ ∂ ∂
the gradient operator ( ∂x
, ∂y , ∂z ) and ∆ is the Laplacian

∂
∂
∂
∆ = ∇ 2 = ∂x
2 + ∂y2 + ∂z 2 . F represents the combined effects of pressure, −∇ P, and external body force, G.
2

2

2

The distribution function f i is constrained by

f i0 = ρ,

(13)

i



f ik = 0,

k = 1 or 2.

(14)

i

Summing Eq. 12 over i yields

 

 ∂ f0
2τ − 1 
i
(ei · ∇) f i1 = 0,
+
∂t1
2τ
i

(15)

i

where we use the constraints in Eq. 14. Combining Eqs. 15
and 11, and using the constraints and Eq. 8, we obtain
∂ρ
+ (∇α · Παβ · ∇β )ρ = 0,
∂t

(16)
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where α and β represent coordinate directions, and Παβ is
the diffusion tensor

  1 − 2τ 
eiα eiβ Ai .
Παβ =
(17)
2
i

If τ is a constant, this diffusion tensor is defined by the
lattice structure. Then, we recover the parabolic diffusion
equation
∂ρ
= ν∆ρ,
(18)
∂t
where ν now represents the diffusion coefficient.
In D2Q9 model, Ai = 49 for the zero link, Ai = 19 for
1
the axial links and Ai = 36
for the diagonal links. Therefore, the diffusion coefficient
2
ν = (2τ − 1).
9

(19)

1
for
In D3Q19 model, Ai = 13 for the zero link, Ai = 18
1
the axial links and Ai = 36 for the minor-diagonal links.
Therefore, the diffusion coefficient

4
ν = (2τ − 1).
(20)
9
When using the LBM to simulate the Navier–Stokes
equations for solving fluid dynamics, it is conditionally
stable as an explicit solver [31], provided the relaxation
parameter τ obeys the inequality
|1 − 1/τ| < 1.

(21)

In diffusion simulation, by using the diffusion coefficients
defined in Eqs. 19 and 20 for the D2Q9 and D3Q19 lattice,
we simply obtain
0<ν<∞

(22)

from this inequality. This shows that theoretically the diffusion coefficient, ν, can be chosen from any value larger
than zero. Thus, our diffusion LBM computation is very
easy to achieve stability. In practice, we are able to choose
a wide range of diffusion coefficients used for various applications.
2.3 Laplace and Poisson equations
Laplace equation is widely used in graphical applications:
∆X = 0,

(23)

where X represents an image, a polygon mesh or a 3D
volume. This elliptic PDE can be numerically solved by
a time-dependent diffusion process:
∂X
= ν∆X,
∂t

(24)

since if ∂X
∂t → 0, then ∆X → 0. The diffusion solution
approximates the solution of Laplace equation. Thus the
LBM scheme can be easily used to solve Laplace equation.
If the right-hand side of Eq. 23 is specified as a given
function, h, then we get another widely used Poisson
equation
∆X = h.

(25)

In this case, our LBM solver need to solve
∂X
= ν∆X − h.
(26)
∂t
Comparing this equation with Eq. 7, one can incorporate
the function h into the LBM diffusion scheme as an external force term (Eq. 5). Note that the advection term,
u · ∇u, in the Navier–Stokes equations has been removed
by modifying the equilibrium function (Eq. 8). Thus, if
∂X
∂t → 0, the diffusion LBM solution approaches the solution of Poisson equation.

3 GPU acceleration
There are three powerful reasons to employ the GPU for
non-graphics computations: speed, cost, and its anticipated evolution. We have shown that the LBM computation scheme can be used to solve the diffusion, Laplace
and Poisson PDEs. The key for the success of our method
is to achieve fast speed by implementing the non-graphics
computation on modern GPUs.
Mapping LBM computation onto the GPU is quite
straightforward. After packing packet distributions in 19
links (3D) or nine links (2D) into four-channel textures,
the collision and streaming (Eq. 2) can be performed with
only local neighboring operations. We extend the GPU implementation by Li et al. [19] for the LBM computation.
In our implementation, the major difference between the
diffusion LBM and the typical LBM for fluids is the simplified equilibrium distribution function (Eq. 8). This leads
to a simpler Cg program of the equilibrium computation in
the collision step. In our experiments, the diffusion LBM
runs faster than the typical LBM computation because of
this simplification.
Besides the modification of equilibrium computation,
the diffusion LBM method initializes the density values
from particular data sets: original images or volumes,
while a typical LBM usually sets the initial values as
ρ = 1.0 and u = (0, 0, 0). For example, each voxel density of a volume is scaled to the range of [0..1], and we use
glTexSubImage to write the values to a density texture for
LBM computation.
In the typical D3Q19 implementation [19], 19 f i s
of each lattice site are packed into 5 packet distribution textures. The velocity components ux , u y , uz and the
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density ρ are stored in the R,G,B and alpha channels of
a density–velocity texture, respectively. In total, six textures are used. For our modified LBM scheme, the fluid
velocity is useless and no longer computed in order to
improve the speed. For 3D models, we keep the density–
velocity texture, while only the alpha channel is used for
storing the density. Although we could pack the density together with f i s to use only five textures totally, this
requires more complicated Cg programs. Because it involves read–write operations on the same texture at the
same time when computing densities by Eq. 1, which is
not well supported on current GPUs. In our experiment,
this method is not as efficient as keeping six textures as
before.
In 2D image processing for color images, we use the
three channels in the density texture to store the density values of red, green and blue components of image
pixels, respectively. Then, our GPU program handles the
three components of a color image independently and
simultaneously, which improves the performance. For the
nine packet distributions of the three color components,
we use three textures for each component. In Cg programs, we assign a four-tuple parameter, nChannel, to
choose the red, green or blue density from each texel,
den = (dred , dgreen , dblue , 0), in the density texture. For example, red density is acquired by dot product as dred =
dot(nChannel, den) with nChannel = (1, 0, 0, 0).
Our LBM-based solver on the GPU is mapped directly
from the CPU code. It is easy for a graduate student to understand and duplicate in a short time. We have achieved
outstanding performance, which is reported and discussed
in Sect. 5.

4 Applications
We have shown that the GPU-accelerated LBM method
can be used to solve the diffusion, Laplace and Poisson
PDEs. These equations play very important role in 2D

and 3D modeling and visualization. Next, we apply this
method to several applications.
4.1 Volume smoothing
Volumetric data sets used in many visualization applications are usually acquired from scan devices, such as CT,
MRI or ultrasound. These devices introduce noise during the scanning process, which greatly affects the quality
of subsequent processing and visualization. Convolutionbased filtering [35] was used to compute the weightedaverage in a local neighborhood to smooth the noised data
for volume rendering. A feature-preserving filter [23] minimized a global error function for smoothing volume data
sets globally. Distance fields based methods [11, 37] were
also used in volume smoothing. Rodgman and Chen [27]
discussed a number of methods for denoising volume
dataset. They compared Gaussian filter and diffusionbased smoothing methods with a well-designed quality
metric.
Volume smoothing can be implemented by a diffusion
process that filters binary or gray scale volumes, making
all the iso-surfaces smoother at the same time. Equation 24
describes an isotropic volume smoothing procedure, if we
assign X to represent the voxel densities of a volumetric
data set.
Figure 2 shows the results of our LBM smoothing on
a 64 × 64 × 64 volumetric cube data set, whose density
value varies from 0 to 1.0. All the results are rendered
with OpenGL after applying the Marching Cubes algorithm [20] to generate iso-surfaces. In the following, we
use the marching cubes method and OpenGL for rendering
if no particular methods are mentioned. Figure 2a is the
original noised cube. Noise is added to 30% of all the voxels with a random density variation (up to 10% of its origin
value). Figure 2b–d are the smoothed results of the cube
after ten LBM steps, where different iso-values (0.2, 0.35
and 0.5) are used to show that our simulation smoothes the
whole volume data set.

Fig. 2a–d. Results of smoothing a noised cube, rendered by OpenGL after applying the Marching-Cubes method to generate iso-surfaces.
a Original volumetric cube with noise; b–d Smoothed results with different iso-values after 10 LBM steps
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Our LBM-based scheme handles anisotropic diffusion.
In Eq. 17, if the relaxation coefficient τ is not a constant
but a function of the normal and curvature, then Eq. 16
actually represents the anisotropic diffusion equation
∂X
= ∇ · (D∇ X),
∂t

by the normal or curvature properties, and perform the
constrained energy minimization to achieve the surface
smoothing. Such minimization results in solving a Laplace
equation of the mesh. An explicit integration method [32]

(27)

where D represents the anisotropic diffusion tensor. We
set τ as a function of the curvature κ for our volume
smoothing examples,
τ = (1 + C/(1 + κ))/2,

(28)

to enable feature preserving smoothing, where C is a constant parameter determining the diffusion coefficient and
controlling the diffusion behavior. The curvature referred
here is the mean curvature and is computed on the GPU
by the method proposed in [18]. In Fig. 3, we compare
the isotropic diffusion with κ = 0 (Fig. 3a) and anisotropic
diffusion results (Fig. 3b) of the cube after ten LBM steps,
with C = 10.
Figure 4 shows the result of smoothing a heavilynoised vase in eight LBM simulation steps with C = 6.
All the voxels are degraded by up to 30% of their density values. It illustrates that our method can handle heavily
noised volume data sets very well.
Figure 5 shows the rendering result of smoothing
a noised foot with 14 LBM diffusion steps. Instead of the
Marching Cubes method, we use the ray casting method
for direct volume rendering. All the voxels are degraded
by up to 15% of their density values. The same transfer
functions are used to render the smoothed volume and the
noised volume for comparison.

Fig. 4a,b. Result of smoothing a heavily-noised volumetric vase
a noised vase b smoothed vase

4.2 Surface fairing
Surface fairing methods are important to improve the
mesh quality by removing undesired noises or rough features. Most techniques propose energy functions defined

Fig. 3a,b. Results of smoothing a noised cube a with isotropic diffusion; b with anisotropic diffusion

Fig. 5a,b. Volume rendering result of smoothing a noised volumetric foot a noised foot b smoothed foot
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was used with linear time and memory consumption. This
method did not perform well for very large mesh. Desbrun
et al. [8] proposed implicit fairing that used bi-conjugated
gradient to solve the linear system. The method improved
a simple umbrella operator of Laplacian on the mesh by
adopting a scale-dependent umbrella operator and its linear approximation. They also proposed a curvature flow
to remove noise with an approximation of local curvature
normal on the mesh. The methods rely on the mesh quality
for their effectiveness and correctness due to the meshbased PDE discretization and approximation.
Museth et al. [22] applied a level set method to surface editing, where a deformable implicit representation
based on the distance field of a surface was controlled to
implement various editing operations. Level set methods
provide another direction for surface manipulation, where
the computation is performed on volumetric representations to achieve more accurate results.
We utilize this strategy by first executing a mesh voxelization [29] to generate a volume data set of a surface
model, and then applying our volume smoothing method
directly. The voxelization is actually implemented by assigning density values for the lattice sites in the volume,
according to the distance to the original mesh, which is
similar, though not identical, to the definition of the level
set function. After such preprocessing, we could apply our
GPU-based explicit scheme with fast computation speed
to surface fairing.

Fig. 6a–d. Results of smoothing a noised bunny a bunny model
with noise b smoothed bunny c noised mesh d smoothed mesh

Fig. 7a,b. Result of smoothing a noised dragon a dragon model
with noise b smoothed dragon

Figure 6 shows the results of smoothing a noised bunny
model. The bunny is voxelized to generate a 128 × 128 ×
128 volumetric model. Then we apply the diffusion LBM
to smooth the volume by setting control parameter C = 1.
After four LBM steps, the noises are removed and the
reconstructed surface by the Marching Cubes method is
drawn to show the result. Figure 6a is the noised bunny
and Fig. 6c is the noised triangle mesh on the ear of the
bunny. Figure 6b shows the smoothed bunny and Fig. 6d is
the smoothed triangle mesh on the ear of the bunny. Furthermore, Fig. 7 shows the result of smoothing a noised
dragon model after six LBM steps, using a 128 × 128 ×
128 volume.
A surface is usually voxelized to a band region surrounding the surface in a 3D volume. Therefore, the
smoothing can be completed in only several LBM simulation steps. This method also works for point-based shape
representation. Currently, we perform our GPU LBM
computations on the whole 3D volume and achieve very
good performance, where each step is accomplished in
around 20 milliseconds for a 128 × 128 × 128 volume on
a high-end GPU (see Table 1).
In pre-processing, the voxelization on CPU costs about
8.61 seconds to generate a 1283 volume for the bunny
model (69 451 triangles), and 6.18 seconds for the dragon
model (47 794 triangles). In comparison, the implicit fairing method [8] used a preconditioned bi-conjugate gradient to iteratively solve a linear system created directly
from the polygonal mesh. This implicit method achieved
2.98 to 18.82 seconds, depending on the time step size,
for the dragon and 4.53 to 21.34 seconds for the bunny.
This implies that the voxelization cost may compromise
our speed achievement of the LBM fairing on GPU, which
runs at about 19.6 milliseconds (see Table 1).
In the future, we will implement the voxelization algorithm on the GPU. Moreover, we will adapt the LBM
scheme to directly manipulate polygonal meshes through
the operations on distance field. Furthermore, we will
implement an “intelligent” LBM algorithm on the GPU,
similar to the narrow band algorithm of the level set
method, which executes the operations only in the volumetric neighborhood of the original surface by indirectly
packing them into textures. Thus, the voxelization will
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Table 1. Performance results: Per LBM step simulation speed (in milliseconds) for the CPU and GPU, the GPU/CPU speedup factor, and
the texture memory size (in MByte)

Applications

Examples

Volume smoothing
Volume smoothing
Volume smoothing
Surface fairing
Surface fairing
Image denoising
Poisson image editing

Volumetric cube
Volumetric foot
Volumetric vase
Voxelized bunny
Voxelized dragon
Blood cell image
Sky-bird image

LBM lattice
size

CPU speed
(millisec)

GPU speed
(millisec)

GPU speedup
factor

Texture memory
used (MByte)

64 × 64 × 64
128 × 128 × 128
115 × 101 × 75
128 × 128 × 128
128 × 128 × 128
432 × 386
230 × 230

406
3734
1390
3610
3609
63
86

3.1
21.1
8.6
19.6
19.6
2.5
0.8

131
177
161
184
184
25
107

50.3
402.7
167.3
402.7
402.7
32
10.1

only need to be performed in the neighborhood region.
This will decrease the consumption of computational resources, however, increase the complexity and computation time for hardware implementation.
4.3 Image editing
Diffusion has been extensively used in image processing [26]. LBM has been used in the image diffusion with
a CPU implementation [15]. We extend the 2D diffusion LBM to the implementation on the GPU. Figure 8
illustrates the smoothing results of a noised blood cell
image with isotropic and anisotropic diffusion. Figure 8a
is a blood cell image with 20% degraded pixels. Figure 8b shows the smoothing result with isotropic diffusion
with a diffusion coefficient τ = 1. Following the work
in [15, 26], Fig. 8c illustrates the anisotropic smoothing results after fourteen LBM steps, by setting the relaxation
time τ as
τ = 1 + S/(1 + |∇G σ ∗ X|),

Besides diffusion, we have been the first to extend
the LBM computation to solve Poisson equation on the
GPU. Poisson equation with Dirichlet boundary condition has been used as a generic framework for seamless
cloning and other image editing tasks [16, 25]. In Sect. 2.3,
we have shown that our algorithm implements Poisson
solver by incorporating a pseudo external force term in
the diffusion LBM computations. Therefore, our method
can be used for fast computation in the applications requiring a Poisson solver. Actually, this utilizes one of
the advantages of the LBM method as a fluid solver: it
does not need to iteratively solve the large linear system
produced by the Poisson equation of the fluid pressure,
which is solved by its microscopic computation process
instead.
We implement the seamless image cloning as an example [25]. The following Poisson equation is solved by
our GPU-accelerated LBM method:
∆ p = div v over Ω,

(30)

(29)

where G σ is the Gaussian filter. X here is the image intensity and S = 6 is a constant.

where div represents the diverge operator, p is the resulting image on a region of interest, Ω, and v = ∇g is a given
guidance field computed from the source image g. The

Fig. 8a–c. Image denoising results of a blood cell image a blood cells with noise b isotropic smoothing result c anisotropic smoothing
result
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Dirichlet boundary condition is defined on the boundary,
∂Ω, as
p|∂Ω = p∗ |∂Ω ,

(31)

where p∗ is the target image.
In our GPU implementation, the rectangular bounding
box of the region of interest is used to define the texture size of the LBM simulation. We also store a “status
marker” for each texel to identify whether it is inside the
region of interest, Ω. The texels belong to Ω have an active status and their initial values are set as 0. The other
texels in the texture, including the boundary, ∂Ω, have an
inactive status and their initial values are set by the target image, p∗ . In Cg programs, the collision and streaming
operations modify the values of the whole texture following the LBM equation. After this, we restore the original
values of the inactive texels. This operation implements
the Dirichlet boundary condition on the GPU.
Moreover, a pre-computed vector field, v, initializes
a body force texture, which is used after collision computation by Eq. 5. For color images, there are three body
force textures and each LBM computation step is performed to the red, green and blue components independently.
Figure 9 illustrates our image editing results after 350
LBM steps. It requires more simulation steps than smoothing because of the color propagation procedure from the
Dirichlet boundary to the whole region of interest, which
is selected here by a simple circle instead of a lasso selection. The editing operation can be finished in around
1 second in a high-end GPU (Table 1). Figure 9a and b
are a sky image (target) and a bird image (source), respectively. Figure 9c shows the result of a simple cut-andpaste operation that moves several birds to the sky (from
the source image to the target image). Figure 9d is the
image cloning result of our LBM-based Poisson solver.
The cloning operation can be further improved by optimizing the boundaries [16], which is not included in this
example.
In the pioneer work from Perez et al. [25], it costs
0.4 s to iteratively solve a linear system by the V-cycle

multigrid method on CPU for a disk-shaped region of
60 000 pixels. In our simulation, we spend about 32 s for
a similar disk-shaped region on CPU. This shows that
the explicit LBM method requires more iteration steps for
strong diffusion in image editing. By leveraging the benefits of parallel computing, our method achieves the speed
at about 0.33 s on GPU for all three color channels, which
can catch up with the multigrid simulation speed.

5 Performance
We have shown that our LBM-based PDE solver can be
used in many applications in computer graphics, image
processing and visualization. The key feature of our
method is its easy implementation and fast computation
speed by using the contemporary GPUs.
Implicit PDE solvers that are commonly used in computer graphics usually involve complex iterative computations with conjugate-gradient, multi-grid or other advanced numerical methods. Mapping these computations
onto graphics hardware requires specific “hacking” techniques to adapt the methods to efficiently use texture
memory and GPU computing pipeline. In contrast, the
LBM is very easy for programming following the simple
collision-streaming process. With only a few lines (< 100)
of code and in a very short time, the core LBM algorithm
can be implemented. Graphics hardware mapping is also
straightforward for a knowledgable GPU programmer.
We have implemented both CPU and GPU versions
of the aforementioned examples for comparison, while
both are not highly optimized. For the CPU version, our
simulations are timed on one 2.0 GHz Intel Core2 T7200
CPU with 2 GB memory. Meanwhile, we have accelerated all the examples on an Nvidia Geforce 8800GTX
with 768 MB texture memory. With 128 stream processors
inside, the GPU is a new-generation graphics hardware released at November 2006. It represents a complete shift in
Nvidia’s GPU architecture with fully unified shader core,
which allocates processing power to geometry, vertex, or
fragment shading operations. This CUDA (compute unified device architecture) abandons the previous graphics

Fig. 9a–d. Poisson image editing. a Target: a sky image; b Source: a bird image; c Cut-and-paste several birds to the sky; d Cloning result
by our LBM simulation

Y. Zhao

pipeline with vertex shading followed by fragment shading. Thus, our LBM computation, which only involves
fragment processing, achieves superior speed improvement compared with the CPU version.
For diffusion computation, the LBM’s equilibrium
function is simplified by removing momentum dependency, which greatly increases the computational speed
compared to classic LBM 3D fluid solver, because it removes many vector multiplications (Eq. 3) at each lattice
site. For comparison, a 3D LBM fluid solver on the same
GPU computes each step at around 150 milliseconds.
Usually our algorithm only requires a few steps of
LBM simulation to achieve satisfying results in most of
the aforementioned applications. Table 1 reports the per
step performance of our simulation for different examples.
It includes the LBM lattice size, the texture memory used,
the computation speed on the CPU and GPU, and the
GPU/CPU speedup factor per step. From the performance
results, we find the following:
1. Our LBM-based PDE solver accelerated on a newgeneration GPU achieves outstanding computation
speed. The powerful GPU (Geforce 8800GTX) with
CUDA architecture, which executes the LBM on
a 128 × 128 × 128 volume data, accomplishes one
simulation step at only around 21 millisecond. Thus,
the volume smoothing can be completed in about
0.3 seconds using 10 to 15 LBM steps.
2. The surface fairing of a noised mesh is efficiently implemented by our explicit LBM-based solver after voxelizing the mesh into a volumetric lattice. The computation speed mainly depends on the lattice size, instead
of the number of polygons. The bunny and dragon
models are simulated in the same speed, given the
same lattice size.
3. The speed of the 2D simulations are accelerated less
than that of the 3D simulations on the GPU. The
GPU/CPU speedup factors of large-size 3D volumes is
larger than those of small-size volumes. These two observations show that our GPU-based method works even
better for modeling and manipulating large data sets.

4. The Poisson image editing uses small LBM lattice size
than the image denoising. However, it manipulates the
color image with three independent color components
and uses more complicated operations; therefore, it
runs slower than the image denoising of the gray scale
image.
5. Texture memory size of an GPU is a decisive factor for the usability and effectiveness of GPU algorithms. A 128 × 128 × 128 lattice consumes approximately 402.7 MB texture memory, achieving great performance improvement on the Geforce 8800GTX GPU
with 768 MB texture memory. We will work on optimizing the memory consumption for large data sets in
next step. For extremely large data sets, multiple GPUs
could be adopted.

6 Conclusion
We have shown that a fluid dynamics methodology, lattice Boltzmann model, can be modified and extended to
solve PDEs in various non-fluid applications. Based on
LBM’s explicit and local operations, this scheme is directly implemented on the GPU; thus, it provides very fast
computation speed. Besides the volume smoothing, surface fairing and image editing examples presented in this
paper, it can be applied to more applications involving diffusion, Laplace and Poisson equations. In the future, we
will endeavor to improve the method with optimized consumption of computational resources, direct operation on
surfaces without voxelization, and innovate its usage in
solving more PDEs (e.g., level set equation), so that it can
be used as an GPU-based PDE simulation engine for computer vision, computer graphics and visualization.
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