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Abstract. Recent empirical and theoretical work has suggested that
many real-life complex networks and graphs arising in Internet applica-
tions, in biological and social sciences, in chemistry and physics have
tree-like structures from a metric point of view. A number of graph
parameters trying to capture this phenomenon and to measure these
tree-like structures were proposed; most notable ones being the tree-
stretch, tree-distortion, tree-length, tree-breadth, Gromov’s hyperbolicity
of a graph, and cluster-diameter and cluster-radius in a layering partition
of a graph. If such a parameter is bounded by a constant on graphs then
many optimization problems can be efficiently solved or approximated
for such graphs. We discuss these parameters and recently established re-
lationships between them for unweighted and undirected graphs; it turns
out that all these parameters are at most constant or logarithmic factors
apart from each other. We give inequalities describing their relationships
and discuss consequences for some optimization problems.

Recent empirical and theoretical work has suggested that many real-life complex
networks and graphs arising in Internet applications, in biological and social
sciences, in chemistry and physics have tree-like structures from a metric point
of view. A number of graph parameters trying to capture this phenomenon and
to measure these tree-like structures were proposed; most notable ones being the
tree-stretch and the tree-distortion of a graph, the tree-length and the tree-breadth
of a graph, the Gromov’s hyperbolicity of a graph, the cluster-diameter and the
cluster-radius in a layering partition of a graph.

The tree-stretch ts(G) of a graph G = (V, E) is the smallest number ¢ such
that G admits a spanning tree T = (V,U) with dr(z,y) < t-dg(x,y) for every
x,y € V. The tree-distortion td(G) of a graph G = (V, E) is the smallest number
a such that G admits a (not necessarily spanning, possibly weighted and having
Steiter points) tree T = (V U S,U) with dg(z,y) < dr(z,y) < a-dg(z,y)
for every z,y € V. The tree-length tl(G) (resp., tree-breadth th(G)) of a graph
G is the smallest number A such that G admits a Robertson-Seymour’s tree-
decomposition with bags of diameter (resp., radius) at most A in G. A graph G
is d-hyperbolic if for any four vertices w, v, w,z, the two larger of the distance
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sums d(u,v) + d(w, z),d(u, w) + d(v, x),d(u,z) + d(v,w) differ by at most 2.
The hyperbolicity hb(G) of a graph G is the smallest number § such that G is
d-hyperbolic.

A layering of a graph G = (V,E) with respect to a start vertex s is the
decomposition of V into the spheres L' = {u € V : d(s,u) =i},i=0,1,2,...,7
A layering partition LP(s) = {Li,..., L;i :1=0,1,2,...,7} of G is a partition
of each L' into clusters Li, ..., L;i such that two vertices u,v € L’ belong to
the same cluster L;- if and only if they can be connected by a path outside the
ball B;_1(s) of radius ¢ — 1 centered at s. The cluster-diameter A;(G) and the
cluster-radius Rs(G) in a layering partition LP(s) (with respect to s) of a graph
G are defined as follows: Rs(G) is the smallest number r such that for any cluster
C € LP(s) there is a vertex v € V with C C B, (v); As(G) := max{dg(z,y) :
x,y belong to the same cluster of LP(s)}.

Each of these graph parameters provides a measure of how close metrically
a given graph is to a tree. If such a parameter is bounded by a constant on a
graph G, then many optimization problems on G can be solved or approximated
efficiently. Note that for a tree T, ts(T') = td(T) = 1, ti(T) = tb(T") = length of
the longest edge in T, and hb(T) = Rs;(G) = As(G) = 0 (i.e., for trees, one has
the smallest possible values for those parameters).

In this talk, we discuss these parameters and recently established relationships
between them for unweighted and undirected graphs. It turns out that all these
parameters are at most constant or logarithmic factors apart from each other.
In particular, the following inequalities hold for any n-vertex unweighted and
undirected graph G = (V, E):

1) th(G) < tl(G) < 2-tb(G), Rs(G) < As(G) <2- R, ( ) ([folklore]);

2) hb(G) < tI(G) < O(hb(G) - logn) and hb(G) < A (G) < O(hb(G) - logn)
([5]);

3) tL(G]))Z td(G) > 1 A(G) and td(G) < 2+ A, (G) + 2 for every s € V ([6]);

4) Rs(G) <max{3-td(G) -1, 2- td(G) + } for every s € V ([0));

5) th(G) — 1 < AL G) <3-tl(G), Rs(G) <2-tl(G) for every s € V ([1I8]);

6) th(G) — 1 < R,(G) < 3-tb(G) ([10]);

7) 1(G) < 1(G) < 15(G), th(G) < [ts(G)/2] (0]

8) ts(G) < 2-tb(G) - logy n and ts(G) < 2 - td(G) - log, n ([10]).

Inequalities in 2) and 3) imply that the tree-distortion td(G) of a d-hyperbolic
graph G is at most O(d logn). However, a stronger additive version of this result
holds [4l5]: Every n-vertex d-hyperbolic graph G = (V, E) admits an unweighted
tree T' = (V,U) (without Steiner points), constructible in linear time, such that
dr(z,y) —2 < dg(z,y) <dr(z,y)+O(dlogn) for any z,y € V. Furthermore, it
is easy to show that any graph G admitting a tree T' with dg(z,y) < dr(z,y) <
de(z,y) + r for any z,y € V is r-hyperbolic. So, the hyperbolicity of a graph
G is in fact an indicator of an embedabily of G in a tree with an additive
distortion. It follows also from the inequalities listed that the tree-stretch ts(G)
of a d-hyperbolic graph G is at most O( log® n).

While hb(G), Rs(G), As(G) for a given graph G can be computed in poly-
nomial time (in at most O(n?) time for hb(G) and in at most O(nm) time
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for Rs(G) and A4 (G) (see [203])) for any n-vertex, m-edge graph G, checking
whether ts(G) is at most ¢ and whether tI(G) is at most A are NP-complete
problems in general unweighted graphs for every ¢ > 3 [I] and every A > 1 [12]
(similar NP-completeness results hold also for td(G) and tb(G)). The inequalities
listed show that As(G) gives a near 3-approximation of tl(G) and of td(G) and
an O(logn)-approximation of ts(G), while Rs(G) gives a near 3-approximation
of th(G).

The above inequalities and results provide not only efficiently computable
bounds on those parameters but also serve as basis for constructing best ap-
proximation algorithms for the corresponding optimization problems which are
NP-hard in general. For example, using the relationship between tl(G) and A4 (G)
and the fact that a layering partition of a graph G can be constructed in linear
time (see [3]), in [§] a linear time algorithm is provided which construct for a
given graph G a Robertson-Seymour’s tree-decomposition with bags of diameter
at most 3 - tl(G) + 1. Using the relationship between td(G) and Ag(G), in [6] an
efficient 6-approximation algorithm was provided for the problem of minimum
distortion embedding of a graph to a tree. The previous approximation bound
was 27. Using the relationship between tb(G) and ts(G), in [10] an efficient
(log, n)-approximation algorithm was provided for the problem of constructing
for a given graph G a tree t-spanner with minimum stretch ¢. Using the rela-
tionship between tb(G) and ts(G), [9] discusses also how to “turn”, with a slight
increase in the number of trees and in the stretch, a multiplicative tree spanner
into a small set of collective additive tree spanners (see [I1] for the definition).

Acknowledgement. I would like to use this opportunity to thank all people
who contributed to this topic.
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