Planar Graphs and Doubly Connected Edge List (DCEL)

Planar graph. A graph G = (V, E) (vertex set V, edge set E)is planarifitcan
be embedded in the plane without crossings (see Section 1.2.3.2). A straight
line planar embedding of a planar graph determines a partition of the plane
called planar subdivision or map. Let v, e, and fdenote respectively the numbers
of vertices, edges, and regions (including the single unbounded region) of the
subdivision. These three parameters are related by the classical Euler’s formula
[Bollobas (1979)]

v—e+f=2 (1.1)
If we have the additional property that each vertex has degree > 3, thenitis a
simple exercise to prove the following inequalities
v < e, e<3v—6
e<3f—6, f<ie (1.2)
p<2f—-4, f<2v-4

which show that v, e and f are pairwise proportional. (Note that the three
rightmost inequalities are unconditionally valid.)




The doubly-connected-edge-list (DCEL)
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V1: lower end of the edge

V2: upper end of the edge

F1: left face of the edge

F2: right face of the edge

P1: next edge going counterclockwise from lower end
P2: next edge going counterclockwise from upper end
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It is now easy to see how the edges incident on a given vertex or the edges
enclosing a given face can be obtained from the DCEL. If the graph has N
vertices and F faces, we can assume we have two arrays HV[l:N] and
HF[1: F]of headers of the vertex and face lists: these arrays can be filled by a
scan of arrays V1 and F1 in time O(N). The following straightforward
procedure, VERTEX( /), obtains the sequence of edges incident on v; as a

sequence of addresses stored 1n an array A.
v LR
4 1 2

. procedur.e VERTEX()) n 1 2 3
begin a:= HV[]; n 3 1 4 1 10 1
ao = a.;
A[]:= a; n 4 2 1 2 4 6
= 2; n 3 4 1 3 2 >
if (V1[a] = /) then a:= P1[a] else a:= P2[a]; H 4 5 9 3 3 7
while (a # a,) do
begin A[i] := a; n - e
if (V'1[a] = /) then a:= Pl[a] else a:= P2[a]; 6 5 3 4 8 6
. =i+ 1 n 6 7 4 3 7 9
en
- n 8 7 3 4 10 8
8 3 4 3 9 4




procedure VERTEX( )
begin a:= HV[];
ap = a;
All]:= a;
fo=2:
if (V1[a] = j) then a:= Pl|a] else a:= P2[a];
while (a # a,) do
begin A[i] := a;
if (V1[a] = /) then a:= Pl[a] else a:= P2[a];
=141
end
end.
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Clearly VERTEX( /) runs in time proportional to the number of edges inci-
dent on v;. Analogously, we can develop a procedure, FACE( ), which obtains
the sequence of edges enclosing f;, by replacing H¥ and V1 with HF and FI,
respectively, in the above procedure VERTEX(/). Notice that the
procedure VERTEX traces the edges counterclockwise about a vertex while
FACE traces them clockwise about a face.
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2.3 Range-Searching Problems (R‘lﬁor_t / COMVt)
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2 32 The method of the multidimensional binary tree (k-D tree)
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[A) (b)

Figure 2.28 Tllustration of the two-dimensional binary-tree search method. The
partition of the plane in (a) is modeled by the tree in (b). Search begins with the vertical
line through P. In (b) we have the following graphic convention: circular nodes denote
vertical cuts; square nodes denote horizontal cuts; solid nodes are leaves.
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2.3 Range-Searching Problems
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procedure SEARCH (v, D)
begin if (1(v) = vertical) then [1,r]):= [x;,x,] else [/, rl:=[y1,¥2}
if (| < M(v) < r) then if (P(v) € D) then U <= P(v);
if (v # leaf) then
begin if (/ < M(v)) then SEARCH (LSON[v], D);
if (M(v) < r) then SEARCH(RSON(v], D)
end |

Figure 2.29 Illustration of a range search for
‘the file previously given. Part (b) shows

the nodes, actually visited by the search.
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